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0.1. PREFACE Xiii

0.1 Preface

These lecture notes are based on material presented in bothrgduate and undergraduate
mechanics classes which | have taught on several occasionarihg the past 20 years at
UCSD (Physics 110A-B and Physics 200A-B).

The level of these notes is appropriate for an advanced undgraduate or a rst year graduate

course in classical mechanics. In some instances, I've tdeto collect the discussion of more
advanced material into separate sections, but in many casethis proves inconvenient, and
so the level of the presentation uctuates.

| have included many worked examples within the notes, as wélas in the nal chapter,
which contains solutions from Physics 110A and 110B midtermand nal exams. In my view,
problem solving is essential toward learning basic physicsThe geniuses among us might
apprehend the fundamentals through deep contemplation atr reading texts and attending
lectures. The vast majority of us, however, acquire physichintuition much more slowly,
and it is through problem solving that one gains experiencen patches which eventually
percolate so as to a ord a more global understanding of the shject. A good analogy would
be putting together a jigsaw puzzle: initially only local regions seem to make sense but
eventually one forms the necessary connections so that onecognizes the entire picture.

My presentation and choice of topics has been in uenced by miay books as well as by my
own professors. I've reiterated extended some discussiofi®m other texts, such as Barger
and Olsson's treatment of the gravitational swing-by e ect, and their discussion of rolling
and skidding tops. The gures were, with very few exceptions painstakingly made using
Keynote and/or SM.

Originally these notes also included material on dynamicalsystems and on Hamiltonian
mechanics. These sections have now been removed and placeithin a separate set of
notes on nonlinear dynamics (Physics 221A).

My only request, to those who would use these notes: please mact me if you nd er-
rors or typos, or if you have suggestions for additional mateal. My email address is
darovas@ucsd.edu | plan to update and extend these notes as my time and inclindion
permit.
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Reference Materials

Here | list several resources, arranged by topic. My persondavorites are marked with a
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0.1

0.2

Lagrangian Mechanics (mostly)
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Chapter 1

Introduction to Dynamics

1.1 Introduction and Review

Dynamics is the science of how thingsnove A complete solution to the motion of a system
means that we know the coordinates of all its constituent paticles as functions of time.
For a single point particle moving in three-dimensional spae, this means we want to know
its position vector r (t) as a function of time. If there are many particles, the motion is

described by a set of functionsr, (t), where i labels which particle we are talking about. So
generally speaking, solving for the motion means being abl® predict where a particle will

be at any given instant of time. Of course, knowing the functon r,(t) means we can take

its derivative and obtain the velocity v;(t) = dr,=dt at any time as well.

The complete motion for a system is not given to us outright, kut rather is encoded in a
set of di erential equations, called the equations of motion An example of an equation of
motion is

d%
Frei mg (1.2
with the solution
X(1) = Xg+ Vot 3gt? (1.2)

where x, and v, are constants corresponding to the initial boundary conditions on the
position and velocity: x(0) = Xq, V(0) = v,. This particular solution describes the vertical
motion of a particle of massm moving near the earth's surface.

In this class, we shall discuss a general framework by whichhe equations of motion may
be obtained, and methods for solving them. That \general franework" is Lagrangian Dy-
namics, which itself is really nothing more than an elegant estatement of Isaac Newton's
Laws of Motion.



4 CHAPTER 1. INTRODUCTION TO DYNAMICS

1.1.1 Newton's laws of motion

Aristotle held that objects move because they are somehow ipelled to seek out their
natural state. Thus, a rock falls because rocks belong on thearth, and ames rise because
re belongs in the heavens. To paraphrase Wolfgang Pauli, sch notions are so vague as to
be \not even wrong." It was only with the publication of Newto n's Principia in 1687 that
a theory of motion which had detailed predictive power was deeloped.

Newton's three Laws of Motion may be stated as follows:

I. A body remains in uniform motion unless acted on by a force.
Il. Force equals rate of change of momentum¥f = dp=dt.
I1l.  Any two bodies exert equal and opposite forces on each dter.

Newton's First Law states that a particle will move in a strai ght line at constant (possibly
zero) velocity if it is subjected to no forces. Now this canno be true in general, for suppose
we encounter such a \free" particle and that indeed it is in uniform motion, so that r (t) =
ro+ vot. Now r(t) is measured in some coordinate system, and if instead we chse
to measurer (t) in a di erent coordinate system whose origin R moves according to the
function R (t), then in this new \frame of reference" the position of our particle will be

rqt) = r(t) R()
ro+ vot  R(t) : (1.3)

If the acceleration d°R =dt? is nonzero, then merely by shifting our frame of reference waave
apparently falsi ed Newton's First Law { a free particle doe snot move in uniform rectilinear
motion when viewed from an accelerating frame of referencelhus, together with Newton's
Laws comes an assumption about the existence of frames of ezénce { calledinertial frames
{ in which Newton's Laws hold. A transformation from one frame K to another frame K°
which moves at constant velocity V relative to K is called aGalilean transformation. The
equations of motion of classical mechanics ar@variant (do not change) under Galilean
transformations.

At rst, the issue of inertial and noninertial frames is confusing. Rather than grapple with
this, we will try to build some intuition by solving mechanic s problems assuming weare
in an inertial frame. The earth's surface, where most physie experiments are done, isiot
an inertial frame, due to the centripetal accelerations assciated with the earth's rotation
about its own axis and its orbit around the sun. In this case, rot only is our coordinate
system's origin { somewhere in a laboratory on the surface othe earth { accelerating, but
the coordinate axes themselves are rotating with respect t@n inertial frame. The rotation
of the earth leads to ctitious \forces" such as the Coriolis force, which have large-scale
consequences. For example, hurricanes, when viewed from @le, rotate counterclockwise
in the northern hemisphere and clockwise in the southern hetsphere. Later on in the course
we will devote ourselves to a detailed study of motion in acderated coordinate systems.

Newton's \quantity of motion" is the momentum p, de ned as the product p = mv of a
particle's mass m (how much stu there is) and its velocity (how fast it is movin g). In
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order to convert the Second Law into a meaningful equation, v& must know how the force
F depends on the coordinates (or possibly velocities) theméeaes. This is known as aforce
law. Examples of force laws include:

Constant force: F= mg
Hooke's Law: F = Kkx
Gravitation: F= GMm nr=?
%
Lorentz force: F =qE + qE B
Fluid friction ( v small): F= bv:

Note that for an object whose mass does not change we can writde Second Law in the
familiar form F = ma, wherea = dv=dt = d% =dt? is the acceleration. Most of our initial
e orts will lie in using Newton's Second Law to solve for the motion of a variety of systems.

The Third Law is valid for the extremely important case of central forces which we will

discuss in great detail later on. Newtonian gravity { the force which makes the planets orbit
the sun { is a central force. One consequence of the Third Lawsi that in free space two
isolated particles will accelerate in such a way thatF; = F» and hence the accelerations

are parallel to each other, with
a_ Mg

; 14

~ my (1.4)
where the minus sign is used here to emphasize that the acceddions are in opposite
directions. We can also conclude that thetotal momentum P = p; + p» is a constant, a

result known as the conservation of momentum

1.1.2 Aside : inertial vs. gravitational mass

In addition to postulating the Laws of Motion, Newton also deduced the gravitational force
law, which says that the force Fij exerted by a particle i by another particle j is

I I
F. = Gmm ——; 1.5
! g e (19
where G, the Cavendish constant( rst measured by Henry Cavendish in 1798), takes the
value

G =(6:6726 0:0008) 10 N m?=kg?: (1.6)

Notice Newton's Third Law in action: Fj + F; =0. Now a very important and special
feature of this \inverse square law" force is that a sphericdly symmetric mass distribution
has the same force on an external body as it would if all its mas were concentrated at its
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center. Thus, for a particle of massm near the surface of the earth, we can takem; = m
and m; = Me, with r, r| " Rel® and obtain

F= mgnr mg 1.7)

wherer is a radial unit vector pointing from the earth's center and g = GM=R2"' 9:8m=s’
is the acceleration due to gravity at the earth's surface. N&ton's Second Law now says
that a = g, i.e. objects accelerate as they fall to earth. However, it is nota priori clear
why the inertial mass which enters into the de nition of momentum should be the same
as the gravitational mass which enters into the force law. Suppose, for instance, thathe
gravitational mass took a di erent value, m% In this case, Newton's Second Law would
predict
m©
a= o g (1.8)

and unless the ratiom%m were the same numberfor all objects, then bodies would fall
with di erent accelerations. The experimental fact that bodies in a vacuum fall to earth at
the same rate demonstrates the equivalence of inertial andrgvitational mass, i.e. m®= m.

1.2 Examples of Motion in One Dimension

To gain some experience with solving equations of motion in @hysical setting, we consider
some physically relevant examples of one-dimensional matn.

1.2.1 Uniform force

With F = mg, appropriate for a particle falling under the in uence of a uniform gravita-
tional eld, we have md*=dt? = mg, or x = g. Notation:

dx dX d’
X g X gz k= 7 e (1.9)
With v = x, we solvedv=dt= g
)il Zt
dv=ds( g) (1.10)
v(0) 0
v(t) v(0)= gt: (2.12)

Note that there is a constant of integration, v(0), which enters our solution.
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We are now in position to solvedx=dt = v:

() 7t
dx = dsv(s) (1.12)
x(0) 0
7t
x(t)= x(0)+ ds v(0) gs (1.13)
0
= x(0)+ v(O)t  1gt?: (1.14)

Note that a second constant of integration, x(0), has appeared.

1.2.2 Uniform force with linear frictional damping

In this case,
dv
ma = mg V (1.15)
which may be rewritten
v (1.16)
v+ mg= m
din(v+ mg=)= (=m)dt: (2.127)
Integrating then gives
v()+ mg=
v(t) = mg v(0) + Mg o e=m . (1.19)
Note that the solution to the rst order ODE mv. = mg Vv entails one constant of

integration, v(0).
One can further integrate to obtain the motion

mg

x(t) = x(0) + m vO) + — (1 e M) mg

t: (1.20)

The solution to the second order ODE mx = mg X _thus entails two constants of
integration: v(0) and x(0). Notice that as t goes to in nity the velocity tends towards
the asymptotic value v = vi , wherevy = mg= . This is known as the terminal veloc-
ity. Indeed, solving the equationv =0 gives v = vi1 . The initial velocity is e ectively
\forgotten" on a time scale m= .

Electrons moving in solids under the in uence of an electric eld also achieve a terminal
velocity. In this case the force is notF = mg but rather F = eE, where e is the
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electron charge € > 0) and E is the electric eld. The terminal velocity is then obtained
from

vi = eE= = e E=m: (2.22)

The current density is a product:

current density = (number density) (charge) (velocity)

—
I

n (e (vy)

2
% E - (1.22)

The ratio j=E is called the conductivity of the metal, . According to our theory, =
ne? =m. This is one of the most famous equations of solid state physs! The dissipation
is caused by electrons scattering o impurities and lattice vibrations (\phonons"). In high
purity copper at low temperatures (T < 4K), the scattering time is about a nanosecond
( 10 9%s).

1.2.3 Uniform force with quadratic frictional damping

At higher velocities, the frictional damping is proportion al to the square of the velocity.
The frictional force is then F; = cv2sgn (v), where sgn {) is the sign of v: sgn (v) = +1
if v>0and sgnf¢) = 1if v< 0. (Note one can also write sgn¥{) = vvj wherejvj is
the absolute value Why all this trouble with sgn( v)? Because it is important that the
frictional force dissipate energy, and therefore thatF; be oppositely directedwith respect to
the velocity v. We will assume that v < 0 always, henceF; = + cV2.

Notice that trbere is a terminal velocity, since settingv = g+(c=mv2=0givesv= v,

wherevi: = mg=c One can write the equation of motion as
dv g
r VT(V2 v2) (1.23)
and using
1 1 1 1
= 1.24
vZ VP Vi V. Vv V+ Vg ( )
we obtain
dv _ 1 dv 1 dv
V2 v 2 vovi 2vp v+ v
1 Vi V
= din
2V1 Vi, +V
=9 at: (1.25)

vi
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Assuming v(0) = 0, we integrate to obtain

e N
which may be massaged to give the nal result
v(t) = vy tanh(gt=v; ) : (2.27)
Recall that the hyperbolic tangentfunction tanh(x) is given by
tanh(x) = fonsr;](g()) = ZXX+ Z i : (1.28)
Again, ast!1 one hasv(t)! vy ,le.v(l )= wvp.

Advanced Digression: To gain an understanding of the constantc, consider a at surface
of area S moving through a uid at velocity v (v > 0). During a time t, all the uid
molecules inside the volume V = S v t will have executed an elastic collision with the
moving surface. Since the surface is assumed to be much moreassive than each uid
molecule, the center of mass frame for the surface-molecutmllision is essentially the frame
of the surface itself. If a molecule moves with velocityu is the laboratory frame, it moves
with velocity u v in the center of mass (CM) frame, and since the collision is alstic, its
nal CM frame velocity is reversed, to v u. Thus, in the laboratory frame the molecule's
velocity has become 2 u and it has su ered a change in velocity of u=2(v u). The
total momentum change is obtained by multiplying u by the total massM = % V, where
%is the mass density of the uid. But then the total momentum im parted to the uid is

P=2(v u) %Svt (1.29)

and the force on the uid is
P
F= —t=28%(/v u) : (2.30)

Now it is appropriate to average this expression over the mioscopic distribution of molec-
ular velocities u, and since on averageui = 0, we obtain the result FFi = 2S%%, where
h i denotes a microscopic average over the molecular velocifein the uid. (There is a
subtlety here concerning the e ect of uid molecules striking the surface from either side {
you should satisfy yourself that this derivation is sensibk!) Newton's Third Law then states
that the frictional force imparted to the moving surface by the uidis F; = h Fi = cv?,
wherec = 2S% In fact, our derivation is too crude to properly obtain the numerical prefac-
tors, and it is better to write ¢c= %S, where is a dimensionless constant which depends
on the shape of the moving object.

1.2.4 Crossed electric and magnetic elds

Consider now a three-dimensional example of a particle of @rge g moving in mutually
perpendicular E and B elds. We'll throw in gravity for good measure. We take E = ERX,
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B = B2,andg= g¢g2. The equation of motion is Newton's 2nd Law again:
me=mg+qE + 3r. B : (1.31)

The RHS (right hand side) of this equation is a vector sum of the forces due to gravity plus
the Lorentz force of a moving particle in an electromagnetic eld. In component notation,
we have

mx = qE + %L (1.32)
my = ? X (1.33)
mz= mg: (1.34)

The equations for coordinatesx and y are coupled, while that for z is independent and may
be immediately solved to yield

z(t) = z(0) + z(0)t  1gt*: (1.35)

The remaining equations may be written in terms of the velocties vy = x and vy = y:
vy = (v + Up) (1.36)
vy = Loy (2.37)

where! . = gB=mc is the cyclotron frequency and u, = cE=B is the drift speed for the
particle. As we shall see, these are the equations for a harmi oscillator. The solution is

Vy (1) = vy (0) cos( ¢t) + v (0) + up sin(! ct) (1.38)
vy(t)= up+ Vv (0)+ up cos( ct) Vv, (0) sin(! ct) : (2.39)
Integrating again, the full motion is given by:
x(t)= x(0)+ Asin + Asin(! .t ) (1.40)
y(r)=y(@0) wupt Acos + Acos(.t ); (1.42)
where L . YO+ U
A= i x2(0)+ y(0)+u, © ; =tan ! T)D (1.42)
Thus, in the full solution of the motion there are six constants of integration:
x(0) ; y(0) ; z(0) ; A; ; z(0): (1.43)

Of course instead ofA and one may choose as constants of integratiom(0) and y(0).

1.3 Pause for Re ection

In mechanical systems, for each coordinate, or \degree of édedom," there exists a cor-
responding second order ODE. The full solution of the motionof the system entails two
constants of integration for each degree of freedom.
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Systems of Particles

2.1 Work-Energy Theorem

Consider a system of many particles, with positionsr; and velocitiesr;. The kinetic energy
of this system is X X
T= T= Imré: (2.1)

Now let's consider how the kinetic energy of the system charggs in time. Assuming each
m; is time-independent, we have

dT;
d—tl =mr; # (2.2)
Here, we've used the relation
d dA
— A% =2A —: 2.3
dt dt 23)
We now invoke Newton's 2nd Law,m;#; = F;, to write eqn. 2.2 asT; = F; r;. We integrate
this equation from time t, to t;:
ZsB
dT;
YTV = dte
ta
Zs X '
= dtF, r, wt® (2.4)

th i

where W' ® is the total work done on pgrticle i during its motion from state A to state
B, Clearly|y1e total kinetic energy is T = ; T; and the total work done on all particles is
wer e = w® P Eqgn. 2.4 is known as thework-energy theorem It says that

In the evolution of a mechanical system, the change in totaliketic energy is equal to the
total work done: T® T® = w®! 8

11
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path II

Ys T - @
A
Yat+ A >
path I

| |

[ [

'TA :‘EB

Figure 2.1: Two paths joining points A and B.
2.2 Conservative and Nonconservative Forces

For the sake of simplicity, consider a single particle with knetic energy T = %mr_z. The
work done on the particle during its mechanical evolution is
ZsB
WA B = dtF v ; (2.5)
ta

wherev = r. This is the most general expression for the work done. If thdorce F depends
only on the particle's position r, we may write dr = v dt, and then

ZsB
WEEB = dr F(r): (2.6)
ra
Consider now the force
F(r)= K;yR+ Kyx¥ 2.7)

where K ;., are constants. Let's evaluate the work done along each of thawo paths in g.
2.1

p3: Js

wo = Ky dxy, + K, dy xg = K1Ya (Xg  Xa)* K, Xg (Ys  Ya) (2.8)
XA YA
ps: Js

w® = Ky dxyg + K, dy x, = KiYs (Xg  Xa)* Ko Xa (Yo Ya): (2.9)

XA YA
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Note that in general W® & W® . Thus, if we start at point A, the kinetic energy at point
B will depend on the path taken, since the work done is path-dpendent.

The di erence between the work done along the two paths is
wo W = (Ky KpP(Xs Xa)(Ya  Ya): (2.10)

Thus, we see that ifK; = K,, the work is the same for the two paths. In fact, if K; = K,
the work would be path-independent, and would depend only onthe endpoints. This is
true for any path, and not just piecewise linear paths of the type depicte in g. 2.1. The
reason for this is Stokes' theoriam: ~

d F= dSn r F: (2.11)
@ c
Here, Cis a connected region in three-dimensional space@C is mathematical notation for

the boundary of C, which is a closed path, dS is the scalar di erential area element, ® is
the unit normal to that di erential area element, and r F is the curl of F:

0 2 ¢ 2\1
r F=det@F g A
Fx Fy F;
@ @f ., @ @& , @ @k , .,
@y @z @z @x @x @y
For the force under consideration,F (r) = K,;y® + K, x ¥, the curl is
r F=(K, Kp?2; (2.13)

which is a constant. The RHS of eqn. 2.11 is then simply propdronal to the area qqclosed

by C. When we compute the work di erence in egn. 2.10, we evaluateéhe integral d° F
C

along the path ,! ,, which is to say path | followed by the inverse of path II. In this
case,t = 2 and the integral of it r F over the rectangleCis given by the RHS of eqn.
2.10.

When r F = 0 everywhere in space, we can always writd= = r U, whereU(r) is the
potential energy. Such forces are calledtonservative forcesbecause thetotal energy of the
system,E = T + U, is then conserved during its motion. We can see this by evalating the
work done,
ZB
WeEB = dr F(r)

ra

ZB
= da r U
= U(r,) U(rg): (2.14)

L1f Cis multiply connected, then @ is a set of closed paths. For example, ifC is an annulus, @ is two
circles, corresponding to the inner and outer boundaries of the annulus.
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The work-energy theorem then gives

T®  T® = U(r,) U(rg); (2.15)

which says
E® = T® + U(ry)= T® + U(r,) = E® ; (2.16)

Thus, the total energy E = T + U is conserved.

2.2.1 Example : integrating F = r U

If r F =0, we can compute U(r) by integrating, viz.

7r
U(r)= U) dr° F@rY: (2.17)
0

The integral does not depend on the path chosen connecting and r. For example, we can
take

(%20:0) (%%y:0) (xy:2)
U(x;y;z) = U(0;0;0) dx°F, (x% 0; 0) dy®Fy (x;y% 0) dz°F, (x;y;2% : (2.18)
(0;0;0) (x;0;0) (z:y;0)

The constant U(0; 0; 0) is arbitrary and impossible to determine from F alone.
As an example, consider the force
F(r)= kyR kxy 4bZ2; (2.19)

where k and b are constants. We have

@F Q@F
r F = — =0 2.20
X @y @z (2.20)
_ @k ©@F _
@F @k
r F. .= — — =0, 2.22
z @x @y 2.22)
sor F =0 and F must be expressible as= = r U. Integrating using egn. 2.18, we
have
(%20;0) (xzy;0) Ozy:z)
Uxy;z) = U@0:00) + dx°k 0 + dy’kxy® +  dz04b® (2.23)
(0;0,0) (x;0,0) (z;y;0)

= U(0;0;0) + kxy + bZ* : (2.24)
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Another approach is to integrate the partial di erential eq uationr U = F. Thisis in fact
three equations, and we shall need all of them to obtain the cwect answer. We start with
the ®-component,

@u_ .
@x ky : (2.25)
Integrating, we obtain
U(xy;z) = kxy + f(y;2) ; (2.26)

wheref (y; z) is at this point an arbitrary function of y and z. The important thing is that
it has no x-dependence, s@f=@x 0. Next, we have

@uU

— =kx = U(x;y;z) = kxy + g(x;z) : 2.27

ay ) (x;y;2) y + 9(x;2) (2.27)
Finally, the z-component integrates to yield

%l:: 4bZ =)  U(xy;z) = bZ'+ h(x;y) : (2.28)

We now equate the rst two expressions:
kxy + f(y;z) = kxy + g(x;2) : (2.29)

Subtracting kxy from each side, we obtain the equatiorf (y; z) = g(x;z). Since the LHS is
independent ofx and the RHS is independent ofy, we must have

f(y;2) = 9(x;z) = q(2) ; (2.30)
whereq(z) is some unknown function ofz. But now we invoke the nal equation, to obtain
bZ* + h(x;y) = kxy + q(2) : (2.31)

The only possible solution ish(x;y) = C + kxy and g(z) = C + bZ*, where C is a constant.
Therefore,

U(x;y;z) = C+ kxy + bZ*: (2.32)
Note that it would be very wrong to integrate @U=@x ky and obtain U(X;y;z) = kxy +
C% where CYis a constant. As we've seen, the “constant of integration' & obtain upon
integrating this rst order PDE is in fact a function of y and z. The fact that f (y; z) carries

no explicit x dependence means that@f=@x 0, so by construction U = kxy + f (y;z) is a
solution to the PDE @U=@x ky, for any arbitrary function f (y;z).

2.3 Conservative Forces in Many Particle Systems

T= imr? (2.33)

U= V(r)+ vr, rjj : (2.34)
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Here, V (r) is the external (or one-body) potential, and v(r r9 is the interparticle potential,
which we assume to be central, depending only on the distandeetween any pair of particles.
The equations of motion are

mi l.i - Fi(ext) + Fi(int) : (235)
with
@\(ri)
F& = 2.36
. X @vjr; rij .
(inty _— | ] (int) .
P o= S R (2.37)
j j
Here, F{™ is the force exerted on particlei by particle j:
. @vjri rjj ri rj . ,
Fm = = L0 o 2.38
] @ N i Iri Tyl (2.38)
Note that F{™ = F{™ , otherwise known as Newton's Third Law. It is convenient to
abbreviater;  r; r;, in which case we may write the interparticle force as
Fijgint) = VO (2.39)

2.4 Linear and Angular Momentum

. P .
Consider now the total momentum of the system,P =, p,. Its rate of change is

Fij(int) +Fj§int) -0
dP X X (ext) gh}l E{ (ext)
— = p; = F70 o+ Fi = Fuot (2.40)
i i i6]

since the sum over all internal forces cancels as a result ofdwton's Third Law. We write

p= mr, = MR (2.41)
N,
M = m, (total mass) (2.42)
5
R = —PLr;]r' (center-of-mass): (2.43)
i |

Next, consider the total angular momentum,

X X
L = ri p= mr. r;: (2.44)



2.4. LINEAR AND ANGULAR MOMENTUM 17

The rate of change ofL is then

. X
g Ml nEmin
Xl (ext) X (int)
= o R+ ri Fy
i i6]j
rp R =0
X Y 1 {
— ext] int;
= o F®+3 (o) R
i i6]
=N& (2.45)
Finally, it is useful to establish the result
X X )
T=3 mr=IMR*+3 mr, R"; (2.46)

which says that the kinetic energy may be written as a sum of tvo terms, those being the
kinetic energy of the center-of-mass motion, and the kinett energy of the particles relative
to the center-of-mass.

Recall the \work-energy theorem" for conservative systems

Zal Aal Zal
0= de= dT+ dU
initial ~initial _ injsial (2.47)
x "2
=T® T®W dar; F;;

i

which is to say x Z
T=T® T® = dr, F, = U : (2.48)

i
In other words, the total energy E = T + U is conserved:

X X X
E = ImirZ+ V(@) + Vi (2.49)

i i i<j
Note that for continuous systems, we replace sums by integila over a mass distribution,
viz. 7

ro| d& (r) (r): (2.50)

where (r) is the mass density, and (r) is any function.
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2.5 Scaling of Solutions for Homogeneous Potentials

2.5.1 Euler's theorem for homogeneous functions

In certain cases of interest, the potential is a homogeneoufsinction of the coordinates. This
means

U rginy ry = kUrl;:::;rN : (2.51)
Here, k is the degree of homogeneityof U. Familiar examples include gravity,
X m; m;
Urgiinry = G . - k= 1; (2.52)
S SR Y
i<j
and the harmonic oscillator,
X
Uag;iiiity =3V o qo ; k=42 (2.53)

-0

The sum of two homogeneous functions is itself homogeneously if the component func-
tions themselves are of the same degree of homogeneity. Hogemeous functions obey a
special result known asEuler's Theorem, which we now prove. Suppose a multivariable

H(X 50 X )= KHXG X)) (2.54)
Then
d X0 @H
— H X0 x, = X, — = kH 2.55
d =1 ' " i=1 ' @x ( )

2.5.2 Scaled equations of motion

Now suppose the we rescale distances and times, de ning

ry = (o : t= t: (256)
Then g g P P
_o_dv o i d'n
dt — ar dt2 2 dr2 257
The force F, is given by
Fi = QU iy
i
@ ...
= @n U iy
= kK1F. (2.58)
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Thus, Newton's 2nd Law says

d?r
_Zmid—tQI: k 1|:i : (2.59)
If we choose such that
We now demand
_ k1 — 1 k.
=== ) = 2° (2.60)

then the equation of motion is invariant under the rescaling transfogmation! This means
that if r (t) is a solution to the equations of motion, then sois r z¥ 1t . This gives us
an entire one-parameter family of solutions, for all real paitive

If r(t) is periodic with period T, the r;(t; ) is periodic with period TO= 1 3kT, Thus,

TO Lo 1 2K
- = — : 2.61
T L ( )
Here, = L%L is the ratio of length scales. Velocities, energies and an¢ar momenta scale
accordingly:
L voo Lo T g,
v = T ) V - f ? - 2 (262)
ML 2 EC  L9% T02
ML 2 iL9 L02 T0 1
L = - = — — = @3k . 2.64
T ) L. C T : (2.64)
As examples, consider:
() Harmonic Oscillator : Here k = 2 and therefore
a@! a )= qg @O): (2.65)
Thus, rescaling lengths alone gives another solution.
(i) Kepler Problem : This is gravity, for which k= 1. Thus,
r) ! r(; )= r %t o (2.66)
Thus, r3/ t2, i.e.
Lo 70?2
— = = 2.67
L T ( )

also known as Kepler's Third Law.
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2.6 Appendix | : Curvilinear Orthogonal Coordinates

g =0 Xq;iinXy oo (2.68)
In general these are nonlinear equations.

Let &° = R, be the Cartesian set of orthonormal unit vectors, and de neé to be the unit

vector perpendicular to the surfacedg = 0. A dierential change in position can now be
described in both coordinate systems:

xd xd
ds= &dx,= & h(gdq ; (2.69)
i=1 =1

where eachh (g) is an as yet unknown function of all the componentsq . Finding the
coe cient of dg then gives

X @
X
h (e = @—e? ) é= M, é; (2.70)
iz 24 i=1
where 1 @
X
M. = — 2.71
The dot product of unit vectors in the new coordinate system s then
xd
6 &= MM! 1 @x @x. 2.72)

“h(@h (9, @r@q°
The condition that the new basis be orthonormal is then

X @
X@x_ -
— —=~h : 2.73
_@q@q M@ (2.73)
This gives us the relation v
§x @2
h = —_— 2.74
(a) . @q (2.74)
Note that
xd
(ds)? = h?(q) (dq )? : (2.75)
=1
For general coordinate systems, which are not necessarilyrthogonal, we have
) xd
(ds)” = g (gdg dq ; (2.76)

;=1

whereg (q) is a real, symmetric, positive de nite matrix called the metric tensor.
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Figure 2.2: Volume element for computing divergences.

2.6.1 Example : spherical coordinates

Consider spherical coordinates ¢ ; ):
X= sin cos ; y = sin sin ; z = cos: (2.77)
It is now a simple matter to derive the results
h2=1 ; h?= 2 : h?= Zsii? : (2.78)

Thus,
ds=~d + “d + sin “d: (2.79)

2.6.2 Vector calculus : grad, div, curl

Here we restrict our attention to d = 3. The gradient r U of a function U(q) is de ned by

_@u, , @U, , @U
du = @gdq1+ @gdoQ+ @gd%

r U ds: (2.80)
Thus, . @ . @ . @
:T(lcn@Jrchn@_ﬁﬁWiD@_@f (2.81)
For the divergence, we use the givergence tht;orem, and we apal to g. 2.2
dvr A= dSn A ; (2.82)

@
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where is a region of three-dimensional space an@® is its closed two-dimensional bound-
ary. The LHS of this equation is

LHS=r A (h;da)(h,dg)(hydeg) : (2.83)
The RHS is
+d +d +d
RHS = A hyh, ©  "dgydgg+ Ayh hy ©  Pdgdgg+ Aghoh, ©  Cdg dg,
1 2 3
@ @ @
= — A,h,h, + — A,h,h, + — A;h,h, dg, do da, : 2.84
@q 12" @g 213 @gq 312 0, 0, 0Gg ( )
We therefore conclude
1 @ @ @
r = ——— — A.h,hy, + — A,h,h, + — A;h;h : 2.85
h1h2h3 @g 177213 @Q 2'"1 '3 @Q] 3'"1'2 ( )

To obtain the curl r A, we use Stokes' theorem again,
z I

dsnr A= d A; (2.86)
@

where is a two-dimensional region of space an@® is its one-dimensional boundary. Now
consider a di erential surface element satisfyingdg, = 0, i.e. a rectangle of side lengths
h, dg, and h;dg;. The LHS of the above equation is

LHS=¢&, r A (h,dg,) (hydgg) - (2.87)
The RHS is
0+ dg g+ dg
RHS= Ash, = dg; A,h, = dg,
273 3
@ @
= — Azh — A,h, dg,dq : 2.88
@9 " @g 27 R (2.89)
Therefore 1 @haAs)  @hoAy)
3A3 2A2
r A), = 2.89
T AiThh T es @ (289
This is one component of the full result
0 1
1 hjé h;&, h;é;
= Q@ Q@ Q@ :
hjA; hyAy h3Ag
The Laplacian of a scalar functionU is given by
réu=r r U( )
1 @ hhs@U @ hh@U @ mh@U' . o)

“hihoh; @g M, @y  @g h, @8 @ @g hs @g
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2.7 Common curvilinear orthogonal systems

2.7.1 Rectangular coordinates

In rectangular coordinates ;y;z), we have

hy=hy=h,=1":

Thus
ds = Rdx+ ydy+ 2dz

and the velocity squared is

2= x2+ y2+ 22

The gradient is

_.,@U S @U  @U,
rUsR o e ey

The divergence is

L AL @A, @4, @A
@x @y @z
The curl is
_ @ @h , @4 @, @ @h
@y @z @z @x @x @y
The Laplacian is
@U @U @U
21 — .
U@t ey ez

2.7.2 Cylindrical coordinates

In cylindrical coordinates (; ;z ), we have

A= R cos + ¥ sin R="cos " sin d~r="d

"= Rsin + ¢ cos ¢ = ~sin + " cos d "= ~d:

The metric is given in terms of

Thus

and the velocity squared is

23

(2.92)

(2.93)

(2.94)

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)
(2.100)

(2.101)

(2.102)

(2.103)
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The gradient is

_.@u, "eu,  au
r U= @+ @+2\@Z.

The divergence is

1@A ), 1@A, @A,

" AT e @ @z
The curl is
. A= 1@ @A | @A @A A, 1@A) 1@A
@ @z @z @ @ @
The Laplacian is G G
1@ @U  1@U U .
r2y= = @ @ + a7 + IR

2.7.3 Spherical coordinates

In spherical coordinates ¢; ; ), we have

f=Rsin cos + ¥sin sin + 2sin

"= Rcos cos + ycos sin  2cos

"= Rsin +ycos ;

for which

The inverse is

R = fsin cos + “cos cos  “sin
¥ = fsin sin + “cos sin + "cos

?2=rcos “sin :
The di erential relations are
dr= "d +sin “d
d*= nrd +cos "d
d"= sin r+cos " d
The metric is given in terms of
h=1 ; h=r ; h =rsin:

Thus
ds=rdr+ "“rd + “rsin d

(2.104)

(2.105)

(2.106)

(2.107)

(2.108)
(2.109)
(2.110)

(2.111)

(2.112)
(2.113)
(2.114)

(2.115)

(2.116)

(2.117)

(2.118)

(2.119)
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and the velocity squared is

S“=r°+rcL+resinc
The gradient is
N AN
rU:{\_U+_QU+ . @U
r @ rsin @

The divergence is

i@rzAr)+ 1 @nA), 1 @A,

' A:r2 r r sin @ rsin @
The curl is
i A = 1 @sin A ) @A r“+} 1 @A @rA ) A
" rsin @ @ r sin @ @r
L1 @A) @k
r @r @ '
The Laplacian is
wol@ .0, 1 @ _ @u,6 1 @u
rou= r2 @r ' r T YZsin @ el @ r2sin? @32

2.7.4 Kinetic energy

Note the form of the kinetic energy of a point particle:

ds 2 :
T=1m & Im x®+ y?+ 22 (3D Cartesian)
= %m 24 22 (2D polar)
=Im 2+ 22+ 72 (3D cylindrical)

>+ r22+ r?sin? 2 (3D polar) :

25

(2.120)

(2.121)

(2.122)

(2.123)

(2.124)

(2.125)

(2.126)
(2.127)

(2.128)
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Chapter 3

One-Dimensional Conservative
Systems

3.1 Description as a Dynamical System

For one-dimensional mechanical systems, Newton's secondw reads

mx = F(x) : (3.1)
A system is conservative if the force is derivable from a potential: F = dU=dx The total
energy,
E=T+U=imx?+ U(x) ; (3.2)
is then conserved. This may be veri ed explicitly:
h |
de _ d";,
9 >Mx®+ U(x)
h |
= mx+ UY%) x=0: (3.3)

Conservation of energy allows us to reduce the equation of ntion from second order to
rst order: v \

— = P% E UK : (3.4)

Note that the constant E is a constant of integration. The sign above depends on the
direction of motion. Points x(E) which satisfy

E=UKX) ) x(E)=U YE); (3.5)
where U ! is the inverse function, are calledturning points. When the total energy is E,

the motion of the system is bounded by the turning points, andcon ned to the region(s)

27
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U(x) E. We can integrate egn. 3.4 to obtain

r __7zx
m dx©

t(x) t(xg) = = U(xfb:

Xo

This is to be inverted to obtain the function x(t). Note that there are now two constants
of integration, E and x,,. Since

E=Eg= 2mvi+ U(x) ; (3.7)

we could also consideix, and v, as our constants of integration, writing E in terms of X
and v,. Thus, there are two independent constants of integration.

For motion con ned between two turning points x (E), the period of the motion is given
by
x7(E)
dx®

_p_ .
T(E) = mna&?:ﬁﬁh (3.8)

3.1.1 Example : harmonic oscillator

In the case of the harmonic oscillator, we haveJ(x) = %kxz, hence

r
dt m

dx 2 kxZ (3.9)
The turning points are x (E) = P 2E=k, for E 0. To solve for the motion, let us
substitute r
X = % sin (3.10)
We then nd r
dt = %d; (3.11)
with solution
()= o+ !t; (3.12)
where! = P k=m is the harmonic oscillator frequency. Thus, the complete mton of the
system is given by "
2E
x(t) = s sin('t + o) : (3.13)

Note the two constants of integration, E and .
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3.2 One-Dimensional Mechanics as a Dynamical System

Rather than writing the equation of motion as a single secondorder ODE, we can instead
write it as two coupled rst order ODEs, viz.

dx
i % (3.14)
dvn 1
@ m F(x) : (3.15)
This may be written in matrix-vector form, as
d x _ \%
Gy - % F(x) (3.16)
This is an example of adynamical system described by the general form
d . V(Q©); (3.17)
dt ’ '
where' = (' 4;:::;" ) is an N-dimensional vector in phase space For the model of eqn

3.16, we evidently haveN = 2. The object V (' ) is called avector eld. It is itself a vector,
existing at every point in phase space, R . Each of the components ofV (' ) is a function
(in general) of all the components of" :

Vj:\/j('l;:::;‘N) (j =1;::0;N) - (3.18)

Solutions to the equation' = V (' ) are called integral curves. Each such integral curve
' (t) is uniquely determined by N constants of integration, which may be taken to be the
initial value ' (0). The collection of all integral curves is known as thephase portrait of the
dynamical system.

In plotting the phase portrait of a dynamical system, we needto rst solve for its motion,
starting from arbitrary initial conditions. In general thi s is a di cult problem, which can
only be treated numerically. But for conservative mechani@al systems ind = 1, it is a trivial
matter! The reason is that energy conservation completely dtermines theqphase portraits.

The velocity becomes a unique double-valued function of pdton, v(x) = % E UX) .
The phase curves are thus curves of constant energy.

3.2.1 Sketching phase curves
To plot the phase curves,

(i) Sketch the potential U(x).

q___
(i) Below this plot, sketch v(x;E) = % E UX) .



30 CHAPTER 3. ONE-DIMENSIONAL CONSERVATIVE SYSTEMS

Figure 3.1: A potential U(x) and the corresponding phase portraits. Separatrices areh®wn
in red.

(i) When E lies at a local extremum ofU(x), the system is at a xed point .

(a) For E slightly above E,,, , the phase curves are ellipses.
(b) For E slightly below E .., the phase curves are (locally) hyperbolae.
(c) For E = E.. the phase curve is called aseparatrix.

(iv) When E>U (1 )or E>U (1 ), the motion is unbounded

(v) Draw arrows along the phase curves: to the right forv > 0 and left for v < 0.

The period of the orbit T(E) has a simple geometric interpretation. The areaA in phase
space enclosed by a bounded phase curve is

| q_Z® |
AE)= vdx= 3 d&x® E UX9: (3.19)
E x (E)
Thus, the period is proportional to the rate of change ofA(E) with E:

@

T=m—_:
m@E

(3.20)
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3.3 Fixed Points and their Vicinity

A xed point ( x ;v ) of the dynamics satises U{x ) = 0 and v = 0. Taylor's theorem
then allows us to expandU(x) in the vicinity of x :

UX)= U )+ UIx )(x  x )+ 3U%x )(x  x )2+ 2U%% )(x x )*+::0: (3.21)

SinceUqx ) =0 the linear term in x = x x vanishes. If x is su ciently small, we can
ignore the cubic, quartic, and higher order terms, leaving $ with

U(x) U+ 2k(x)?; (3.22)

where Uy = U(x ) and k = U%x ) > 0. The solutions to the motion in this potential are:

U%x )> 0 © x(t)= xcoslt)+ ~2 sin(it ) (3.23)

U%x )< 0 : x(t)= xgcosh(t)+ ~C sinh(t); (3.24)

where! = P k=mfor k> 0and = P k=m for k < 0. The energy is

E=Uy+ sm(vg)?+ 1k(xo)?: (3.25)

For a separatrix, we haveE = U, and U%x ) < 0. From the equation for the energy, we
obtain v, = X o- Let'stake v, = X o, SO that the initial velocity is directed toward
the unstable xed point (UFP). l.e. the initial velocity is negative if we are to the right of
the UFP ( x, > 0) and positive if we are to the left of the UFP ( x ; < 0). The motion of
the system is then

X(t)= xgexp( t): (3.26)

The particle gets closer and closer to the unstable xed poihat x = 0, but it takes an
in nite amount of time to actually get there. Put another way , the time it takes to get from
X o to a closer point x < X  is

X
t= lin =20 3.27

- (3.27)
This diverges logarithmically as x ! 0. Generically, then, the period of motion along a

separatrix is in nite .

3.3.1 Linearized dynamics in the vicinity of a xed point

Linearizing in the vicinity of such a xed point, we write x = x X and v = v Vv,
obtaining
d x 0 1 X

— = + (3.28)
dt v TU%x) 0 v
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Figure 3.2: Phase curves in the vicinity of centers and saddis.

This is a linear equation, which we can solve completely.

Consider the general linear equation_= A" , whereA is a xed real matrix. Now whenever
we have a problem involving matrices, we should start thinkng about eigenvalues and
eigenvectors. Invariably, the eigenvalues and eigenvects will prove to be useful, if not
essential, in solving the problem. The eigenvalue equatiotis

A = : (3.29)

Here is the ™ right eigenvectort of A. The eigenvalues are roots of the characteristic
equation P( ) =0, where P( ) =det( | A). Let's expand' (t) in terms of the right
eigenvectors ofA: X

)= C (@) (3.30)

Assuming, for the purposes of this discussion, tha#A is nondegenerate, and its eigenvectors
span RV, the dynamical system can be written as a set oflecoupled rst order ODEs for
the coe cients C (t):

cC= C; (3.31)

with solutions
C(t)=C (0)exp( t): (3.32)

If Re( ) > 0, C (t) ows o to innity, while if Re( ) > 0, C (t) ows to zero. If
j j=1,then C (t) oscillates with frequencylm( ).

LIf A is symmetric, the right and left eigenvectors are the same. If A is not symmetric, the right and left
eigenvectors di er, although the set of corresponding eigenvalues is the same.
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For a two-dimensional matrix, it is easy to show { an exercisefor the reader { that

P()= 2 T +D; (3.33)
whereT =Tr( A) and D =det( A). The eigenvalues are then
p__
=3T % T2 4D: (3.39)

We'll study the general case in Physics 110B. For now, we fo@ion our conservative me-
chanical system of eqgn. 3.28. The trace and determinant of te above matrix areT = 0 and
D = 2 U%x ). Thus, there are only two (generic) possibilities: centers, when U%x ) > 0,
and saddles when U%x ) < 0. Examples of each are shown in Fig. 3.1.

3.4 Examples of Conservative One-Dimensional Systems

3.4.1 Harmonic oscillator

Recall again the harmonic oscillator, discussed in lectur®. The potential energy isU(x) =
$kx2. The equation of motion is

v
dt2 ~  dx

wherem is the mass andk the force constant (of a spring). With v = x, this may be written
as theN = 2 system,

kx ; (3.35)

®ovT om0 u T @3
where ! = P k=m has the dimensions of frequency (inverse time). The solutio is well
known:

X(t) = xo cos(t ) + 2 sin(lt ) (3.37)
v(t) = v, cos(t ) !.x o Sin('t) : (3.38)

The phase curves are ellipses:
LoX2(M) + 1 o 1V3(t) = C ; (3.39)

where C is a constant, independent of time. A sketch of the phase cums and of the phase
ow is shown in Fig. 3.3. Note that the x and v axes have di erent dimensions.

Energy is conserved:
E = Imv?+ kx?: (3.40)

Therefore we may nd the length of the semimajor and semimineg axes by settingv =0 or
x = 0, which gives r

X = — 5 V.= — (3.41)
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F e v
e, iy

Figure 3.3: Phase curves for the harmonic oscillator.

The area of the elliptical phase curves is thus

AE)= X o Voax = pzi_ : (3.42)
mk
The period of motion is therefore
r__
_ @ m
UE%—m@E—Z i (3.43)

which is independent of E.

3.4.2 Pendulum

Next, consider the simple pendulum, composed of a mass poimh a xed to a massless rigid

rod of length . The potential is U( ) = mg cos , hence
du :
m?2e*= 4= Mg’sin (3.44)
This is equivalent to
d ! .
dt '~ 13sin (3.45)
where! = _is the angular velocity, and where! , = P g="is the natural frequency of small
oscillations.
The conserved energy is
E=Im?2+U(): (3.46)
Assuming the pendulum is released from rest at = |,
2E
—— =2 2dcos = 215co0s,: (3.47)

m" 2
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Figure 3.4: Phase curves for the simple pendulum. Theeparatrix divides phase space into
regions of rotation and libration.

The period for motion of amplitude  is then

P_Zo
8 .
I'o cos COoS o

0

d 4
"o

where K(z) is the complete elliptic integral of the rst kind. Expandi ng K (z), we have

1gi2 1 9 cind 1 e
1+ 37s8in° 59 +gsin® 54+ (3.49)

For ,! O, the period approaches the usual result Z! , valid for the linearized equation

= 8 . As 4! 5, the period diverges logarithmically.

The phase curves for the pendulum are shown in Fig. 3.4. The sall oscillations of the
pendulum are essentially the same as those of a harmonic oBator. Indeed, within the
small angle approximation, sin , and the pendulum equations of motion are exactly
those of the harmonic oscillator. These oscillations are dked librations. They involve
a back-and-forth motion in real space, and the phase space rtion is contractable to a
point, in the topological sense. However, if the initial angilar velocity is large enough, a
qualitatively di erent kind of motion is observed, whose phase curves areotations. In this
case, the pendulum bob keeps swinging around in the same daton, because, as we'll see
in a later lecture, the total energy is su ciently large. The phase curve which separates
these two topologically distinct motions is called aseparatrix.
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3.4.3 Other potentials

Using the phase plotter application written by Ben Schmidel, available on the Physics 110A
course web page, it is possible to explore the phase curves fa wide variety of potentials.
Three examples are shown in the following pages. The rstishe e ective potential for the
Kepler problem,

k 2
U (r)= —+ —; 3.50
N T (3.50)
about which we shall have much more to say when we study centidorces. Herer is the
separation between two gravitating bodies of massesn;,, = m;m,=(m,; + m,) is the

‘reduced mass', andk = Gm;m,, where G is the Cavendish constant. We can then write

1

+ ;
2x2

U, (r)= U,

X |

(3.51)

wherer, = “2=k has the dimensions of length, andx  r=r,, and where U, = k=r, =

k 2="2. Thus, if distances are measured in units of , and the potential in units of U,, the
1

potential may be written in dimensionless form asU(x) = % + 57

The second is the hyperbolic secant potential,

Ux)= U,sectf(x=a) ; (3.52)
which, in dimensionless form, isU(x) = sectf(x), after measuring distances in units ofa
and potential in units of U,.

The nal example is
U(x)= U, cos g + %i : (3.53)

Again measuringx in units of a and U in units of U,, we arrive at U(x) = cos(x) + %x.
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-1/x+1/ (2%x*x)

Figure 3.5: Phase curves for the Kepler e ective potentialU(x) = x 1+ %x 2,

37



38

CHAPTER 3. ONE-DIMENSIONAL CONSERVATIVE SYSTEMS

Figure 3.6: Phase curves for the potentialU(x) =  sectf(x).
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cos(x)+0.5%x

Figure 3.7: Phase curves for the potentialU (x) = cos(x) + %x.
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Chapter 4

Linear Oscillations

Harmonic motion is ubiquitous in Physics. The reason is thatany potential energy function,
when expanded in a Taylor series in the vicinity of a local minmum, is a harmonic function:

7 050 =%
_ @U X @u
U(g) = U(g )+ — @ g)+ 3 ——— (¢ g)(gq qg)+:::; (41)
=1 @feq A ? ko1 @AQA g A&

where thefq g are generalized coordinates{ more on this when we discuss Lagrangians. In
one dimension, we have simply

UX)= U )+ 2U%x )(x  x )2+ 4.2)

Provided the deviation = x x is small enough in magnitude, the remaining terms in
the Taylor expansion may be ignored. Newton's Second Law the gives

me= U% ) +0(?: 4.3)

This, to lowest order, is the equation of motion for a harmont oscillator. If U%x ) > 0,
the equilibrium point x = x is stable, since for small deviations from equilibrium the
restoring force pushes the system back toward the equilibtim point. When U%x ) < 0,
the equilibrium is unstable and the forces push one further away from equilibrium.

4.1 Damped Harmonic Oscillator
In the real world, there are frictional forces, which we herewill approximate by F = v.
We begin with the homogeneous equation for a damped harmonioscillator,

dX dx
gz +2 a+!§x=o; (4.4)

41
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P .
where =2 m . To solve, write x(t)= ;C, e it This renders the di erential equation
4.4 an algebraic equation for the two eigenfrequencied ;, each of which must satisfy

1242i1  12=0; (4.5)

hence
O N (I (4.6)

The most general solution to egn. 4.4 is then
x()=C,e"+'+C e’ ! (4.7)

whereC are arbitrary constants. Notice that the eigenfrequenciesare in general complex,
with a negative imaginary part (so long as the damping coe cient is positive). Thus

e ' 'decaystozeroag !l

4.1.1 Classes of damped harmonic motion

We identify three classes of motion:

(i) Underdamped (! 3 > ?)
(i) Overdamped (! 3 < ?)
(iii) Critically Damped ( ! 3= 2):

Underdamped motion

The solution for underdamped motion is

x(t)= Acos(t + )e !

X(t)y= !gAcos t + +sin (=l g) e " ;

P> , - .
where = 132 2 and whereA and are constants determined by initial conditions.
From x,= Acos andx,= A cos A sin , we havexyg+ X ,= A sin ,and

S
2
Xp+t X Xo+ X
A= xZ+ =270 ; = tan ! =220 . (4.9)
Xo
Overdamped motion
The solution in the case of overdamped motion is
x(t)= Ce )4+ pe (+ )
(4.10)

()= ( )Cel ) (+ )De (7
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P . - .
where = 2 1 £and whereC and D are constants determined by the initial conditions:

1 1 C Xo
= 4.11
() (+) D~ x @1
Inverting the above matrix, we have the solution
(+ )Xo, Xg ( )Xo X
= — - 4+ = . = - = _ .
C > > ; D > > (4.12)
Critically damped motion
The solution in the case of critically damped motion is
x(t)= Ee ! + Fte !
; (4.13)
x(t) = E+(t 1F e "
Thus, xo = E and xg = F E , so
E = Xg ; F=Xo+ Xg: (4.14)

The screen door analogy

The three types of behavior are depicted in g. 4.1. To concréize these cases in one's mind,
it is helpful to think of the case of a screen door or a shock alwsber. If the hinges on the
door are underdamped, the door will swing back and forth (assming it doesn't have a rim
which smacks into the door frame) several times before comgto a stop. If the hinges are

overdamped, the door may take a very long time to close. To sethis, note that for "o
we have
" 3
2 | 0 = 1 )
15 18
= 1 52 W+::: ; (4.15)

which leads to

2 1 4
104 70
2 8 3

+ 1l

onN

q
2 2
+ 's

onN

2 + (4.16)

™|

Thus, we can write
x(t)= Ce ¥1+ De ¥2; (4.17)
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Figure 4.1: Three classi cations of damped harmonic motion The initial conditions are
x(0) =1, x(0) =0.

with
1~ —912:!3 !2_8 (4.18)
o A (@19
Thus x(t) is a sum of exponentials, with decay times ;.,. For ' o» we have that ; is

much larger than , {theratiois ;=, 4 2=!3 1. Thus, on time scales on the order of

1, the second term has completely damped away. The decay time;, though, is very long,
since is so large. So a highly overdamped oscillator will take a verlong time to come to
equilbrium.

4.1.2 Remarks on the case of critical damping

De ne the rst order di erential operator

D, = %+ : (4.20)
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The solution to D, x(t) =0 is %(t) = Ae ', whereA is a constant. Note that the commu-
tator of D, andt is unity:

Di;t =1 (4.22)
where [A;B] AB BA. The simplest way to verify eqn. 4.21 is to compute its action
upon an arbitrary function f (t):

D.;t f(t)= %+ tf () t%+ f (1)

d d oo
=G O tEfm=Ff: (4.22)

We know that x(t) = %(t) = Ae ! satis es D, x(t) = 0. Therefore
0=D; Dyt xt)

23 4
D2 tx(t) D ,t D,xt)

D2 tx(t) : (4.23)

We already know that D2 x(t) = D, D, x(t) = 0. The above equation establishes that the
second independent solution to the second order ODB? x(t) = 0 is x(t) = tx(t). Indeed,
we can keep going, and show that

DY t" 1x(t) =0: (4.24)
Thus, the n independent solutions to then™ order ODE
d n
— + t)=0 4.25
AR\ (4.25)
are
x ()= At¥e ' ; k=0;L:::;n 1 (4.26)

4.1.3 Phase portraits for the damped harmonic oscillator

Expressed as a dynamical system, the equation of motior +2 x + ! 3x = 0 is written as
two coupled rst order ODESs, viz.

X
v= 12x 2v: (4-27)
In the theory of dynamical systems, anullcline is a curve along which one component of
the phase space velocity_vanishes. In our case, there are two nullclinesx =0 and v = 0.
The equation of the rst nulicline, x = 0, is simply v = 0, i.e. the rst nulicline is the
x-axis. The equation of the second nulicliney =0, is v= (! =2 ) x. This is a line which
runs through the origin and has negative slope. Everywhere lang the rst nulicline x =0,
we have that'_lies parallel to the v-axis. Similarly, everywhere along the second nulicline
v =0, we have that '_lies parallel to the x-axis. The situation is depicted in g. 4.2.
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Figure 4.2: Phase curves for the damped harmonic oscillator Left panel: underdamped
motion. Right panel: overdamped motion. Note the nullclines along x = 0 and v =
(! 3=2 )x, which are shown as dashed lines.

4.2 Damped Harmonic Oscillator with Forcing

When forced, the equation for the damped oscillator becomes

dX dx
4 — 4+ 2y = : .
e 2 . ox = f(t); (4.28)
wheref (t) = F(t)=m. Since this equation is linear inx(t), we can, without loss of generality,
restrict out attention to harmonic forcing terms of the form
h _ o
f(t)= focos(t +',)=Re foe ' oe'! (4.29)

where Re stands for \real part". Here, is the forcing frequency.

Consider rst the complex equation

d? d ., )
d—t§+2 d—f+!gz:foe'oe" : (4.30)

We try a solution z(t) = ze it Plugging in, we obtain the algebraic equation

foe "o

7 > A( ) Ofge "o (4.31)

The amplitude A( ) and phase shift ( ) are given by the equation

1

5 5 (4.32)

A( )el():|2
0
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A basic fact of complex numbers:

; itan 1(b=a)
1_ _ atib _ e'pi _ (4.33)

a ib a2+ a2+ 2

Thus,
1=2
AC) = (13 ?H2+4 2 2 (4.34)
- 1 2

() = tan 7z (4.35)

Now since the coe cients and ! 2 are real, we can take the complex conjugate of eqgn.
4.30, and write
z+2 z+1%z=fye " oe !l (4.36)
2+2 z+1%z="f e oglt (4.37)

where z is the complex conjugate ofz. We now add these two equations and divide by two
to arrive at

Xx+2 x+!1%x="fycos(t +',): (4.38)

Therefore, the real, physical solution we seek is
i

h . o
X (1) Re A( )e () foeloe !t

A( )fgcos t +' o () : (4.39)

The quantity A( ) is the amplitude of the response (in units off;), while ( ) is the
(dimensionless)phase lag(typically expressed in radians).

The maximum of the amplitude A( ) occurs whenAq )=0. From

dA 2

—= —— 2 1f+2 2 (4.40)

d AC)
we conclude thatA{ )=0for =0andfor = &, where

q__
r= 1% 22 (4.41)

The solution at =  pertains only if ! 3> 2 2, of course, in which case =0 is a local
minimum and =  a local maximum. If ! 2 < 2 2 there is only a local maximum, at

= 0. See Fig. 4.3.
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Figure 4.3: Amplitude and phase shift versus oscillator frequency (units of ! o) for =! ¢
values of Q1 (red), 0:25 (magenta), 10 (green), and 20 (blue).

Since equation 4.28 is linear, we can add a solution to the hoogeneous equation tox;,, (t)
and we will still have a solution. Thus, the most general soltion to eqn. 4.28 is

X(t) = Xinfh(t) + Xhom (t) |

=Re A( )€ () fpeloe' +C,e+'+C e !
Xingy (1) Xham (D
z i { z i {
=A( )focos t +', () +Ce 'cos(t)+ De ' sin(t); (4.42)

Pu—
where = 1§ 2 as before.

The last two terms in eqn. 4.42 are the solution to the homogeaous equation,i.e. with
f (t) = 0. They are necessary to include because they carry with tem the two constants
of integration which always arise in the solution of a secondrder ODE. That is, C and D
are adjusted so as to satisfyx(0) = x, and x, = v,. However, due to theire ' prefactor,
these terms decay to zero onceé reaches a relatively low multiple of 1. They are called
transients, and may be set to zero if we are only interested in the long tine behavior of the
system. This means, incidentally, that the initial conditi ons are e ectively forgotten over a
time scale on the order of 1.

For > 0, one de nes thequality factor, Q, of the oscillator by Q = z=2 . Q is a rough
measure of how many periods the unforced oscillator execusebefore its initial amplitude is
damped down to a small value. For a forced oscillator driven Bar resonance, and for weak
damping, Q is also related to the ratio of average energy in the oscillair to the energy lost
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per cycle by the external source. To see this, let us computehie energy lost per cycle,

zr
m dtxf (t)
0

r
m dt Af &sin(t +', )cos(t + ')
0

m
1

Af 2m sin
=2 mA 2 )fE; (4.43)

sincesin( )=2 A ( ). The oscillator energy, averaged over the cycle, is

r
E = dtim x*+ ! §x?
0
= im( 2+ 1A% ) (4.44)
Thus, we have
2 hEi 2412
= : 4.45
E 4 ( )
Thus, for rand 2 12 we have
2 FEi I'o
c - 0 4.46
Q E 5 (4.46)

4.2.1 Resonant forcing

When the damping vanishes, the response diverges at resonance. The solutiaa the
resonantly forced oscillator

x+13x= fycosl gt+ ") (4.47)
is given by
: o 2 {
f . , :
X(t) = T"Ot sin(l gt + ' o)+ A cos( ot)+ B sin(l 4t) : (4.48)

The amplitude of this solution grows linearly due to the eneigy pumped into the oscillator by
the resonant external forcing. In the real world, nonlineaities can mitigate this unphysical,
unbounded response.
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Figure 4.4: An R-L-C circuit which behaves as a damped harmonic oscillator.

422 R-L-C circuits

Consider the R-L-C circuit of Fig. 4.4. When the switch is to the left, the capacitor is
charged, eventually to a steady state valueQ = CV. At t =0 the switch is thrown to the
right, completing the R-L-C circuit. Recall that the sum of the voltage drops across the
three elements must be zero:

dl Q
— 4+ + ==0: .
L o IR c 0 (4.49)
We also haveQ = I, hence
d’Q R dQ 1
+ — <+ _—_0=0": 4.50
dt2 L dt LC Q ' ( )
which is the equation for a damped harmonic oscillator, with! ; = (LC) 2 and = R=2L.

The boundary conditions at t =0 are Q(0) = CV and Q(0) = 0. Under these conditions,
the full solution at all times is

Q(t)=CVe'! cost+ —sint (4.51)

1 2
It)= ¢cV e !sint; (4.52)

again with = g 1a 2

If we put a time-dependent voltage source in series with theesistor, capacitor, and inductor,
we would have

di Q _ _
L tIR+ E=V@); (4.53)

which is the equation of aforced damped harmonic oscillator.
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4.2.3 Examples
Third order linear ODE with forcing
The problem is to solve the equation

Lix X+(a+ b+ c)x+(ab+ ac+ bgx + abcx= f,cos(t ) : (4.54)

The key to solving this is to note that the di erential operat or L, factorizes:

L, = o +(a+ b+ ¢ ¢ + (ab+ ac+ bo d + abc
t dt3 dt2 dt
d d d
= a+a a+b a+c ; (4.55)

which says that the third order di erential operator appear ing in the ODE is in fact a
product of rst order di erential operators. Since

‘:'j_?J, x =0 =) x(t)= Ae X ; (4.56)

we see that the homogeneous solution takes the form
X ()= Ae @+ Be M+ Ce &, (4.57)

where A, B, and C are constants.

To nd the inhomogeneous solution, we solveL x = f,e 't and take the real part. Writing
x(t) = xoe 't , we have

it —

Lyxge '" =(a i )(b i )(c i )xpe!'l (4.58)
and thus L

_ foe ' i () i

=@ Ty T Ty AC)E e
where
h i
A( )= @+ (P+ S+ ?) (4.59)
( )=tan ! S ttan L L ttan L < (4.60)

Thus, the most general solution toL¢ x(t) = f,cos(t ) is
x(t)= A( )fycos t () +Ae 2+ Be P+ Ce & (4.61)

Note that the phase shift increases monotonically from (0)=0to (1) = % .
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Figure 4.5: A driven L-C-R circuit, with V (t) = V; cos(t ).
Mechanical analog of RLC circuit

Consider the electrical circuit in g. 4.5. Our task is to construct its mechanical analog.
To do so, we invoke Kircho 's laws around the left and right lo ops:

Lili+ 4Ryl 1920 (4.62)
1
Laola+ Ral2o+ Ra(l2 1) = V() : (4.63)

Let Q4(t) be the charge on the left plate of capacitorC,, and de ne

7t
Qa(t) = dt% (1Y : (4.64)
0
Then Kircho 's laws may be written
R1 1 _
Qi+ [ (Qu Q)+ L.C, Q1=0 (4.65)

V(t)

R R1 _ _
Q2+ L_2Q2+ L—Z(Q-Z Q) = L, (4.66)

Now consider the mechanical system in Fig. 4.6. The blocks h@ massesM; and M.
The friction coe cient between blocks 1 and 2 is by, and the friction coe cient between
block 2 and the oor is bp. Here we assume a velocity-dependent frictional forc€&; =  bx,
rather than the more conventional constant F, = W , where W is the weight of an
object. Velocity-dependent friction is applicable when the relative velocity of an object and
a surface is su ciently large. There is a spring of spring corstant k; which connects block 1
to the wall. Finally, block 2 is driven by a periodic accelerdion f, cos(t ). We now identify
R1 R2 1
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Figure 4.6: The equivalent mechanical circuit for g. 4.5.

as well asf (t) $ V(t)=La.

The solution again proceeds by Fourier transform. We write

2,
V(t) = 2—'\7(!)e“t (4.68)
1

and

2
Qut)y _ T d Qu(") it
Lo 2 () © (4.69)

The frequency space version of Kircho 's laws for this probem is

& 5 + 0 1 0 1

12 IR =L +1=L;,C; R1=L1 Q,(1) 0
@ A @ A=@ A (4.70)
"R 1=L> i +(R1+ R2)=L> () V(1)=Lo

The homogeneous equation has eigenfrequencies given by tselution to detG(! ) = 0,

which is a cubic equation. Correspondingly, there are thrednitial conditions to account

for: Q4(0), 1,(0), and 1,(0). As in the case of the single damped harmonic oscillatorthese
transients are damped, and for large times may be ignored. Té solution then is

0 1 0 . 1.0 1
Q,(") 12 QIR 1=L;+1=L1Cy Ri=L4 0
@ A-@ A @ A -
(1) iR 1=L> il +(Ry1+ R2)=L> V(1)=L,
(4.71)

To obtain the time-dependent Q,(t) and I ,(t), we must compute the Fourier transform back
to the time domain.
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4.3 General solution by Green's function method

For a general forcing functionf (t), we solve by Fourier transform. Recall that a function
F (t) in the time domain has a Fourier transform F (! ) in the frequency domain. The relation
between the two ist

2 z

Fiy=  S-e "R 0 F(1)= dte'™ F(): (4.72)

1 1
We can convert the dierential equation 4.3 to an algebraic equation in the frequency
domain, (! ) = &(1 ) (1), where

1
G(1) = 12 21 12 (4.73)
is the Green's function in the frequency domain. The general solution is written
Zldl
x= S-e S )+ X, (1) (4.74)

1

P 0o . . .
wherexp(t) = ;Cje it js a solution to the homogeneous equation. We may also write
the above integral over the time domain:

z
x(t) = di°G(t  tYf 9+ x, (1) (4.75)
1
!
G(s) = CZI—!e s ()
1
= Lexp( s)sin(s) ( s) (4.76)

where ( s) is the step function,

1 ifs O

(9= 5 its<o0 (4.77)
where once again P i 2
Example: force pulse
Consider a pulse force
f)=f, () (T ty= 1o O € T (4.78)

0 otherwise.

! Di erent texts often use di erent conventions for Fourier a nd inverse Fourier transforms. Sometimes the
factor of (2 ) ! is associated with the time integral, and sometimes a factor of (2 ) 172 is assigned to both
frequency and time integrals. The convention | use is obviously the best.
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Figure 4.7: Response of an underdamped oscillator to a pulderce.

In the underdamped regime, for example, we nd the solution

fo

x()=15 1 e Ycost —e 'sint (4.79)
o
if0 t Tand
f (
Xty = 5 e t Decos (t T) e 'cost
o
)
+— e ®TDsin (t T) e 'sint (4.80)
ift>T.

4.4 General Linear Autonomous Inhomogeneous ODEs

This method immediately generalizes to the case of generaludonomous linear inhomoge-

neous ODEs of the form
d™ d" 1x dx
W‘l'an 1w+:::+ala+aoxzf(t): (481)

We can write this as
L, x(t)= f(t); (4.82)



56 CHAPTER 4. LINEAR OSCILLATIONS

where L, is the n" order di erential operator

d" dn ! d
Lt=ﬁ+an 1gmit ittt (4.83)

The general solution to the inhomogeneous equation is givehy

!
x(t) = x,(t)+  dt°G(ttYf (1Y ; (4.84)
1

where G(t; t9 is the Green's function. Note that L, X, (t) = 0. Thus, in order for eqns. 4.82
and 4.84 to be true, we must have

thizs_v?rE]{as 2
Lox(t) = Lyx,(t) +  dt®L, Gt (9= f(t); (4.85)
1
which means that

L, GttY= t t9; (4.86)

where (t t9 is the Dirac -function. Some properties of (x):

8
Zb 2f(y) ifa<y<b
dxf(x) (x y)= S (4.87)
a "0 fy<aory>b:
X .
g(x) = u . (488)
X with gO(Xi)
g(xi):O

valid for any functions f (x) and g(x). The sum in the second equation is over the zerog;
of g(x).

Incidentally, the Dirac -function enters into the relation between a function and its Fourier
transform, in the following sense. We have

z
f(t) = Czl—!e LR A(D! (4.89)
1
2

f0)=dte" f(t): (4.90)
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Substituting the second equation into the rst, we have

z d . Z .
fiy= ——e ™  dt%" °f (19
1 1
2z (2 N )
= dt° 2—'e” N £t9 (4.91)
1 1

which is indeed correct because the term in brackets is a repsentation of (t t9:

ZLd! i's _ .
1 S = (s) : (4.92)

If the di erential equation L, x(t) = f (t) is de ned over some nite t interval with prescribed
boundary conditions onx(t) at the endpoints, then G(t; t9 will depend on't and t%separately.
For the case we are considering, the interval is the entire r& linet 2 (1 ;1 ), and
G(t;t9 = G(t t9Y is a function of the single variablet  t°

Note that L, = L % may be considered a function of the di erential operator % If we

now Fourier transform the equation L, x(t) = f (t), we obtain
2t e g e, d
dte” f(t): dte” W"" a.n 1w+ R ala‘l'ao X(t) (493)
2 (
= die" (i)"+a, (i) Tt a (i)+ay x(t);
1

where we integrate by parts ont, assuming the boundary terms att = 1 vanish, i.e.
x(1 )=0, so that, inside the t integral,

i!tdkt|" dki!t#t_-|ki!tt. 4.94
e P x(t) ! a e’ x@®)=( i1)%e" x(t): (4.94)
Thus, if we de ne
X
Cy= " a ( it)k; (4.95)
k=0
then we have
Loyre)= () ; (4.96)

wherea, 1. According to the Fundamental Theorem of Algebra, the n™ degree poly-
nomial (! ) may be uniquely factored over the complex! plane into a product over n
roots:

C)y=C D¢ ¢ 2 (0 la): (4.97)
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If the fa, g are all real, then (1) =10C( ! ) henceif isa rootthen sois . Thus,
the roots appear in pairs which are symmetric about the imagnary axis. l.e. if = a+ib
is a root, then so is = a+ib.

The general solution to the homogeneous equation is

X0 )
x,()=  Aje"it; (4.98)
i=1

which involves n arbitrary complex constants A;. The susceptibility, or Green's function in
Fourier space,G(! ) is then

— l — in .
O R PR GEPE (4.99)

and the general solution to the inhomogeneous equation is ain given by

!
X(t) = x,(t)+ dt°G(t 9 (9 ; (4.100)
1

where x,,(t) is the solution to the homogeneous equationj.e. with zero forcing, and where

A
G(s) = 2—!e”s ()
1
ol
L2 gt ()
X g s
o (s): (4.101)

where we assume that Im ;<0 for all j. The integral above was done using Cauchy's the-
orem and the calculus of residues { a beautiful result from tke theory of complex functions.

As an example, consider the familiar case

foy=12 21 12
= (0 10 1) (4.102)
with I = i ,and =(!3 22, This yields

LY )= (. ! )= 2 (4.103)



4.5. KRAMERS-KR ONIG RELATIONS (ADVANCED MATERIAL) 59

Then according to equation 4.101,

« )
~ e i, s e il s
G(s) = iLq ) * iLq ) (s
i e Se is e seis
- 2 T2 (9
= le Ssin(s)( s); (4.104)

exactly as before.

4.5 Kramers-Kenig Relations (advanced material)

Suppose £!')  G(!) is analytic in the UHP 2. Then for all , we must have
g— ———F =0 (4.105)

where is a positive in nitesimal. The reason is simple: just closethe contour in the UHP,
assuming /! ) vanishes su ciently rapidly that Jordan's lemma can be applied. Clearly
this is an extremely weak restriction on /! ), given the fact that the denominator already
causes the integrand to vanish ag! j 1.

Let us examine the function

1 ! i :
L+i (0 D)2+ 2 (0 1)2+ 27

(4.106)

which we have separated into real and imaginary parts. Underan integral sign, the rst
term, in the limit ! 0O, is equivalent to taking a principal part of the integral. That is, for
any function F( ) which is regularat =1,

A A

: d ! d F() .
1 1
The principal part symbol P means that the singularity at = ! is elided, either by

smoothing out the function 1=( ) as above, or by simply cutting out a region of integration
of width  on either side of =1.

The imaginary part is more interesting. Let us write

h(u) (4.108)

uz+ 2°

2n this section, we use the notation “(! ) for the susceptibility, rather than G&(!)
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For juj , h(u) ' =u?, which vanishes as ! 0. Foru =0, h(0) =1= which diverges as
I 0. Thus, h(u) has a huge peak atu = 0 and rapidly decays to 0 as one moves o the
peak in either direction a distance greater that . Finally, note that

Z
duh(u) = ; (4.109)
1

a result which itself is easy to show using contour integratbn. Putting it all together, this
tells us that

Ii!mOm = (u: (4.110)
Thus, for positive in nitesimal
1 1 .
=P = ; 4,111
=P o) (4.111)

a most useful result.

We now return to our initial result 4.105, and we separate X! ) into real and imaginary
parts:
AY=AQEY+ i8R (4.112)

(In this equation, the primes do not indicate di erentiatio n with respect to argument.) We
therefore have, for every real value of ,

2 ih 4 i

h
“Hy+i %)Y P = 0 () (4.113)

o
1
N| o

1

Taking the real and imaginary parts of this equation, we derive the Kramers-Kmnig rela-
tions:

) = +P | (4.114)

%y = o (4.115)

|
U



Chapter 5

Calculus of Variations

5.1 Snell's Law

Warm-up problem: You are standing at point (x,;y;) on the beach and you want to get to
a point (x,;y,) in the water, a few meters o shore. The interface between tle beach and
the water lies at x = 0. What path results in the shortest travel time? It is not a s traight
line! This is because your speed; on the sand is greater than your speeds, in the water.
The optimal path actually consists of two line segments, aslsown in Fig. 5.1. Let the path
pass through the point (0;y) on the interface. Then the time T is a function of y:
19— 14—
T(y)= = xf+(y y)?+ = x3+(y, y)?: (5.1)
Vi Vo
To nd the minimum time, we set

dy v, 2 2V, y2 2
1oxi+(y y)? 2 x5+(y, )
_ sin 1 sin » .
v v (5.2)
Thus, the optimal path satis es _
Sli_4n. (5.3)
Sin » Vo

which is known asSnell's Law.

Snell's Law is familiar from optics, where the speed of lightin a polarizable medium is
written v = c=n, wheren is the index of refraction. In terms of n,

n,sin ; = n,sin ,: (5.4)
If there are several interfaces, Snell's law holds at each @n so that
n; sin

i = Njggsin g (5.5)

61
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(zi.0)

=1

Figure 5.1. The shortest path between k1;y1) and (X2;y2) is not a straight line, but rather
two successive line segments of di erent slope.

at the interface between mediai and i + 1.

In the limit where the number of slabs goes to in nity but thei r thickness is in nitesimal,
we can regardn and as functions of a continuous variablex. One then has

sin () _ Y _
) 1y &8

p
where P is a constant. Here wve have used the result sip= y% 1+ y®, which follows
from drawing a right triangle with side lengths dx, dy, and = dx2 + dy2. If we di erentiate
the above equation with respect tox, we eliminate the constant and obtain the second order
ODE

00 0
= Sl= 2 (5.7)
1+y¥y \Y
This is a di erential equation that y(x) must satisfy if the functional

z Z Pp——0F

ds 1+ y®
T = — = ax —— 7 5.8
oo = = Ao (5.8)

X1

is to be minimized.

5.2 Functions and Functionals

A function is a mathematical object which takes a real (or complex) varable, or several
such variables, and returns a real (or complex) number. Afunctional is a mathematical
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pavement
v = v,

Figure 5.2: The path of shortest length is composed of threeihe segments. The relation
between the angles at each interface is governed by Snell'sal.

object which takes an entire function and returns a number. h the case at hand, we have

X2
Ty(x) = dxL(y;y%x); (5.9)

X1

where the function L (y;y®x) is given by

q

L(y;y%x) = % +y®: (5.10)

X)

Here n(x) is a given function characterizing the medium, andy(x) is the path whose time
is to be evaluated.

In ordinary calculus, we extremize a function f (x) by demanding that f not change to
lowest order when we changex! x + dx:

f(x+dx)=fx)+ fUx)dx+ 3fx) (dx)2+ ::: (5.11)

We say that x = x is an extremum whenf {x ) = 0.

For a functional, the rst functional variation is obtained by sendingy(x) ! y(x)+ vy (x),
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':r-f‘; Yol
- y(z) + dy(x)
(o) (@)

Figure 5.3: A path y(x) and its variation y(x)+ Yy (x).

and extracting the variation in the functional to order y. Thus, we compute

X2
dxL(y+ y;y°%+ y%x)

T y(x)+ y(x)
X2
dx L+%‘)‘/y+%;y°+0(y)2
X2
@L @Ld
T y(x) "'x dx @yy"'@&y
2 ‘el 4 e _a@L *
L L L
TY(X)"'XdX @y&@ y"'@yx

X1

(5.12)

1

Now one very important thing about the variation y (x) is that it must vanish at the
endpoints: y (x;) = Yy (x,) =0. This is because the space of functions under consideran
satisfy xed boundary conditions y(x;) = y; and y(x,) = y,. Thus, the last term in the
above equation vanishes, and we have

2 "@L d @L !
T= dx — — — 5.13
@y dx @9 619
X1
We say that the rst functional derivative of T with respect to y(x) is
" #
r _ et d et ; (5.14)

yx) @y dx @y

where the subscript indicates that the expression inside te square brackets is to be evaluated
at x. The functional T y(x) is extremized when its rst functional derivative vanishes,
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which results in a di erential equation for y(x),

@L
@y

d oL _,.

x @9 " (5.15)

known as the Euler-Lagrange equation.

L(y;y®x) independent of y

SupposeL (y; y° x) is independent ofy
that

isacqp

L=1 1+y® we have

. Then from the Euler-Lagrange equations we have

@L

" @y

(5.16)

stant. In classical mechanics, this will turn out to be ageneralized momentum For

0
p= p Yt . (5.17)
v 1+y®
Setting dP=dx = 0, we recover the second order ODE of eqn. 5.7. Solving foy°,
dy_ o v . (5.18)
dx v Vv2(x)

wherevy = 1=P.

L(y;y®x) independent of x

When L (y;y® x) is independent ofx, we can again integrate the equation of motion. Con-

sider the quantity

@L
H=y~— L: 5.19
Y @9 (549
Then
dH_ d o@L _ 00@L, 0d @@L @Lg @L, OL
dx dx ° @9 @y “dx @y @Y @ @x
5.20
_ped @ @L aeL 520
x @y @y @x
where we have used the Euler-Lagrange equations to writg, %5 = %';, Soif@L=@x 0,

we havedH=dx =0, i.e. H is a constant.
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5.2.1 Functional Taylor series

In general, we may expand a functionalF[y + y] in a functional Taylor series,

Z Z Z
Fly+ yl= Flyl+ dx;Kai(x1) y(xy)+ 2 dx; dx, K,(X1;X2) ¥ (Xq) Y (Xp)
Z Z Z
+ 3 dxg dxy dxgKg(XyiXeiXs) V(X)) Y(Xp) Y (Xg) + i (5.21)
and we write .
Kn(X1;:005%0) (5.22)

y (Xq) y (Xn)
for the n™ functional derivative.

5.3 Examples from the Calculus of Variations

Here we present three useful examples of variational calcus as applied to problems in
mathematics and physics.

5.3.1 Example 1 : minimal surface of revolution

Consider a surface formed by rotating the functiony(x) about the x-axis. The area is then
X2 S
Aykx) = dx2y 1+

X1

dy %
2 (5.23)

p
and is a functional of the curvey(x). Thus we candeneL(y;y9 =2y 1+ y® and make
the identi cation y(x) $ q(t). SinceL(y;y%x) is independent ofx, we have

L @L dH @@L

and whenL has no explicit x-dependenceH is conserved. One nds
® q
H=2y pL— 2y 1+y®= p2Y . (5.25)

Solving for y© S

dy _ 2y * .

i a 1; (5.26)
which may be integrated with the substitution y = > coshu, yielding

y(x)= bcosh 22 (5.27)

b
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Figure 5.4: Minimal surface solution, with y(x) = bcoshfi=b) and y(xg) = yo. Top panel:
A=2y 3 vs. yo=Xo. Bottom panel: sechfko=b vs. yo=xo. The blue curve corresponds to a
global minimum of A[y(x)], and the red curve to a local minimum or saddle point.

wherea and b = zi are constants of integration. Note there are two such constats, as
the original equation was second order. This shape is called catenary. As we shall later
nd, it is also the shape of a uniformly dense rope hanging beween two supports, under

the in uence of gravity. To x the constants a and b, we invoke the boundary conditions
y(Xq) =y, and y(x;) = y,.

Consider the case where x; = X, Xgandy; =Y, Y, Then clearly a=0, and we have

Yo = bcosh X—t? ) = lcosh ; (5.28)
with Yo=X, and Xo=h One nds that for any > 1:5089 there are two solutions,

one of which is a global minimum and one of which is a local mimhum or saddle of A[y(x)].
The solution with the smaller value of (i.e. the larger value of sech) yields the smaller
value of A, as shown in Fig. 5.4. Note that

y coshi=b)

Yo _ coshxo=b ' (5.29)

soy(x =0) = ygsechip=b.

When extremizing functions that are de ned over a nite or semi-in nite interval, one

must take care to evaluate the function at the boundary, for it may be that the boundary
yields a global extremum even though the derivative may not wanish there. Similarly, when
extremizing functionals, one must investigate the functimms at the boundary of function
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space. In this case, such a function would be the discontinug solution, with
8 .
%yl if x = x;

y(x)= _0 if x;<x<x, (5.30)

%

Ty, X=X,

This solution corresponds to a surface consisting of two dis of radii y; and y,, joined
by an in nitesimally thin thread. The area functional evalu ated for this particular y(x)
is clearly A = (y2+ y3). In Fig. 5.4, we plot A=2y 2 versus the parameter = y,=X,.
For > 1564, one of the catenary solutions is the global minimum. For < , the
minimum area is achieved by the discontinuous solution.

Note that the functional derivative,

( ) -
A _ @L d oL 2 1+y yyoo _ 5 a1
y(x) @y dx @y = (1+y®)3=2 (5.31)

K1(x) =

indeed vanishes for the catenary solutions, but does not vash for the discontinuous solu-
tion, where K(x) =2 throughout the interval ( Xy;Xg). Sincey = 0 on this interval, y
cannot be decreased. The fact thatk;(x) > 0 means that increasingy will result in an

increase inA, so the boundary value forA, which is 2y 3, is indeed a local minimum.

We furthermore see in Fig. 5.4 that for < 1:5089 the local minimum and saddle
are no longer present. This is the familiar saddle-node biftcation, here in function space.
Thus, for 2 [0; ) there are no extrema ofA[y(x)], and the minimum area occurs for the
discontinuous y(x) lying at the boundary of function space. For 2 ( ; (), two extrema

exist, one of which is a local minimum and the other a saddle piot. Still, the area is

minimized for the discontinuous solution. For 2 ( ;1 ), the local minimum is the global

minimum, and has smaller area than for the discontinuous saltion.

5.3.2 Example 2 : geodesic on a surface of revolution

We use cylindrical coordinates (; ;z ) on the surfacez = z( ). Thus,
ds=d 2+ 2d 2+ dx?

n 2O
= 1+ 24 )° d + 2d ?; (5.32)

and the distance functionalD () is

D ()= dL(; %); (5.33)
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where q
L(; %)= 1+2%()+ 2 &(): (5.34)
The Euler-Lagrange equation is
@L d @L _ @L _ )
@ d @° =0 ) @0—const. (5.35)
Thus, -
@L_ . _
@ Pz ¥ 550
where a is a constant. Solving for © we obtain
q__
a 1+ z94) 2
= P d; (5.37)
which we must integrate to nd (), subject to boundary conditions ( ;) = ;, with
i=1;2.
On acone,z( )= , and we have
"
p— d Pp— 1 2
d =a 1+ 2-—p———= 1+ 2dtan - 1; (5.38)
2 g2 a
which yields ; r .
()= + 1+ 2tan‘? 2 L (5.39)
which is equivalent to
coOS p——— = a: (5.40)
1+ 2

The constants and a are determined from ( ;)= ;.

5.3.3 Example 3 : brachistochrone

Problem: nd the path between (Xx;;y;) and (X,;Y,) which a particle sliding frictionlessly
and under constant gravitational acceleration will traverse in the shortest time. To solve
this we rst must invoke some elementary mechanics. Assumig the particle is released
from (x,;y;) at rest, energy conservation says

Imv? + mgy = mgy, : (5.41)
Then the time, which is a functional of the curve y(x), is
X2
ds 1 1+ y@®
Tyx) = —=p= dx 5.42
y(x) " %5 iy (5.42)
X1 X1
X2

dxL(y;y%x) ;

X1
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with S -
1+ y®
Ly;ySx)= ———: (5.43)
29(y1 Y)
Sincel is independent ofx, eqn. 5.20, we have that
h i1
H=y 28 L= 2g0y, y) 1+y® (5.44)
@9
is conserved. This yields r
Y1y
dx = ————dy; 5.45
X 22 yi+y (5.45)
with a=(4gH?) 1. This may be integrated parametrically, writing
y, y=2asin’(3) ) dx=2asin’(})d; (5.46)
which results in the parametric equations
X X;=a sin (5.47)
y y;= a(l cos): (5.48)

This curve is known as acycloid.

5.3.4 Ocean waves

Surface waves in uids propagate with a de nite relation between their angular frequency
I and their wavevector k =2 = , where is the wavelength. The dispersion relation is a
function ! =1 (k). The group velocity of the waves is thenv(k) = d!=dk .

In a uid with a at bottom at depth  h, the dispersion relation turns out to be

8p__
D 2 ghk shallow (kh 1)
I' (k)= gktanhkh > (5.49)
gk deepkh 1):

Suppose we are in the shallow case, where the wavelengthis signi cantly greater than
the depth h of the uid. This is the case for ocean waves which break %t theshore. The
phase velocity and group velocity are then identical, and egal to v(h) = = gh. The waves
propagate more slowly as they approach the shore.

Let us choose the following coordinate system:x represents the distance parallel to the
shoreline,y the distance perpendicular to the shore (which lies aty = 0), and h(y) is the
depth pro le of the bottom. We assume h(y) to be a slowly varying function of y which
satis es h(0) = 0. Suppose a disturbance in the ocean at position X,; y,) propagates until
it reaches the shore at &,;y; = 0). The time of propagation is
S
T y(x) = Zd—s‘ Z(de 1+y®.
v ghly)

X1

(5.50)
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increasing h ———

oV

=

h=0 —

Figure 5.5: For shallow water waves,v = P gh. To minimize the propagation time from a
source to the shore, the waves break parallel to the shorela

We thus identify the integrand
S

L(y;y%x) =

1+y®
gh(y) ~

As with the brachistochrone problem, to which this bears an dvious resemblance,L is
cyclic in the independent variable x, hence

h (-
=y°% L= ghy) 1+y® (5.52)

is constant. Solving foryYx), we have

(5.51)

H

_dy ' m

tan = ax W 1;

(5.53)

wherea = (gH) !is a constant, and where is the local slope of the functiony(x). Thus,
we conclude that neary = 0, where h(y) ! 0, the waves come inparallel to the shoreline.
If h(y) = y has a linear pro le, the solution is again a cycloid, with

x()=b( sin) (5.54)
y()= Dbl cos); (5.55)

where b = 2a= and where the shore lies at = 0. Expanding in a Taylor series in  for
small , we may eliminate and obtain y(x) as

yo) = 2 pBx®B e (5.56)
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A tsunami is a shallow water wave that manages propagates in deep waterThis requires
>h , as we've seen, which means the disturbance must have a vergrig spatial extent out
in the open ocean, whereh  10km. An undersea earthquake is the only possible source;
the characteristic length ofaaarthquake fault lines can be hindreds of kilometers. If we take
h = 10km, we obtain v="gh 310m=s or 1100 kn¥hr. At these speeds, a tsunami can

cross the Paci c Ocean in less than a day.

As the wave approaches the shore, it must slow down, since = P gh is diminishing. But
energy is conserved, which means that the amplitude must catomitantly rise. In extreme
cases, the water level rise at shore may be 20 meters or more.

5.4 Appendix : More on Functionals

We remarked in section 5.2 that a functionf is an animal which gets fed a real numbeix
and excretes a real numberlf (x). We say f maps the reals to the reals, or

f:R! R (5.57)

Of course we also have functiongg: C ! C which eat and excrete complex numbers,
multivariable functions h: RN | R which eat N -tuples of numbers and excrete a single
number, etc.

A functional F[f (x)] eats entire functions (!) and excretes numbers. That is,

n o]
F: fxX) x2R ! R (5.58)

This says that F operates on the set of real-valued functions of a single reahriable, yielding
a real number. Some examples:

z

FIF)I= 3 dx f(x) ° (5.59)
1
2 2

FIF(x)]= 53 dx dx®K (x;x9f (x) f(x9 (5.60)
1 1
! g 2

FIfF()]= dx 2Af2(x)+ 3B — : (5.61)

dx
1

In classical mechanics, the actionS is a functional of the path q(t):

2> )
S[qt)]= dt img® U(g (5.62)
ta

Nl
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glt)

We can also have functionals which feed on functions of morehan one independent variable,
such as ( )

Ao Zo 2 2
e 1 @y°® ;. @y“° |
S[y(x;t)] = t dt dx 3 @t 2 @ ;
a Xa
which happens to be the functional for a string of mass densyt under uniform tension
Another example comes from electrodynamics:
z Z 1 1
SIA (x;t)] = d dt —F F +3 A (5.64)
16 c
which is a functional of the four elds fA% A;A2;A3g, where A? = ¢ . These are the
components of the 4-potential, each of which is itself a funtion of four independent variables
(x%; xt;x%:x3), with x% = ct. The eld strength tensor is written in terms of derivatives of
the A : F = @A @A , where we use a metricg = diag(+; ; ; ) to raise and
lower indices. The 4-potential couples linearly to the souce term J , which is the electric
4-current (c; J).

(5.63)

We extremize functions by sending the independent variablex to x + dx and demanding
that the variation o =0 to rst order in dx. That is,

f(x+dx)=f(x)+ fUx)dx+ 3 Bx)(dx)?+ ::: (5.65)
whenced = f {x)dx + O (dx)? and thus
fqx)=0 X an extremum. (5.66)

We extremize functionals by sending
f(x)! f(x)+ f (x) (5.67)
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and demanding that the variation F in the functional F [f (x)] vanish to rstorderin f (x).
The variation f (x) must sometimes satisfy certain boundary conditions. For gample, if
F[f (x)] only operates on functions which vanish at a pair of endpaits, i.e. f (xa) = f (x,) =
0, then when we extremize the functionalF we must do sowithin the space of allowed
functions. Thus, we would in this case require f (xa) = f (x,) = 0. We may expand the
functional F[f + f ]in a functional Taylor series,

Z Z Z
FIf + f]=F[f]+ dx;Ki(xg) f(xq9)+ % dx; dx, Ky(x1;x2) f(x9) f (Xy)
4 Z Z
+ 4 dxy dx, dxgKg(XeiXpixg) f(xq) f(xp) f(xg)+ i (5.68)
and we write -
Kn(Xq5:i:05Xp) (5.69)

f(x)  f(xn)
In a more general caseF = F[ffi(x)g is a functional of several functions, each of which is
a function of several independent variables. We then write

Z
FIFf+ fidl= FIFfigl+  dx Ki(xy) fi(xy)
z Z )
g7 dxg dxp K (xgixp) fi(xy) fy(x)
z zZ Z )
+ 47 dxg dx, dxg K35 (X1 X1 Xg) f(Xy) fi(xp) fp(xg)+ it
(5.70)
with N
Krl]llz in(xl;xz;...;xn)z F : (571)
fi (x1) fi (X2) fi (Xn)
1 2 n
Another way to compute functional derivatives is to send
FOO! fOO+ 1 (X x)+ i+ o (X xp) (5.72)

and then di erentiate n times with respect to ; through . That is,

nF @
= F f(x)+ (X X+ 0+ 5, (x x,) : (5.73)
f (Xl) f (Xn) @1 @I’l 1= = =0 ! !

= ,=

Let's see how this works. As an example, we'll take the actionfunctional from classical
mechanics,
2o 0
S[a(t)] = dt img® U (5.74)

ta

11t may be also be that di erent functions depend on a dierent number of independent variables. E.g.
F = F[f(x); 9(xy); h(x;y;z)].
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To compute the rst functional derivative, we replace the function g(t) with q(t)+ (t ty),
and expand in powers of :

2o 0
Sqt)y+ (t ti) =S[at)]+ dt mgqt t1) UY9 (t ta)
n ta o)
= me(ty) + U0 q(ty) (5.75)
hence n 0
= met)+ U%qt) (5.76)

q(t)
and setting the rst functional derivative to zero yields Ne wton's Second Law,me = UYq),
forall t 2 [ta;tp]. Note that we have used the result

2
dt 4t t)ht)= hqty) ; (5.77)
1

which is easily established upon integration by parts.

To compute the second functional derivative, we replace

an! a+ 4 (t )+ , (T t2) (5.78)

and extract the term of order 1 » in the double Taylor expansion. One nds this term to

be
2 0

1o dtm At ot) Nt ot) UM t t) (t t) (5.79)
ta

Note that we needn't bother with terms proportional to 2 or 3 since the recipe is to
di erentiate once with respect to each of ; and , and then to set ; = , = 0. This
procedure uniquely selects the term proportional to ; ,, and yields
ZS n OQ 00 0
——= m (t; t)+ UTqt) (t1 t2) : (5.80)
q(t) q(tz)

In multivariable calculus, the stability of an extremum is assessed by computing the matrix
of second derivatives at the extremal point, known as the Hesian matrix. One has

g=08i ; o

H: =

@x ' @x@x
The eigenvalues of the Hessiam;; determine the stability of the extremum. Since Hj is
a symmetric matrix, its eigenvectors  may be chosen to be orthogonal. The associated
eigenvalues , de ned by the equation

(5.81)

Ho = . (5.82)
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are the respective curvatures in the directions , where 2 f1;:::;ng wheren is the
number of variables. The extremum is a local minimum if all the eigenvalues are positive,
a maximum if all are negative, and otherwise is a saddle point Near a saddle point, there
are some directions in which the function increases and somia which it decreases.

In the case of functionals, the second functional derivatie K 2(x1; X2) de nes an eigenvalue
problem for f (x):
Zb
dx, Ko(Xq:X5) f(X5)= f (Xq): (5.83)

Xa

In general there are an in nite number of solutions to this equation which form a basis in

function space, subject to appropriate boundary conditiors at x5 and x,. For example, in

the case of the action functional from classical mechanicsthe above eigenvalue equation
becomes a di erential equation,

d2
moz+U%a M a®= a; (5.84)

where g (t) is the solution to the Euler-Lagrange equations. As with the case of ordinary
multivariable functions, the functional extremum is a local minimum (in function space)

if every eigenvalue is positive, a local maximum if every eigenvalue is negativeand a
saddle point otherwise.

Consider the simple harmonic oscillator, for whichU(g) = $m! §c?. Then U%q (t) =
m! 2; note that we don't even need to know the solutiong (t) to obtain the second functional
derivative in this special case. The eigenvectors obegn( ¢+ ! (2, q) = g , hence

q
q(t)= Acos 1Z+(=m)t+"' ; (5.85)
where A and' are constants. Demanding q(ta) = q(tp) = 0 requires
q
1§+(=m) tp ta)=n; (5.86)

wheren is an integer. Thus, the eigenfunctions are

gn(t) = Asin n ; (5.87)
b la
and the eigenvalues are
2
=m m! 3; (5.88)
T
whereT = t, ta. Thus, solong asT > =! , there is at least one negative eigenvalue.

Indeed, for ’,‘—0 <T< % there will be n negative eigenvalues. This means the action

is generally not a minimum, but rather lies at a saddle pointin the (in nite-dimensional)
function space.
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To test this explicitly, consider a harmonic oscillator wit h the boundary conditions q(0) = 0
and g(T) = Q. The equations of motion, @+ ! Sq = 0, along with the boundary conditions,
determine the motion,

_ Qsin(tof)

a sin(! oT)

(5.89)

The action for this path is then

Slg ()]= dt 3mg? 3m!gq?

z
m! Q2 n :
= —9=< dt codlt sin’l gt
2sir?l T ° 0
=im! Q% ctn(! ,T): (5.90)
Next consider the path g(t) = Qt=T which satis es the boundary conditions but does not

satisfy the equations of motion (it proceeds with constant \elocity). One nds the action
for this path is

S[a(t)] = $m! ,Q? — 3T (5.91)

Thus, provided ! ;T 6 n ,inthelimit T!1 we nd that the constant velocity path has
lower action.

Finally, consider the general mechanical action,

Zo
S q(t) = dtL(g;q;t) : (5.92)
ta

We now evaluate the rst few terms in the functional Taylor series:

2o (
@L @L
Sq()+ q(t) = dt L(g;q;t)+ =— di+ =— q (5.93)
ta @gq @Lq )
1l e 0@ 1 ad |
+§@q@gqq' 4+ @@ 4+ caa 4

To identify the functional derivatives, we integrate by parts. Let ..(t) be an arbitrary
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function of time. Then

2o 2o
dt i(t) a(t)=  dt 5(t) gi(t) (5.94)
ta ta
2o 2o Zb d
dt () ai(t) g()=dt d® () (¢ )55 i) a(t)
ta ta ta
2o Zb
= dt dt® () A 19 ait) a9 (5.95)
ta ta
2o 2o Zb d d
dt () da(t) g ()= dt dt® j(t) (t t‘)a@qi(t) q; (19
ta ta ta
2o Zb
= dt dt® ) At 9+ 5 %t aqit) g9
ta ta
(5.96)
Thus,
" #
S _ @L d @l
W0 o X @, &0
5 @ @L
_ _ = t 9 — Rt 9
ai(t) a; () @aeg @h@i#g ® )
@L d @l .
+ 2@q@ & @@ W Y (5.98)

q (1)



Chapter 6

Lagrangian Mechanics

6.1 Generalized Coordinates

in a mechanical system. In a system withd; degrees of freedom ané constraints, n = d; k
independent generalized coordinates are needed to compddy specify all the positions. A
constraint is a relation among coordinates, such as? + y? + z2 = a? for a particle moving
on a sphere of radiusa. In this case,d; = 3 and k = 1. In this case, we could eliminate z
in favor of x and y, i.e. by writing z = a2 x2 y2, or we could choose as coordinates
the polar and azimuthal angles and

For the moment we will assume thatn = d; Kk, and that the generalized coordinates are
independent, satisfying no additional constraints among hem. Later on we will learn how

The generalized coordinates may have units of length, or arlg, or perhaps something totally
di erent. In the theory of small oscillations, the normal co ordinates are conventionally
chosen to have units of (massj? (length). However, once a choice of generalized coordinate
is made, with a concomitant set of units, the units of the conugate momentum and force
are determined:

= — F o= —= —; (6.1)

where A means “the units ofA’, and whereM , L, and T stand for mass, length, and time,
respectively. Thus, if @ has dimensions of length, thenp has dimensions of momentum
and F has dimensions of force. Ifig is dimensionless, as is the case for an anglp, has
dimensions of angular momentum ML 2=T) and F has dimensions of torque KL 2=T?2).
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6.2 Hamilton's Principle

The equations of motion of classical mechanics are embodieitt a variational principle,
called Hamilton's principle. Hamilton's principle states that the motion of a system is suwch
that the action functional

A2
Sq(t) = dtL(g;q;0) (6.2)
t1
is an extremum, i.e. S = 0. Here, g = fq;;:::;0,0 is a complete set ofgeneralized
coordinates for our mechanical system, and
L=T U (6.3)

is the Lagrangian, where T is the kinetic energy andU is the potential energy. Setting the
rst variation of the action to zero gives the Euler-Lagrange equations,

momeptum p  f
| 3
4 o _ oL
a @ @q
Thus, we have the familiarp. = F , also known as Newton's second law. Note, however,
that the fq g are generalized coordinates sop may not have dimensions of momentum,
nor F of force. For example, if the generalized coordinate in qué®n is an angle , then

(6.4)

the corresponding generalized momentum is the angular monmtum about the axis of 's
rotation, and the generalized force is the torque.
6.2.1 Invariance of the equations of motion
Suppose
d
Clagy) = Llagy+ Ga: (6.5)

Then

Sla®)] = S[a(t)] + G(a,ty)  G(dy;ta) : (6.6)

Since the dierenceS S is a function only of the endpoint valuesf d,; g,g, their variations
are identical: S = S. This means that L and C result in the same equations of motion.
Thus, the equations of motion are invariant under a shift of L by a total time derivative of
a function of coordinates and time.

6.2.2 Remarks on the order of the equations of motion

The equations of motion are second order in time. This follow from the fact that L =
L(qg;q;1t). Using the chain rule,

do. __ @& @& . G
@ @ @ @t

dt @ _@]_@]_o

(6.7)
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That the equations are second order in time can be regarded an empirical fact. It follows,
as we have just seen, from the fact thatL depends ong and on g, but on no higher time
derivative terms. Suppose the Lagrangian did depend on the @neralized accelerationg)es
well. What would the equations of motion look like?

Taking the variation of S,

2o t
@L @L d @L b
diL(og;qse;)= — 9 + — a4 — — (
dt
. @ @ @ ta
2o
+

( )
eL d @, & al

ta

The boundary term vanishes if we require q (ta) = q (t)) = q (t;) = q(t)=0 8
The equations of motion would then befourth order in time.

6.2.3 Lagrangian for a free particle

For a free particle, we can use Cartesian coordinates for ehcparticle as our system of
generalized coordinates. For a single particle, the Lagragian L (x;Vv;t) must be a function
solely of v2. This is because homogeneity with respect to space and timergclude any
dependence ofL on x or on t, and isotropy of space meand. must depend onv2. We
next invoke Galilean relativity, which says that the equations of motion are invariant under
transformation to a reference frame moving with constant vdocity. Let V be the velocity
of the new reference frameK ° relative to our initial reference frame K. Then x%= x V',
andv®= v V. In order that the equations of motion be invariant under the change in
reference frame, we demand

LYv9Y = L(v) + %G(x;t) : (6.9)

The only possibility is L = %mvz, where the constantm is the mass of the particle. Note:

d dG
0_ 1 2 = Llmy?2 1 2 - .
L"= sm(v V)“= smv +a smVet mVo X —L+E. (6.10)
For N interacting particles,
X dx, 2
L=% m, % U fXag;fXag : (6.11)
a=1
Here, U is the potential energy. Generally, U is of the form
X X
U= Ui(xa) + V(Xa Xgo) ; (6.12)

a a<a®
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however, as we shall see, velocity-dependent potentials gear in the case of charged parti-
cles interacting with electromagnetic elds. In general, though,

L=T U; (6.13)

where T is the kinetic energy, andU is the potential energy.

6.3 Conserved Quantities

A conserved quantity (q;g;t) is one which does not vary throughout the motion of the
system. This means

d =0: (6.14)

a=q(t)
We shall discuss conserved quantities in detail in the chapr on Noether's Theorem, which
follows.

6.3.1 Momentum conservation

The simplest case of a conserved quantity occurs when the Lagngian does not explicitly
depend on one or more of the generalized coordinatese. when

@L
= —_ =0
@q

We then say that L is cyclic in the coordinate g . In this case, the Euler-Lagrange equations
p = F say that the conjugate momentum p is conserved. Consider, for example, the
motion of a particle of massm near the surface of the earth. Let &;y) be coordinates
parallel to the surface andz the height. We then have

F (6.15)

T=3m x2+y?+ 72 (6.16)
U = mgz (6.17)
L=T U=1imx?+y?+2z> mgz: (6.18)
Since aL aL
Fy = o 0 and F,= oy 0; (6.19)
we have that px and py are conserved, with
_ @L_ . _ @L_ .
Py = & mx. ; py= @ my : (6.20)

These rst order equations can be integrated to yield

x(t) = x(0) + %t L y(t) = y(0) + %t: (6.21)
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The z equation is of course
p,=mz= mg=F,; (6.22)
with solution
z(t) = z(0) + z(O)t  1gt*: (6.23)

As another example, conﬁider a particle moving in the X;y) plane under the in uence of
a potential U(x;y) = U  x2+ y2 which depends only on the particle's distance from

the origin = x2+ y2. The Lagrangian, expressed in two-dimensional polar cooidates
(; )is
L=3Im 2+ 22 U(): (6.24)
We see thatL is cyclic in the angle , hence
p = e 2 (6.25)
@

is conserved.p is the angular momentum of the particle about the 2 axis. In the language
of the calculus of variations, momentum conservation is whafollows when the integrand of
a functional is independent of theindependent variable

6.3.2 Energy conservation

When the integrand of a functional is independent of thedependentvariable, another con-
servation law follows. For Lagrangian mechanics, considethe expression

X
H(g;q;t) = pag L: (6.26)
=1
Now we take the total time derivative of H:
aH X @L @L @L
= pPeg+pad —qQ —— : (6.27)

at @t @’ et

=1

We evaluate H- along the motion of the system, which entails that the terms in the curly
brackets above cancel for each:

@L @L
- : = = 6.28
@ = q (6.28)
Thus, we nd g @
H L
@t et (6:29)

which means thatH is conservedwhenever the Lagrangian contains no explicit time depen-
dence For a Lagrangian of the form

L= Imard U(rgiiry); (6.30)
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we have that ps = marga, and

X
H=T+U=  Imi2+U(r;ory): (6.31)

However, it is not always the case thatH = T + U is the total energy, as we shall see in
the next chapter.

6.4 Choosing Generalized Coordinates

Any choice of generalized coordinates will yield an equivant set of equations of motion.
However, some choices result in an apparently simpler set #n others. This is often true
with respect to the form of the potential energy. Additional ly, certain constraints that may
be present are more amenable to treatment using a particulaset of generalized coordinates.

The kinetic energy T is always simple to write in Cartesian coordinates, and it isgood
practice, at least when one is rst learning the method, to write T in Cartesian coordinates
and then convert to generalized coordinates. In Cartesian @ordinates, the kinetic energy
of a single particle of massm is

T=13m x®+y?+x? : (6.32)

If the motion is two-dimensional, and con ned to the plane z = const:, one of course has
T=12m x®+y?.

Two other commonly used coordinate systems are the cylinddal and spherical systems. In
cylindrical coordinates (; ;z ), is the radial coordinate in the (x;y) plane and is the
azimuthal angle:

X = coSs X=c0s _ sin _— (6.33)
y= sin y=sin _+ cos (6.34)
and the third, orthogonal coordinate is of coursez. The kinetic energy is
T=3m x*+y*+ X2
=im %+ 22+7% (6.35)

When the motion is con ned to a plane with z = const:, this coordinate system is often
referred to as “two-dimensional polar' coordinates.

In spherical coordinates ¢, ; ), r is the radius, is the polar angle, and is the azimuthal

angle. On the globe, would be the “colatitude’, whichis = 5 , where is the latitude.
l.e. =0 at the north pole. In spherical polar coordinates,
X =r sin cos X=sin C€OS r+rcos cos — rsin sin _— (6.36)
y=rsin sin y=sin sin r+rcos sin _—+rsin cos — (6.37)
Z=T CO0S Z=COS r_ rsin _ (6.38)
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The kinetic energy is

NI NP
3 3
=X
N
+
Kl\.)
+
N

2+ 122+ r%sin? 2 (6.39)

6.5 How to Solve Mechanics Problems

Here are some simple steps you can follow toward obtaining # equations of motion:

2. Find the kinetic energy T(q;q;t), the potential energy U(g;t), and the Lagrangian
L(g;q;t) = T U. It is often helpful to rst write the kinetic energy in Carte sian
coordinates for each particle before converting to generaed coordinates.

3. Find the canonical momentap = % and the generalized forced = @@;.

4. Evaluate the time derivatives p_ and write the equations of motionp_ = F . Be careful
to di erentiate properly, using the chain rule and the Leibn iz rule where appropriate.

5. Identify any conserved quantities (more about this later).

6.6 Examples

6.6.1 One-dimensional motion

For a one-dimensional mechanical system with potential engy U(x),

L=T U=1imx? U(©x): (6.40)
The canonical momentum is aL
= = "= mx 6.41
P&~ M (6.41)
and the equation of motion is
d @L @@L 3 )

which is of courseF = ma.

Note that we can multiply the equation of motion by x to get
n o] n 0 4E

0=x mx+UYx) = % Imx2+ U(x) = ——; (6.43)

whereE = T + U.
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6.6.2 Central force in two dimensions

Consider next a particle of massm moving in two dimensions under,the in uence of a
potential U( ) which is a function of the distance from the origin = x2+ y2. Clearly
cylindrical (2d polar) coordinates are called for:

L=3m 2+ 22 U(): (6.44)
The equations of motion are
d L L
d @L _ @L d 5 A
@ "o ) G m*-=0: (6.46)

Note that the canonical momentum conjugate to , which is to say the angular momentum,

is conserved:

p = m 2 _=const: (6.47)

We can use this to eliminate —from the rst Euler-Lagrange equation, obtaining

p2
me= —— uY ) : (6.48)

We can also write the total energy as

E=1im 2+ 22 +U()

+U(); (6.49)

from which it may be shown that E is also a constant:

dE p? ,
— = me F“JO() =0 (6.50)

We shall discuss this case in much greater detail in the comim weeks.

6.6.3 A sliding point mass on a sliding wedge

Consider the situation depicted in Fig. 6.1, in which a point object of massm slides
frictionlessly along a wedge of opening angle. The wedge itself slides frictionlessly along a
horizontal surface, and its mass isM . We choose as generalized coordinates the horizontal
position X of the left corner of the wedge, and the horizontal distancex from the left corner
to the sliding point mass. The vertical coordinate of the slding mass is theny = x tan
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Figure 6.1. A wedge of massv and opening angle slides frictionlessly along a horizontal
surface, while a small object of massn slides frictionlessly along the wedge.

where the horizontal surface lies aty = 0. With these generalized coordinates, the kinetic
energy is

T=1MX2+ Im(C+ x)2+ Imy?
= (M + m)X2+ mxXx+ im(@+tan? )x?: (6.51)

The potential energy is simply
U=mgy=mgxtan : (6.52)
Thus, the Lagrangian is
L=3(M+mX2+mXx+im(l+tan? )x* mgxtan ; (6.53)

and the equations of motion are

d @L _ oL -

i o - @x ) M+mX+mx=0

d @L _ @L 2 \y = :

T @ " ox ) Mtrm@+an®)x= mgtan : (6.54)

At this point we can use the rst of these equations to write

m
X= ———x (6.55)

Substituting this into the second equation, we obtain the canstant accelerations

M + m)g sin cos mg sin  cos
X = ( )9 — : ng—_z: (6.56)
M + msin M + msin
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k
y=01"T5TT VY

e

(1, 91)

Figure 6.2: The spring{pendulum system.

6.6.4 A pendulum attached to a mass on a spring

Consider next the system depicted in Fig. 6.2 in which a mas$1 moves horizontally while
attached to a spring of spring constantk. Hanging from this mass is a pendulum of arm
length * and bob massm.

A convenient set of generalized coordinates isx{ ), wherex is the displacement of the mass
M relative to the equilibrium extension a of the spring, and is the angle the pendulum
arm makes with respect to the vertical. Let the Cartesian coadinates of the pendulum bob
be (X1;y4). Then

X, =a+x+ sin ; y;= lcos: (6.57)
The kinetic energy is
T:%M_2+%m£1)12+12) i
= IMx?+ Im (x+ cos )%+ ( sin )?
= (M + m)x*+ Im? 2+ m cos x (6.58)

and the potential energy is

U = Ikx?+ mgy,
= 1kx? mg’ cos : (6.59)

Thus,

L=3M+m)x*+ im?2+m cos x - 3kx?+ mg’ cos : (6.60)
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The canonical momenta are

@L .

Py = @_z(M + m)x+ m cos —

L

p = oL m cos x+ m'?2

@
and the canonical forces are

@L

Fy = — = kx

X @X

F = %L: m’sin X - mg sin :

The equations of motion then yield

(M + m)x+ m’ cos = kx

m cos x+m<°*= mg sin :

Small Oscillations : If we assume bothx and are small, we may write sin
cos 1, in which case the equations of motion may be linearized to

M+myx+m *+kx=0

mx+m?2*+mg =0:
If we de ne
u X AL h .2 9.
< ) M ) -0 M ) -1 NI
then
(1+ )u+ °*+13u=0
M+ "+12 =0
We can solve by writing
ugg _ z e it .
in which case
12 1+ )2 12 a _ 0
12 12 .12 b =0

89

(6.61)

(6.62)

(6.63)
(6.64)

and

(6.65)
(6.66)

(6.67)

(6.68)
(6.69)

(6.70)

(6.71)

In order to have a nontrivial solution (i.e. without a = b= 0), the determinant of the above

2 2 matrix must vanish. This gives a condition on! 2 with solutions

2 _ 1,2 2 1 2 22
12=112+@+ )12 1 12 12

24 12y12-
! 3 13 +2 (Mg+! 95

(6.72)



90 CHAPTER 6. LAGRANGIAN MECHANICS

Figure 6.3: The double pendulum, with generalized coordinges 1 and ». All motion is
con ned to a single plane.

6.6.5 The double pendulum

As yet another example of the generalized coordinate appraz to Lagrangian dynamics,
consider the double pendulum system, sketched in Fig. 6.3. ¥ choose as generalized
coordinates the two angles ; and ,. In order to evaluate the Lagrangian, we must obtain
the kinetic and potential energies in terms of the generalied coordinatesf ,; ,g and their
corresponding velocitiesf ; 0.

In Cartesian coordinates,

T=3m; (x§+y)+ 3my(x5+ yd) (6.73)
U=m;gy;+ mygy,: (6.74)

We therefore express the Cartesian coordinate$x,;y;;X,;Y,0 in terms of the generalized
coordinatesf 1; »0:

Xy = ¢ Sin 4 Xo= "gSiN 1+ 58N 5 (6.75)
y1 = 1COS 4 Yy,= 4C0S; 5COS,: (6.76)

Thus, the velocities are

X1 = 14 COS 4 X2 = 14 C0S 3+ 55 COS, (6.77)
Y1= 14 Sin 4 Yo= 14 Sin 1+ 5, 558N ,: (6.78)
Thus,
2 2 o 2 2
T TN 1 . NN .
T=5my 15+5my T 5+237,¢c08(; )42+ 35 (6.79)

U= myg;cos; m,g ,C0S; mMyQg ,COS,; (6.80)
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and
_ _1 2 2 NN 1. <2 2
L=T U=g3mMy+my) 7 5+my 3 ,€08(; ) 4-o+35mM55

+(my+ m,)g 4 COS 1+ Myg ', COS 5 : (6.81)

The generalized (canonical) momenta are

@L . N

pr= —=(my+my) 2 4+my 175c08(; ) (6.82)
@y
@L . .

pZ:@:m212COS(1 ) 2t My5 s (6.83)

and the equations of motion are

_ <2 NN NN
Pp=(my+my) 7%1+my 7 5c08(; )% My g osin(; (4 »)

.. N @L
= (my+my)g4sSin ; my, 4 ,sin( 4 2) 4 2= @—1 (6.84)
and
P2=My 1 5COS(1 )% My g asin(y (4 )4+ My5%,
.. N @L
= mygpsin o+ my g psin(y o) 4 @, (6.85)
2
We therefore nd
. m-, " . m-, " ) . _
11+ﬁ005(1 2) 2+ﬁ5m(1 2)_§+gsm 1=0 (6.86)
1C0S(; )1t % Cisin(y ) £+ gsin ,=0: (6.87)

Small Oscillations : The equations of motion are coupled, nonlinear second orde®DEs.
When the system is close to equilibrium, the amplitudes of tke motion are small, and we
may expand in powers of the ; and ,. The linearized equations of motion are then

Tt %+ 18 1=0 (6.88)
1t St 1§ ,=0; (6.89)
where we have de ned
m2 . \_2 . I 2 g . 6 90
m;+m, oty (6.90)
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We can solve this coupled set of equations by a nifty trick. L&s take a linear combination
of the rst equation plus an undetermined coe cient, r, times the second:

(L+r)"+( +71) 5+ 15( 1471 »)=0: (6.91)

We now demand that the ratio of the coe cients of , and ; is the same as the ratio of
the coe cients of *, and °;:

(+r) _ 1 P
ey T ) ro=5( 1) 5 (@ )?>+4 (6.92)
Whenr = r , the equation of motion may be written
d? 13
52 tro, = 71+0r v, (6.93)
and de ning the (unnormalized) normal modes
1+troo (6.94)
we nd
* 412 =0 (6.95)
with |
| = p—9 (6.96)

1+r

Thus, by switching to the normal coordinates, we decoupled lhe equations of motion, and
identi ed the two normal frequencies of oscillation We shall have much more to say about
small oscillations further below.

For example, with "y = ", = “andm; = m, = m, we have = 3, and = 1, in which case

q r
r= ¢ ; =, &, ;1 = 2 "2

‘lQl

(6.97)

Note that the oscillation frequency for the “in-phase' mode , is low, and that for the “out
of phase' mode s high.

6.6.6 The thingy

Four massless rods of lengthL are hinged together at their ends to form a rhombus. A
particle of massM is attached to each vertex. The opposite corners are joinedybsprings

of spring constant k. In the square con guration, the strings are unstretched. The motion

is con ned to a plane, and the particles move only along the dagonals of the rhombus.
Introduce suitable generalized coordinates and nd the Lagangian of the system. Deduce
the equations of motion and nd the frequency of small oscilations about equilibrium.
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Solution

The rhombus is depicted in gure 6.4. Let a be the equilibrium length of the springs; clearly
L = % Let be half of one of the opening angles, as shown. Then the massa® located
at ( X;0)and (0; Y), with X = %cos andY = pa—ésin . The spring extensions are
X =2X aand Y =2Y a. The kinetic and potential energies are therefore

Figure 6.4: The thingy: a rhombus with opening angles 2 and 2.

T=M X2+ Y?
_ 1nga2 2
—jMa -
and
U=1k X +3k v ?
L 2 b= 20
—zka 2 cos 1°+ 2 sin 1
n p_ (0]
= 1ka? 3 2 2(cos +sin ) :

Note that minimizing U( ) gives sin =cos ,i.e. eq= 3. The Lagrangian is then

p_ }
L=T U= 1iMa® 2+ 2ka® cos +sin +const:
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The equations of motion are

d @L L P~ .
doeL_ ol ) Ma?°*= " 2ka’(cos sin )
dt@ @
It's always smart to expand about equilibrium, so let's write = ; + , which leads to

*+12sin =0 ;

with 1 5= P 2k=M. This is the equation of a pendulum! Linearizing gives® + ! § =0, so
the small oscillation frequency is just! .

6.7 Appendix : Virial Theorem

The virial theorem is a statement about the time-averaged madion of a mechanical system.

De ne the virial , X
G(a;p = pPq: (6.98)
Then
dg _ X N
at pg+pa
X X
= qF + a @_: (6.99)

@

P
Now suppose thatT = % . oT 00.Qolis homogeneous of degrek =2 in g, and that U
is homogeneous of degree zero op Then

X @L_X @T _
(l@— q_@—

which follows from Euler's theorem on homogeneous functios

2T; (6.100)

Now consider the time average ofa over a period

PacE_ 1% do
dt dt
A i
=2G() GO) : (6.101)

If G(t) is bounded, then in the limit !1  we must havehGi = 0. Any bounded motion,
such as the orbit of the earth around the Sun, will resultinhGi 11 = 0. But then

G S2fmie qF =0; (6.102)
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which implies

Hri= 3 qF =+

IkhUi ;

95

(6.103)

(6.104)

where the last line pertains to homogeneous potentials of dgeek. Finally, since T+ U = E

is conserved, we have
kE

hri = ) X

(6.105)
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Chapter 7

Noether's Theorem

7.1 Continuous Symmetry Implies Conserved Charges

Consider a particle moving in two dimensions under the in uence of an external potential
U(r). The potential is a function only of the magnitude of the vector r. The Lagrangian is
then

L=T U=1im ?2+r22 U(r); (7.1)

where we have chosen generalized coordinates, (). The momentum conjugate to is

p = mr2 _ The generalized forceF clearly vanishes, sinceL does not depend on the
coordinate . (One says thatL is “cyclic' in .) Thus, although r = r(t) and = (t)

will in general be time-dependent, the combinationp = mr? _is constant. This is the

conserved angular momentum about the? axis.

If instead the particle moved in a potential U(y), independent of x, then writing
L=3m x+y> Uy ; (7.2)

we have that the momentum px = @L=@= mx is conserved, because the generalized force
Fx = @L=@x 0 vanishes. This situation pertains in a uniform gravitati onal eld, with
U(x;y) = mgy, independent ofx. The harizontal component of momentum is conserved.

In general, whenever the system exhibits acontinuous symmetry, there is an associated
conserved charge (The terminology “charge' is from eld theory.) Indeed, this is a rigorous
result, known as Noether's Theorem. Consider a one-parameter family of transformations,

qa ! e&(ad); (7.3)
where is the continuous parameter. Suppose further (without lossof generality) that at

= 0 this transformation is the identity, i.e. & (q;0) = q . The transformation may be
nonlinear in the generalized coordinates. Suppose furthehat the Lagrangian L is invariant

97
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under the replacementq! & Then we must have

0 ey OL@ , GLE
7 8% gie Tae
_d e a L oLd @
it @ e _ @d @
-4 eLe
i@ e .

eLer
@a e
7.1.1 Examples of one-parameter families of transformatio ns
Consider the Lagrangian
p
L=3m(x’+y) U xZ+y?
In two-dimensional polar coordinates, we have
L=gm@®+r?2) u(r);
and we may now de ne
M)=r
)= +
Note that #(0) = r and (0) = , i.e. the transformation is the identity when
now have
Sea _ o L o@ _
@ae , @@ , e@ B

(7.4)

(7.5)

(7.6)

(7.7)

(7.8)
(7.9)

=0. We

(7.10)

Another way to derive the same result which is somewhat instuctive is to work out the

transformation in Cartesian coordinates. We then have

()= xcos ysin
W )= xsin +ycos :

Thus,
@ . @,
@ @

X

(7.11)
(7.12)

(7.13)
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and
_OL& ey _ :
" @@ . + @ @ . m(xy yx): (7.14)
But
m(xy yx)=m# r r=mr?z (7.15)

As another example, consider the potential
U(;;z)=V(;a +2),; (7.16)

where (; ;z ) are cylindrical coordinates for a particle of massm, and wherea is a constant
with dimensions of length. The Lagrangian is

Im 2+ 22472 V(ia +2): (7.17)

This model possesses a helical symmetry, with a one-paranmat family

~«)= (7.18)
()= + (7.19)
)=z a: (7.20)
Note that
a~+z=-a +z,; (7.22)

so the potential energy, and the Lagrangian as well, is invaant under this one-parameter
family of transformations. The conserved charge for this synmetry is

_e,e ,e.@ ,e.e _ ,
@@ @_@ @ @ m “_ maz.: (7.22)

=0 =0 =0

We can check explicitly that is conserved, using the equations of motion
d @L _d 5 @L @V

a@__am _:@: @z (7.23)
d @L _ @L_ @V,
T @ (mz_) @7 @z (7.24)
Thus, g g
— 2 -n -
= & m < _ aa(mz_)—o : (7.25)

7.2 Conservation of Linear and Angular Momentum

Suppose that the Lagrangian of a mechanical system is invaaint under a uniform translation
of all particles in the t direction. Then our one-parameter family of transformations is given

by
X,= Xgt+ N (7.26)
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and the associated conserved Noether charge is

X @aL
= == A=n P; 7.27
@&a (7.27)

a

P :
whereP = pa is the total momentum of the system.

If the Lagrangian of a mechanical system is invariant under ptations about an axisft, then
Xa = R(; M) X,
=x,+t h x,+0(?d; (7.28)

where we have expanded the rotation matrixR( ; ) in powers of . The conserved Noether
charge associated with this symmetry is

X L X
= oL N Xza=n Xqa Pa=n L; (7.29)
@a

a a

where L is the total angular momentum of the system.

7.3 Advanced Discussion : Invariance of L vs. Invariance of
S

Observant readers might object that demanding invariance & L is too strict. We should
instead be demanding invariance of the actionS®. SupposeS is invariant under

t! ot ) (7.30)
a@®! et ): (7.31)
Then invariance of S means
2o Zo
S= dtL(g;q;t)= dtL(g;et) : (7.32)
ta ta

Note that t is a dummy variable of integration, so it doesn't matter whether we call it t
or t. The endpoints of the integral, however, do change under thdransformation. Now
consider an in nitesimal transformation, for which t =t tand q=4g t ((t) are both
small. Thus,

Zo ttztbn o]
@L @L
S= dtL(q:q:t) = dt L(q:q; = = S 7.33
tL(q;q;1) t L(g;q;t)+ @qq + @l q + ; (7.33)

ta tat tq

YIndeed, we should be demanding that S only change by a function of the endpoint values.
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where

qa@® e qf()
g0 & t+g(t) qf(t)
qg at+0(qt) (7.34)

Subtracting egn. 7.33 from eqn. 7.32, we obtain

ttth( )

@L @L @L d @L
O=L,t, Lyt,+—0aq, — Q.4 * ad — — — t
b*b a a @ bq'b @_ aq,a @q dt @_ q ()
ta+ ta
2 g @L @L
= dta L @q_ t+@q : (7.35)
ta
wherelL ., is L(q;q;t) evaluated att = t,.,. Thus, if is in nitesimal, and
t = A(qg;t) (7.36)
qa =B (a9 ; (7.37)
then the conserved charge is
@L @L
= L —— A(g;)+ =B (q;t
a ¢ (a9 @l (a;9)
= H@p:9A(; 9+ p B (g;1) : (7.38)

Thus, when A = 0, we recover our earlier results, obtained by assuming inariance of L.
Note that conservation of H follows from time translation invariance: t! t+ , for which
A =1and B =0. Here we have written

H=pg L; (7.39)

and expressed it in terms of the momentap , the coordinatesq , and time t. H is called
the Hamiltonian .

7.3.1 The Hamiltonian

The Lagrangian is a function of generalized coordinates, \lecities, and time. The canonical
momentum conjugate to the generalized coordinatey is

_ et

al X (7.40)

p
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The Hamiltonian is a function of coordinates, momenta, and time. It is de ned as the
Legendre transform ofL: X

H(g;p;t) = pag L: (7.41)

Let's examine the di erential of H:

X @L @L @L
dH = dp + d —d —d —dt
g ap p aq @q q @ a @t
X @L @L
= d —d —dt; 7.42
q dp @q q ot (7.42)

where we have invoked the de nition of p to cancel the coe cients of dg . Sincep =
@L=@gwe have Hamilton's equations of motion,

_eH _ oH

= —_— = — 7.43
“Te@p BT @g (7.43)
Thus, we can write
X @L
dH = g dp p dg —dt: (7.44)
@t
Dividing by dt, we obtain
dH = @L.

which says that the Hamiltonian is conserved(i.e. it does not change with time) whenever
there is no explicit time dependence tolL.

Example #1 : For a simple d = 1 system with L = mx® U(x), we havep= mx and

H=px L=3mx*+U(x)= o U(x) : (7.46)

Example #2 : Consider now the mass point { wedge system analyed above, with
L=3(M+mX2+mXx+ im(@+tan? )x* mgxtan ; (7.47)
The canonical momenta are

p=Ol (M +mx+mx (7.48)

=mX.+m(l+tan? )x: (7.49)

The Hamiltonian is given by

H=PX+px L
= (M + mXZ+ mxx+ Im(@+tan? )x®+ mgx tan : (7.50)
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However, this is not quite H, sinceH = H(X;x; P;p;t) must be expressed in terms of the
coordinates and themomenta and not the coordinates and velocities. So we must eliminate
X_and x_in favor of P and p. We do this by inverting the relations

P _ M+m m ) &

p m m(l+tan? ) x (7.51)
to obtain
1 2
X _ m (1 +tan < ) m P : (7.52)
X m M +(M + m)tan? m M+m p
Substituting into 7.50, we obtain
M + P2 cog Pp co¢ 2
H = m €0 b co + P + mgxtan :  (7.53)

2m M + m sin? M+msin® 2(M + msin® )

Notice that P-= 0 since % = 0. P is the total horizontal momentum of the system (wedge
plus particle) and it is conserved.

732 IsH=T+U?

The most general form of the kinetic energy is
T=T,+ T+ T
= 11Oa0 g got TO(@0g + T ; (7.54)

where T(M(q:q;t) is homogeneous of degree in the velocities?. We assume a potential
energy of the form

c
|

= U1+ U0
UB(g;ng + U9 ; (7.55)

which allows for velocity-dependent forces, as we have witltcharged particles moving in an
electromagnetic eld. The Lagrangian is then

L=T U= 3T%@a0d go+ TO@0a + T UD(ana  UO(q;t) : (7.56)

The canonical momentum conjugate toq is

L
= Lo 1@+ TGy U (g (7.57)
@
which is inverted to give
1
a=T% po TH+UQ : (7.58)
2A homogenectus function of degreek satises f (X 131117 X n) = “f(Xq;::::X,). Itis then easy to prove

' n @f _
Euler's theorem, [, X; ox = kf .
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The Hamiltonian is then

H=paqgq L
1
=170, " p TOLU® p, TR UD T+ U, (7.59)

If Ty, T,, and U; vanish, i.e. if T(qg;q;t) is a homogeneous function of degree two in the
generalized velocities, andJ(q;t) is velocity-independent, thenH = T + U. Butif T, or T;
is nonzero, or the potential is velocity-dependent, thenH 6 T + U.

7.3.3 Example: A bead on a rotating hoop

Consider a bead of massn constrained to move along a hoop of radiusa. The hoop is
further constrained to rotate with angular velocity —= ! about the 2-axis, as shown in
Fig. 7.1.

The most convenient set of generalized coordinates is spheal polar (r; ; ), in which case

T=3mr?2+r22+r2%sin2 2

= ima? 2+ 1 2%si® (7.61)

Thus, T, = ima? 2and Ty = ima?! 2sin® . The potential energy isU( ) = mga(1 cos ).
The momentum conjugate to isp = ma?- and thus

H(;p)=T, To+ U
= ima?2 1ma? ?sin® + mga(l cos )
2
__b 1ma2l 26imd 4+ :
oAl sma“! “sin mga(l cos): (7.62)

For this problem, we can de ne the e ective potential

Us () U Ty=mgall cos) 3ma? ?sin

: 2
mga 1 cos Tgsm ; (7.63)

where! 2 g=a The Lagrangian may then be written

L=gma’2 U (); (7.64)

and thus the equations of motion are

ma?*= —: (7.65)
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Figure 7.1: A bead of masan on a rotating hoop of radius a.

Equilibrium is achieved when ug () =0, which gives

@le’ _ ) n I 2 (0] _ .
@ mgasin 1 Q cos =0; (7.66)
ie. =0, = ,or = cos!(!3=!?), where the last pair of equilibria are present

only for 1 2 >1 2. The stability of these equilibria is assessed by examininghe sign of
u2( ). We have

n | 2 (0]
u2( )= mga cos i—g 2co$ 1 (7.67)
Thus, 8 2
% mg = at =0
0
U )= % mga 1+ i—i at = (7.68)
“mga L, :—5 at = cos? :—5
rz 0 [
Thus, =0 is stable for ! 2 <! 2 but becomes unstable when the rotation frequency!
is su ciently large, i.e. when!?2 > | 8. In this regime, there are two new equilibria, at
= cos (! 3=!2), which are both stable. The equilibrium at = s always unstable,

independent of the value of! . The situation is depicted in Fig. 7.2.
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Figure 7.2: The e ective potential Us ( )= mga 1 cos 2'722 sin® . (The dimensionless
0

potential Ue (X) = Ue =mgais shown, wherex = = .) Left panels: ! = %p§! 0. Right
panels:! = 31,.

7.4 Charged Particle in a Magnetic Field

Consider next the case of a charged particle moving in the pience of an electromagnetic
eld. The particle's potential energy is

U= a (50 JAY (7.69)

which is velocity-dependent. The kinetic energy isT = %m r2, as usual. Here (r) is the
scalar potential and A (r) the vector potential. The electric and magnetic elds are given
by

1e
c @t '’

E = B=r A: (7.70)

The canonical momentum is

=mr+ —A; (7.71)
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and hence the Hamiltonian is

H(r;p;t)=p r_ L
:mr_2+9A r.osmr? A r+q
C C
= mr2+q
=Xy a0y Crq i (7.72)
2m C ' o '

If A and are time-independent, thenH (r;p) is conserved.

Let's work out the equations of motion. We have

!
d QngL

i @ @ (7.73)
which gives
qdA _ q :
mP+EW_ qr +(—:r(A r; (7.74)
or, in component notation,
L A@A  LQ@A_ L@ L q0@4 .
mx|+c@}()&+c@t_ q@X+C@X&' (7.75)
which is to say
mx; = qg 9@A+ 9 % @ X (776)

@x c @ c @x @x ~

It is convenient to express the cross product in terms of the empletely antisymmetric tensor
of rank three,  :

Q@4 .

Bi = ijk @3( ) (777)
and using the result
ijk imn = jm  kn jn km ; (7-78)
we have ; B; = @A, @A, and
_ @ q@A ¢ .
MXi = dgx ¢ @t ¢ ik % Bk s (7.79)
or, in vector notation,
q@ ¢
= 2= 4+ 2
m e qr c @t o r(r A)
=qE + gr B ; (7.80)

which is, of course, the Lorentz force law.
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7.5 Fast Perturbations : Rapidly Oscillating Fields

Consider a free particle moving under the in uence of an osdtlating force,

me= F sinlt: (7.81)
The motion of the system is then
F sinlt
O (7.82)

where q,(t) = A + Bt is the solution to the homogeneous (unforced) equation of mton.

Note that the amplitude of the responseq g, goes ad 2 and is therefore small when!
is large.

Now consider a generah = 1 system, with

H(a;p;) = He(a;p + V(g) sin(lt + ) (7.83)

We assume that! is much greater than any natural oscillation frequency assoiated with
H,. We separate the motionq(t) and p(t) into slow and fast components:

qt) = a(t) + (1) (7.84)

p(t) = p(t) + (1) ; (7.85)

where (t) and (t) oscillate with the driving frequency ! . Since and will be small, we
expand Hamilton's equations in these quantities:

_@l'(b+@|'|o+@|'|o+1@'|o 2, @Ho 1 @Ho 24 ..

V"8 @ "@ee @@ @@ @26 (759
e - @k @H @Ho 1@Ho , @Ho 1 @Ho
- @ @ @@ 2@ ar @ 2 @ @2
%/sin(!t + ) % sin(lt + ) i (7.87)

We now average over the fast degrees of freedom to obtain an eation of motion for the slow
variables q and p, which we here carry to lowest nontrivial order in averages 6 uctuating
guantities:

:@l'cb+l@'|o 2+@Ho 1@H, ,

(7.88)

@ 2@@ @ @? 2 @
o= % %% 2 % %g*@fz 2 % sin(it + ) : (7.89)
The fast degrees of freedom obey
_= gHé + % (7.90)
= @g‘jzo gH@(i %;sin(!t + ) (7.91)
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Let us analyze the coupled equation®

-=A +B (7.92)
= C A +Fe': (7.93)
The solution is of the form
= e (7.94)
Plugging in, we nd
_ BF _ BF 4
=BC Az 12° 12 +0 ! (7.95)
(A+il)F _IiF 3
Bc Az 12-1 T9! (7.90)

Taking the real part, and restoring the phase shift , we have

t) = IBZF sin(lt + )= %%/% sin('t + ) (7.97)
1) = !Ecosct + )= %%/cos(!t + ) (7.98)

The desired averages, to lowest order, are thus

, _ 1 @V? @ ?

=57 @ @ (7.99)
1 @V?
2 = 37 @ (7.100)
S|n(|t + ) = T]-Z%/%zo : (7101)

along with =0.

Finally, we substitute the averages into the equations of m¢ion for the slow variables g and
p, resulting in the time-independent e ective Hamiltonian

1 @Ho @V?
K (a;p) = Ho(a;p) + m@f @ (7.102)
and the equations of motion
@K @K
= — = — 7.103
q @ R @ ( )

SWwith real coe cients A, B, and C, one can always take the real part to recover the fast variabl e equations
of motion.
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7.5.1 Example : pendulum with oscillating support

Consider a pendulum with a vertically oscillating point of support. The coordinates of the
pendulum bob are
X="sin ; y=a(t) " cos: (7.104)

The Lagrangian is easily obtained:

L=1Im?2+masin +mg cos + ma’? mga (7.105)
5 these may fr dropped {
=1im?2 2+ m(g+%) cos + ima® mga 0 masin (7.106)
Thus we may take the Lagrangian to be
L=2Im?2+ m(g+a) cos ; (7.107)
from which we derive the Hamiltonian
p?
H(;p ;t)= o2 mg coS m & cos (7.108)
= Hy(;p ;t)+ V() sin't: (7.209)
We have assumed(t) = a,sin!t , so
V,( )= mag! 2cos : (7.110)
The e ective Hamiltonian, per eqn. 7.102, is
. _ P . 1 a2 2ain2 -
K(;p)= o2 mg’ cos + zmag! “sin® : (7.112)
Let's de ne the dimensionless parameter
Z
@ ; (7.112)

The slow variable executes motion in thee ective potential V, ( ) = mg v( ), with
1.2
v()= cos + > sin® (7.113)
Di erentiating, and dropping the bar on , we nd that V, () is stationary when

v{)=0 ) sin cos = sin : (7.114)

Thus, =0and = , wheresin =0, are equilibria. When < 1 (note > 0 always),
there are two new solutions, given by the roots of cos =
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Figure 7.3: Dimensionless potentialv( ) for =1:5 (black curve) and = 0:5 (blue curve).

To assess stability of these equilibria, we compute the sead derivative:

1
v® )=cos + = cos2: (7.115)
From this, we see that = 0 is stable (i.e. v° =0) > 0) always, but = is stable for
< 1 and unstable for > 1. When < 1, two new solutions appear, at cos = , for
which
Wieos ¥( )= L (7.116)

which is always negative since < 1 in order for these equilibria to exist. The situation is
sketched in g. 7.3, showingv( ) for two representative values of the parameter . For > 1,
the equilibriumat = s unstable, butas decreases, a subcritical pitchfork bifurcation is
encountered at =1, and = becomes stable, while the outlying =cos ( ) solutions
are unstable.

7.6 Field Theory: Systems with Several Independent Vari-

ables
Suppose a(x) depends on several independent variablesf x1; x2;:::;x"g. Furthermore,
suppose 7

St ax) = d&XL( . @ 4:X); (7.117)
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i.e. the Lagrangian density L is a function of the elds 5 and their partial derivatives
@ 2a=@x. Here is a region in R¢. Then the rst variation of S is

z Lg a @
5= ™ 3. 2" @e . ex
! a z la @ a
:@dn @@ ° * @. ex @@ . (7.118)

where@ isthe (n 1)-dimensional boundary of , d is the dierential surface area, and
n is the unit normal. If we demand @Q. =@@ =0 of = 0, the surface term
vanishes, and we conclude

a)@ a@
S Q@ @ Q@

) - @. @x @@ a (7.119)

As an example, consider the case of a stretched string of liae mass density and tension
. The action is a functional of the height y(x;t), where the coordinate along the string,x,
and time, t, are the two independent variables. The Lagrangian densityis

L @y? @yz.

whence the Euler-Lagrange equations are
0> - @@ @@
y (x;t) @x @y @t @
_ @ @,
= @R ok (7.1212)

wherey®= @andy = &/ Thus, y = y% which is the Helmholtz equation. We've

assumed boundary conditions wherey (Xa;t) = y(X,;t) = y(X;ta) = y(x;t,) =0.
The Lagrangian density for an electromagnetic eld with sources is
L= #F F I A (7.122)

The equations of motion are then

Q @ Q 4
=0 Fo=—j ; 7.123
which are Maxwell's equations.
Recall the result of Noether's theorem for mechanical systas:
!
d @Ler =0: (7.124)

ad @ @

=0
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where ¢ = g (q; ) is a one-parameter () family of transformations of the generalized
coordinates which leavedL invariant. We generalize to eld theory by replacing

q ! x5t (7.125)

wheref 4(x;t)gare asetof elds, which are functions of the independent vaiablesf x; y; z; tg.
We will adopt covariant relativistic notation and write for four-vector x = (ct;x;y;z). The
generalization ofd=dt =0 is

@ @ @
@x Q@@ ) @

=0 ; (7.126)
=0

where there is an implied sum on both and a. We can write thisas@J =0, where

@ @3
J —_ — 7.127
ae . e (7427
We call = J%=cthe total charge. If we assumeJ = 0 at the spatial boundaries of our
system, then integrating the conservation law@ J over the spatial region gives
q z z I
—= dk@J°= dkr J = dnJ=0; (7.128)

dt
@

assumingJ = 0 at the boundary @.

As an example, consider the case of a complex scalar eld, witLagrangian density*

L(; ;@;@ )=3K(@ )@ ) U : (7.129)
This is invariant under the transformation ! € I e . Thus,
% =ie ; % = el (7.130)

and, summing over both and elds, we have

_a (i )+ _a
@ ) @@ )
@ @ : (7.131)

N X Q

The potential, which depends onj j?, is independent of . Hence, this form of conserved
4-current is valid for an entire class of potentials.

*We raise and lower indices using the Minkowski metric g =diag(+ ; ; ; ).
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7.6.1 Gross-Pitaevskii model

As one nal example of a eld theory, consider the Gross-Pitaevskii model, with

. @ ~2 ) 2
L=i~ — == r n : 7.132
@t 2m giji° ng ( )
This describes a Bose uid with repulsive short-ranged intgactions. Here (x;t) is again
a complex scalar eld, and is its complex conjugate. Using the Leibniz rule, we have

S[ ;I1=8l +  + ]
Z Z 5 @ . @ 2 2
= dt d% i~ @+|~ ot ﬁr r %r r
29 j j* ng ( + )
z z ( @ ,
_ L@ 2
= dt d% -Gt 29 j i ng
, )
i@ = 29 2 n : (7.133)
@t 2m 0 ’

where we have integrated by parts where necessary and disad the boundary terms.
Extremizing S[ ; ] therefore results in the nonlinear Schredinger equation (NLSE),

i-@ _ ~—2|r 2 +2gjj® n (7.134)
@t 2m 0
as well as its complex conjugate,
. @ _ ~2 2 ) .
i @t %r +20 ] J© ng : (7.135)
Note that these equations are indeed the Euler-Lagrange e@tions:
S_@ @ @
—_ = = = — 7.136
@ @x @@ ( )
S Q @ Q
— = ; 7.137
@ @x ea@ (7:137)
with x = (t;x)® Plugging in
@ ) @ _. @ -2
=~ = 2 n : — = |~ ; - = —r 7138
and
@ _ . - Q Q ~
= = j~ 2 n : —— =0 ; ——= —7r 7.139

5In the nonrelativistic case, there is no utility in de ning  x° = ct, so we simply de ne x° = t.
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we recover the NLSE and its conjugate.

The Gross-Pitaevskii model also possesses a U(1) invariaecunder

LES 115

oG Tty =€ (xgt) ! T xt=el (x;t) (7.140)
Thus, the conserved Noether current is then
;3 = @ @ @ @
@@ , @@ @ _
J0= ~j j? (7.141)
2
= o r (7.142)
Dividing out by ~, taking J° ~ andJ ~j , we obtain the continuity equation,
@ o
@t+ r j=0; (7.143)
where
=j % j= T r (7.144)

are the particle density and the particle current, respectiely.
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Chapter 8

Constraints

A mechanical system ofN point particles in d dimensions possessas= dN degrees of free-
dom?. To specify these degrees of freedom, we can choose any indagent set of generalized

Consider, for example, the situation in Fig. 8.1, where a cyihder of radius a rolls over a half-
cylinder of radius R. If there is no slippage, then the angles 1 and » are not independent,
and they obey the equation of constraint,

Ri=a(z2 1): (8.1)

In this case, we can easily solve the constraint equation andubstitute ,= 1+ % 1. In

other cases, though, the equation of constraint might not beso easily solved €.g. it may be
nonlinear). How then do we proceed?

8.1 Constraints and Variational Calculus

Before addressing the subject of constrained dynamical sysms, let's consider the issue of
constraints in the broader context of variational calculus. Suppose we have a functional
Zb
FIyoOl = dxL(y;y5x) ; (8.2)

Xa

which we want to extremize subject to some constraints. Herey may stand for a set of
functions fy (x)g. There are two classes of constraints we will consider:

YFor N rigid bodies, the number of degrees of freedom isn® = %d(d + 1) N, corresponding to d center-
of-mass coordinates and %d(d 1) angles of orientation for each particle. The dimension of the group of
rotations in d dimensions is %d(d 1), corresponding to the number of parameters in a general rank-d

orthogonal matrix ( i.e. an element of the group O(d)).

117
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Figure 8.1: A cylinder of radius a rolls along a half-cylinder of radiusR. When there is no
slippage, the angles ;1 and » obey the constraint equationR ;= a( » 7).

1. Integral constraints: These are of the form
Zb
dxN; (v;y%x) = C; ; (8.3)
Xa

where| labels the constraint.
2. Holonomic constraints: These are of the form
G (y;x)=0 : (8.4)
The cylinders system in Fig. 8.1 provides an example of a holmmic constraint. There,
G(;t)=R 1 a(-2 1) = 0. As an example of a problem with an integral constraint,

suppose we want to know the shape of a hanging rope of xed letly C. This means we
minimize the rope's potential energy,

Zb Zb q
Uy(x)]= g dsy(x)= g dxy 1+y®; (8.5)

Xa Xa

where is the linear mass density of the rope, subject to the xed-length constraint

Zb Zb q
C= ds= dx 1+y®: (8.6)

Xa Xa

P—s—— . . :
Note ds = = dx2+ dy? is the di erential element of arc length along the rope. To sdve
problems like these, we turn to Lagrange's method ofundetermined multipliers.
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8.2 Constrained Extremization of Functions

Given F (x1;:::;Xn) to be extremized subject tok constraints of the form Gj (x1;:::;Xn) =0
wherej =1;:::;k, construct
Xk
FooXgiinXn, 150« F(Xgiirixg) + i Gj(Xg;111i%) 8.7)
j=1
which is a function of the (n + k) variables xq;:::;X,; 4;:::; . Now freely extremize

the extended function F :

X‘@F )4‘@|:

dF = —d —d ; 8.8
. @x X +j:l @, j (8.8)
° X L
X
=7 @@, %%y v Gdj =0 (8.9)
=1 @x j=1 @x j=1

This results in the (n + k) equations

X
@F |

o J.%:o ( =1;::::n) (8.10)

j=1
G =0 (j=1;::5:k) - (8.11)

The interpretation of all this is as follows. The n equations in 8.10 can be written in vector
form as

r F+ r G =0: (8.12)
j=1

This says that the (n-component) vector r F is linearly dependent upon the k vectors
rG. Thus, any movement in the direction of r F must necessarily entail movement along
one or more of the directionsr G;. This would require violating the constraints, since
movement alongr G takes us o the level set Gj =0. Werer F linearly independent of
the set fr G9, this would mean that we could nd a di erential displacement dx which

has nite overlap with r F but zero overlap with eachr G;. Thus x + dx would still satisfy

G; (x + dx) =0, but F would change by the nite amount dF =r F(x) dx.

8.3 Extremization of Functionals : Integral Constraints

Given a functional
Zb
F fy (x)g = dxL fy g;fy%g:x ( =21;::5;n) (8.13)

Xa
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subject to boundary conditions y (xa) = y (x,) =0 and k constraints of the form
Zb
dxN, fy g fyYg; x = C (I=1;::1:k); (8.14)
Xa

construct the extended functional

Zo X X
F fy )gf jg  dx L fy gfy%gx + N, fy g, fy%g;x /C, (8.15)
Xa =1 =1
and freely extremize overfy,;:::;y,; 1;::0 9. This results in (n + k) equations
(
@L d eL X @N d @Nn
—_— — = + —_— — = =0 =1;::::n 8.16
@ dx @ [, ' @ dx @ ( ) (619
Zb
dxN, fy g fylgx = C (I=1;::5;k) (8.17)

Xa

8.4 Extremization of Functionals : Holonomic Constraints

Given a functional
Zb
F fy (x)g = dxL fy g fy°gx ( =21;::5:n) (8.18)
Xa
subject to boundary conditions y (xa) = Yy (x,) =0 and k constraints of the form
G fy xX)g;x =0 (j=1;::0:k); (8.19)

construct the extended functional

Xb 3K
F fy gf j(x)g  dx Lfygfy’gx + G fyg (8.20)
Xa J=1
and freely extremize over y;;:::;y,; 1,000
Zb ( )
X0 @L d oL XK @(1-‘:‘ Xk
F = dx —_— — = + = + G | =0; 8.21
L ey ey ey YT _ T (821
Xa =1 j=1
resulting in the (n + k) equations
I
' X
d oL @‘: % ( =1;:::3n) (8.22)

dx @§ @y

Gj fy gox =0 (j=1;::5:k) (8.23)
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8.4.1 Examples of extremization with constraints

121

Volume of a cylinder : As a warm-up problem, let's maximize the volumeV = a?h of a

cylinder of radius a and height h, subject to the constraint
h2
G(a;h)=2 a + 5 =0

We therefore de ne
V (a;h; ) V(ajh)+ G (ajh);

and set
% =2ah +2 =0
% = a2+2 % =0
% =2a-+ h—bz =0
Solving these three equations simultaneously gives
a=52—\ ; hzrg ; =%b1=2‘3=2 ; V=55=42 522

Hanging rope: We minimize the energy functional

X2 q
Ey(x) =g dxy 1+y®;

X1

where is the linear mass density, subject to the constraint of xed total length,

X2
Cy(x) = dx 1+y®:

X1

Thus,
X2
E y(x); =Evy(X) + C yx) = dxL (y;y%x);
X1
with q
L (y;y%x)=(gy + ) 1+y®:

Since% =0 we have that

@L
J=y'=— L = pZ_—_
Y @9y l+y02

(8.24)

(8.25)

(8.26)

(8.27)

(8.28)

(8.29)

(8.30)

(8.31)

(8.32)

(8.33)

(8.34)
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is constant. Thus,

dy — 1p 2 2 .
ax J (gy + )2 J : (8.35)
with solution 3
g
X)= —+ —cosh —(x a) : 8.36
Y= T (x 2 (8.36)

Here,J , a, and are constants to be determined by demanding/(x;) = vy, (i = 1,2), and
that the total length of the rope is C.

Geodesic on a curved surface Consider next the problem of a geodesic on a curved surface.
Let the equation for the surface be

G(x;y;z) =0 : (8.37)
We wish to extremize the distance,
Zb Zb
p
D= ds= dx2 + dy2 + dz? : (8.38)
a a

We introduce a parametert de ned on the unit interval: t 2 [0; 1], such that x(0) = Xa,
X(1) = x,, etc. Then D may be regarded as a functionalyiz.
71
D x(t);y(t);z(t) = dtIO X2+ y2+ 72 (8.39)
0
We impose the constraint by forming the extended functional D :
71
D x(t);y(t); z(t); (1) at X2+ y2+ 22+ G (xy;2) (8.40)
0
and we demand that the rst functional derivatives of D vanish:

D d X @G
- = — — —_— = .
0 " p—x_2+¥2+12 * Gx 0 (8.41)
D d y @G
— = — p——x  + == 8.42
v~ d Paryeez T ey (8:42)
D d Z @G
JR— — — —_— = .
C0° @ p—x_2+¥2+12 -l (8.43)
b . G(x;y;z)=0 : (8.44)
(t) e ' '
Thus,
(0 = VX XV _Vy YV VZ ZV (8.45)

v2@G  v2@G VZ@G_'
. P .

with v = x2+ y2+ z2 and @ @@X etc. These three equations are supplemented by

G(x;y;z) =0, which is the fourth.
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8.5 Application to Mechanics

Let us write our system of constraints in the di erential for m

g (g;0)dg + hj(g;)dt=0  (j =1;:::5k) : (8.46)
=1
If the partial derivatives satisfy

@g _@ge . @y _ @h,

' = ; 8.47
@y @q @t @q (8.47)
then the di erential can be integrated to give dG(q;t) = 0, where
_ @6 | _ @6
The action functional is
2o
S[fq (t)gl = dtL fqg;fa gt ( =1;::5n); (8.49)

ta

subject to boundary conditions q (ta) = g (t,) =0. The rst variation of S is given by

7 (
"X @L d eL
— = = q : (8.50)
L @ d @
Since thefq (t)g are no longer independent, we cannot infer that the term in brckets
vanishes for each . What are the constraints on the variations q (t)? The constraints are

expressed in terms ofvirtual displacements which take no time: t =0. Thus,

X
g (g:9) g (1)=0; (8.51)
=1

undetermined functions j (t), by adding integrals of the above equations with undetermned
coe cient functionsto  S: )

X "@L d eL X . A
L @n @@ +,-:1 (Mg (@) g ©)=0: (8.52)

Now we can demand that the term in brackets vanish for all . Thus, we obtain a set of
(n + k) equations,

- = @a_ Mg (@H Q (8.53)

g (g + h(q;)=0; (8.54)
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in (n+ k) unknowns ¢;:::;6,; 1;:::; . Here,Q is the force of constraint conjugate
to the generalized coordinateq . Thus, with
@L eL X
=— ; F = — ; = o 8.55
@ @ = 27 _ 19 (6.59)

we write Newton's second law as
p=F +Q : (8.56)

Note that we can write
S _ QL d @L

— N = - 8.57
- @ d a (8.57)
and that the instantaneous constraints may be written
9 a=0 (j =1k (8.58)
Thus, by demanding
> . 0 8.59
—+ Q= .
ORI (8.59)

we require that the functional derivative be linearly dependent on the k vectors g;-

8.5.1 Constraints and conservation laws

We have seen how invariance of the Lagrangian with respect t@ one-parameter family of
coordinate transformations results in an associated conseed quantity , and how a lack of
explicit time dependence inL results in the conservation of the Hamiltonian H . In deriving
both these results, however, we used the equations of motiop = F . What happens when
we have constraints, in whichcasep = F + Q ?

Let's begin with the Hamiltonian. We have H = g p L, hence

dH @L @L @L
_ = —_ + - =
_ @L.
=Q q @t' (8.60)
We now use
Qa= ;9 a= ;h (8.61)
to obtain dH aL
r = i h @t: (8.62)

We therefore conclude thatin a system with constraints of the formg, g + h; =0, the
Hamiltonian is conserved if eachhj =0 and if L is not explicitly dependent on time. In
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the case of holonomic constraints,hj = %, soH is conserved if neitherL nor any of the

constraints G is explicitly time-dependent.

Next, let us rederive Noether's theorem when constraints a@ present. We assume a one-
parameter family of transformations q ! & ( ) leavesL invariant. Then

o=dt_0OLar oL
d @& @ e @
Q

_ & d @
= B _+13_t_
_d G .
%" a (g = (8.63)

Now let us write the constraints in di erential form as

9 der+hjdt+kjd =0: (8.64)
We now have d
o = kj : (8.65)

which says that if the constraints are independent of then is conserved. For holonomic
constraints, this means that

I

G & )it =0 ) K:%:o; (8.66)

i.e. G; (er; 1) has no explicit dependence.

8.6 Worked Examples

Here we consider several example problems of constrained mymics, and work each out in
full detail.

8.6.1 One cylinder rolling o another

As an example of the constraint formalism, consider the sysgm in Fig. 8.1, where a cylinder
of radius a rolls atop a cylinder of radius R. We have two constraints:

Gy(r; 13 2)=r R a=0 (cylinders in contact) (8.67)
Gy(r; 15 2)=R 1 a(z2 1)=0 (no slipping) ; (8.68)

from which we obtain the g :

g = : (8.69)
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which is to say

@G _ @G _ @G _
—=1 —=0 —=0 8.70
r @1 @ (8.70)
@G _ @G _ @G _ .
ar 0 @, R+ a @, a: (8.71)
The Lagrangian is
L=T U=iM r?+r*Z +1l & Mgr cosq; (8.72)

where M and | are the mass and rotational inertia of the rolling cylinder, respectively.
Note that the kinetic energy is a sum of center-of-mass trangtion Ty = M 12+ r2 2

and rotation about the center-of-mass, Tyot = %I _§. The equations of motion are

d @L @L_ 2 _

& e o Me Mr 2+ Mgcosi1= 1 Q (8.73)
d L L .
i@ ol g_l: Mr2®,+2Mrr 4 Mgrsin 1=(R+a) » Q, (8.74)
d @L @L_ . _ :

To these three equations we add the two constraints, resultig in ve equations in the ve
unknowns r; 1; 2; 1; 2 .

We solve by rst implementing the constraints, which give r = (R + a) a constant (i.e.

r=0),and = 1+ % —. Substituting these into the above equations gives

M(R+a) 2+ Mgcos 1= 1 (8.76)
M(R+ a)?*y Mg(R+ a)sin 1=(R+a) » (8.77)

R+
| o= a,: (8.78)

a

From eqgn. 8.78 we obtain
= L., Rra.. (8.79)
2 3 2 a2 1 .

which we substitute into eqn. 8.77 to obtain

M + % (R+ a)?*; Mg(R+ a)sin 1=0: (8.80)

Multiplying by 4, we obtain an exact di erential, which may be integrated to yield

Mg
CcoS 1 = cos ; : 8.81
S C0S 1= o= oS (8.81)



8.6. WORKED EXAMPLES 127

Figure 8.2: Frictionless motion under gravity along a curved surface. The skier ies o the
surface when the normal force vanishes.

Here, we have assumed thaty = 0 when 1= 4, i.e. the rolling cylinder is released from
restat | = 4. Finally, inserting this result into eqn. 8.76, we obtain the radial force of
constraint,

Mg " o]
Q= T+ (3+ )cos i 2cosq ; (8.82)
where = I=Ma? is a dimensionless parameter (O 1). This is the radial component

of the normal force between the two cylinders. WhenQ, vanishes, the cylinders lose contact
{ the rolling cylinder ies o. Clearly this occurs at an angl e ; = ;, where

1 2C0S 4
3+

1 = COs (8.83)

The detachment angle ; is an increasing function of , which means that larger| delays
detachment. This makes good sense, since whdnis larger the gain in kinetic energy is
split between translational and rotational motion of the rolling cylinder.

8.6.2 Frictionless motion along a curve
Consider the situation in Fig. 8.2 where a skier moves frictbnlessly under the in uence of
gravity along a general curvey = h(x). The Lagrangian for this problem is

L= 3im(x*+y?) mgy (8.84)
and the (holonomic) constraint is

G(x;y)=y hXx)=0: (8.85)
Accordingly, the Euler-Lagrange equations are

d @L @L_ @G,

i @ @1 @q’ (8.86)
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whereq, = x and g, = y. Thus, we obtain

mx= hqx)= Q (8.87)
my+mg= = Qy: (8.88)

We eliminate y in favor of x by invoking the constraint. Since we needys we must di eren-
tiate the constraint, which gives

y=h%)x ;  y=h¥)x+h%x)x*: (8.89)
Using the second Euler-Lagrange equation, we then obtain
— =g+ h9x) x + h%x) x? : (8.90)
Finally, we substitute this into the rst E-L equation to obt ain an equation for x alone:
1+ hqx) 2 x+ h9x)h%x)x2 + ghqx) = 0 : (8.91)
Had we started by eliminating y = h(x) at the outset, writing
L(x;x)= 2m 1+ h9x) 2 x2 mgh(x) : (8.92)

we would also have obtained this equation of motion.

The skier ies o the curve when the vertical force of constraint Qy =  starts to become
negative, because the curve can only supply a positive nornhdorce. Suppose the skier
starts from rest at a height y,. We may then determine the point x at which the skier

detaches from the curve by setting (x) = 0. To do so, we must eliminate X and x in terms

of x. For x, we may use the equation of motion to write

gh0+ hohoq(_z

X = 1+ 1@ ; (8.93)
which allows us to write g+ hoa?
=m TW‘Z_ : (8.94)
To eliminate x, we use conservation of energy,
E = mgy,= im 1+ h® x?+ mgh ; (8.95)
which xes
x2=2g i"i hg (8.96)
Putting it all together, we have
x)= —"9 N ne +2(y, h) hoo . (8.97)

1+ h® 2
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(1) n

Figure 8.3: Finding the local radius of curvature: z = 2?=2R.

The skier detaches from the curve when (x) =0, i.e. when

1+h®+2(y, h)h®=0: (8.98)

There is a somewhat easier way of arriving at the same answerThis is to note that the
skier must y o when the local centripetal force equals the gravitational force normal to
the curve, i.e.

mv2(x) _ .
RO - mg cos (X) : (8.99)
where R(x) is the local radius of curvature. Now tan = h% socos = 1+ h® 2 The

square of the velocity isv2 = x2+ y2= 1+ h® x2. What is the local radius of curvature
R(x)? This can be determined from the following argument, and fom the sketch in Fig.
8.3. Writing x = x + , we have

y=h(x )+ hqx) + IhRx ) 2+ 0 (8.100)

We now drop a perpendicular segment of lengtlz from the point (x;y) to the line which is
tangent to the curve at x ;h(x ) . According to Fig. 8.3, this means

= pa 1

Yy 1+h® hO 1+ h® 1 (8.101)
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Thus, we have

2
= hO *zh + %hoo ﬂ
1+ h® 1+ h®
04 1@ 00 2
= I, v o(2)
1+ h(Q 21+ h(2
ho 2z
1+ h®
from which we obtain
00 2 o Y
zZ= — +
2 1+ h® 32
and therefore . -
2 gy
= _ + :
R(X) %) 1+ h%x)
Thus, the detachment condition,
mv? m h9%? mg
= p = = mg cos

R "1+h® 1+h0

reproduces the result from eqgn. 8.94.

8.6.3 Disk rolling down an inclined plane

(8.102)

(8.103)

(8.104)

(8.105)

A hoop of massm and radius R rolls without slipping down an inclined plane. The inclined
plane has opening angle and massM, and itself slides frictionlessly along a horizontal

surface. Find the motion of the system.

Figure 8.4: A hoop rolling down an inclined plane lying on a fictionless surface.
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Solution : Referring to the sketch in Fig. 8.4, the center of the hoop idocated at

X=X + scos a sin
y=ssin + acos ;

where X is the location of the lower left corner of the wedge, ands is the distance
along the wedge to the bottom of the hoop. If the hoop rotates hrough an angle ,
the no-slip condition is a —+ s= 0. Thus,

L=3IMX2+Im x?+y? + 112 mgy

I .
m+ — s+ 3(M + m)X2?+ mcos X.s mgssin  mgacos :

Nl

Since X is cyclic in L, the momentum
Py =(M + m)X-+ mcos s;

is preserved:R, = 0. The second equation of motion, corresponding to the genalized
coordinate s, is

I .
1+ — s+cos X = gsin :
ma

Using conservation ofP, , we eliminate 3 in favor of X, and immediately obtain

g = gsin cos a
1+M 1+ co o
m maZ2
The result
M .
.o g 1+ sin N
1+M 1+ co?

follows immediately. Thus,

X (t)= X (0)+ X(0)t + 2a,t?
s(t) = s(0) + s(0)t + Zait?:

Note that as < 0 while a, > 0, i.e. the hoop rolls down and to the left as the wedge
slides to the right. Note that | = ma? for a hoop; we've computed the answer here
for generall .

8.6.4 Pendulum with nonrigid support

A particle of massm is suspended from a exible string of length™ in a uniform gravitational
eld. While hanging motionless in equilibrium, it is struck a horizontal blow resulting in
an initial angular velocity ! ,. Treating the system as one withtwo degrees of freedom and
a constraint, answer the following:
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Compute the Lagrangian, the equation of constraint, and theequations of motion.
Solution : The Lagrangian is

_ 1 2, .22 .
=sm rc+r°< 4+ mgr cos :

The constraint is r = *. The equations of motion are

me mr 2 mgcos =

mr2®+2mrr — mgsin =0 :

Compute the tension in the string as a function of angle .

Solution : Energy is conserved, hence

12 2 . — 12 2 . )
sm'© 2 mgcos = sm°.§ mg cos:

We take =0and =", Thus,

with = P g=". Substituting this into the equation for , we obtain

X
=mg 2 3cos —;

Show that if ! 2 < 2g="then the particle's motion is con ned below the horizontal
and that the tension in the string is always positive (de ned such that positive means
exerting a pulling force and negative means exerting a pushg force). Note that the
di erence between a string and a rigid rod is that the string can only pull but the rod
can pull or push. Thus, the string tension must always be positive or else the string
goes \slack".

Solution : Since 2 0, we must have

2
The condition for slackness is =0, or

Thus, if 1 < 2 2, we have

1 2
' 0 3 .
1> ﬁ>1 cos > 1 3cos ;
and the string never goes slack. Note the last equality follers from cos > 0. The
string rises to a maximum angle

1 2
— 1 0
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(d)

(e)

Show that if 2g=" <! 2 < 5g="the particle rises above the horizontal and the string
becomes slack (the tension vanishes) at an angle . Compute

Solution : When'! 2> 2 2| the string rises above the horizontal and goes slack at an

angle

2
! 0

12 0
33

= cos
This solution craps out when the string is still tautat = , which means! §=5 2.

Show that if ! 2 > 5g="the tension is always positive and the particle executes caular
motion.

Solution : For ! 2> 5 2, the string never goes slack. Furthermore,—never vanishes.
Therefore, the pendulum undergoes circular motion, albeitnot with constant angular
velocity.

8.6.5 Falling ladder

A uniform ladder of length * and massm has one end on a smooth horizontal oor and the
other end against a smooth vertical wall. The ladder is initially at rest and makes an angle
o With respect to the horizontal.

@

¥

(. )

il

x

Figure 8.5: A ladder sliding down a wall and across a oor.

Make a convenient choice of generalized coordinates and nthe Lagrangian.

Solution : | choose as generalized coordinates the Cartesian coordites (x;y) of the
ladder's center of mass, and the angle it makes with respect to the oor. The
Lagrangian is then

L=3m@x*+y)+ 31 2+ mgy:
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There are two constraints: one enforcing contact along the wall, and the other enforc-
ing contact along the oor. These are written

Gi(xy; )= x 3 cos =0
Ga(x;y; )=y 3 sin =0:

(b) Prove that the ladder leaves the wall when its upper end has flen to a height %L sin .
The equations of motion are

d @L @L_X @

d @ @ = '@q°

J

Thus, we have

mx= ;=0
my+ mg = 2:Qy

| =3 ;sin ,C08 =Q

We now implement the constraints to eliminate x and y in terms of . We have

~ . °

Xx= 3 sin _ X = sin

* cos

NIF Nl

y= 3 cos — y=

We can now obtain the forces of constraint in terms of the funtion (t):

— 10 ; ° 2
1= im Sin +C0S £

sin 2 +mg:

-4 1
, =+ 3m" cos

We substitute these into the last equation of motion to obtain the result

l*= 1,° 3mg cos ;
or
1+ )*= 2Zcos ;
with 1= zm"2, I=lgand! = P g=". This may be integrated once (multiply by

—to convert to a total derivative) to yield
I1+ ) Z+218sin =2!§sin g;
which is of course a statement of energy conservation. This,

o_ 41§(sin o sin )
K T

212 cos

1+
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We may now obtain ,( ) and ,( ):
mg

10)= v 3sin  2sin ; cos
n 0
. mg . . .
o()= i+ (3sin 2sin 5 sin +
Demanding ( ) =0 gives the detachment angle = ,, where

in .= 2qin .-
sin 4= $sin :

Note that ,( 4) = mg=(1+ ) > 0, so the normal force from the oor is always
positive for > . The time to detachment is

D d -
21, Ysin o sin_
d

Zg Pz 2

Ti( o) =

Show that the subsequent motion can be reduced to quadratur® (i.e. explicit inte-
grals).

Solution : After the detachment, there is no longer a constraintG;. The equations of
motion are

mx=0 (conservation of x-momentum)
my+ mg =

~

Nl

CoSs |

along with the constraint y = % sin . Eliminating y in favor of using the constraint,

the second equation yields

=mg Im sin 2+ im cos
Plugging this into the third equation of motion, we nd

| *= 2l,!3¢cos +1lysin cos 2 I,co8 °:
Multiplying by _—one again obtains a total time derivative, which is equivalet to
rediscovering energy conservation:

E=31+lyco8 2+21,!8sin

By continuity with the rst phase of the motion, we obtain the initial conditions for
this second phase:

—ain 1 2gi
=sin * £sin

s %
sin g

—= 2! m:
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(d)

(e)
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Inf37):= T[x_] s= NIntegrate[‘\/(‘l /3) /7 (x-8inly]) , {y, Arcsin[2x / 3], ArcSin[x] - 10'9}]/2

Inf38]:= 8[x_] := NIntegrate[

(1+(a/3) (cos[yl)~2) / ((1-(x/3)~2) x - sin[y]) , {y, O, Arcsin[2x /3]}] /2

Inf39]:= Q[x_] :=T[x] +s[x]

Inf43):= Plot[Q[x], {x, 0, 1}]

8

! I !
0.2 0.4 0.6 0.8 1

Figure 8.6: Plot of time to fall for the slipping ladder. Here x =sin .

Thus,
=3 + 1y §Osm 0 73(1_'_ )+§mg sin
P2
SIN® o .
— 1 2 4 .
210t 1+ 5 1+ sin 4 :

Find an expression for the timeT( ;) it takes the ladder to smack against the oor.
Note that, expressed in units of the time scale L=g, T is a dimensionless function

of ,. Numerically integrate this expression and plotT versus .

Solution : The time from detachment to smack is

Z Z S
- - d _ 1 dd 1+ cog
2 o) = _ 21, 1 Asn’ o gjp sin
0 27 1+ 0

The total time is then T( o) = T,( o) + T,( o). For a uniformly dense ladder, | =
1 2= 1 -1
M= 3 g, SO0 = 3-

What is the horizontal velocity of the ladder at long times?
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Solution : From the moment of detachment, and thereafter,

S
. 49g° . a
— 1 _ 3=2 .
X = 5 SIn = ——F— X SIn .
- 2 27(1+ ) 0

(f) Describe in words the motion of the ladder subsequent to it flpping against the oor.

Solution : Only a fraction of the ladder's initial potential energy is converted into
kinetic energy of horizontal motion. The rest is converted nto kinetic energy of
vertical motion and of rotation. The slapping of the ladder against the oor is an
elastic collision. After the collision, the ladder must rise again, and continue to rise
and fall ad in nitum , as it slides along with constant horizontal velocity.

8.6.6 Point mass inside rolling hoop

Consider the point massm inside the hoop of radiusR, depicted in Fig. 8.7. We choose
as generalized coordinates the Cartesian coordinates<(Y ) of the center of the hoop, the
Cartesian coordinates ;y) for the point mass, the angle through which the hoop turns,

and the angle which the point mass makes with respect to the vertical. Theg six coordi-
nates are not all independent. Indeed, there are only two inépendent coordinates for this
system, which can be taken to be and . Thus, there are four constraints:

X R G, =0 (8.106)

Y R G,=0 (8.107)

X X Rsin G;=0 (8.108)
y Y + Rcos G,=0: (8.109)

I

0

Figure 8.7: A point massm inside a hoop of masdV, radius R, and moment of inertia I .

The kinetic and potential energies are easily expressed iretms of the Cartesian coordinates,
aside from the energy of rotation of the hoop about its CM, whth is expressed in terms of
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T=IMOCEZ+ Y+ Imx2+yH)+ 31 2 (8.110)

U= MgY + mgy : (8.111)

The moment of inertia of the hoop about its CM is | = MR?Z, but we could imagine a

situation in which | were dierent. For example, we could instead place the pointmass

inside a very short cylinder with two solid end caps, in which casel = %MRZ. The
Lagrangian is then

L=IMX2+ YD)+ Im®+yd)+ 31 2 Mgy mgy: (8.112)

Note that L as written is completely independent of and

Continuous symmetry

Note that there is an continuous symmetry to L which is satis ed by all the constraints,
under

X()= X+ Y()=Y (8.113)
()= x+ W)=y (8.114)
)= + R )= : (8.115)

Thus, according to Noether's theorem, there is a conservedugntity

@, @, 10t
& @& Ra@a
I

M X_+ mx + R = (8.116)

This means —= 0. This re ects the overall conservation of momentum in the x-direction.

Energy conservation

Since neitherL nor any of the constraints are explicitly time-dependent, the Hamiltonian
is conserved. And sinceT is homogeneous of degree two in the generalized velocitiesge
haveH = E =T+ U:

E=3MXZ+ Y+ m(x*+ y) + 31 2+ MgY + mgy : (8.117)
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Equations of motion

We have n = 6 generalized coordinates andk = 4 constraints. Thus, there are four un-
determined multipliers f 1; 2; 3; 40 used to impose the constraints. This makes for ten
unknowns:

XY X595 5 5 15 25 35 4¢ (8.118)
Accordingly, we have ten equations: six equations of motionplus the four equations of
constraint. The equations of motion are obtained from

X
d @L _eL X @G

& @ - @q . i @q - (8.119)
Taking each generalized coordinate in turn, the equations bmotion are thus

MX = ; 3 (8.120)

MY = Mg+ > 4 (8.121)

mx = 3 (8.122)

my= mg+ 4 (8.123)

l*= R ; (8.124)

0= Rcos 3 Rsin 4: (8.125)

Along with the four constraint equations, these determine the motion of the system. Note
that the last of the equations of motion, for the generalizedcoordinate q = , says that
Q =0, which means that the force of constraint on the point massis radial. Were the point
mass replaced by a rolling object, there would be an angularamponent to this constraint
in order that there be no slippage.

Implementation of constraints

We now use the constraint equations to eliminatexX, Y, x, andy in terms of and
X=R ; Y =R ; x=R +Rsin ; y=R(1 cos): (8.126)
We also need the derivatives:
X=R_+Rcos —; x=R°®+Rcos * Rsin 2; (8.127)

and
y=Rsin —; x=Rsin "+ Rcos 2; (8.128)
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as well as
X=R_-; X=R*®*; Y=0 ; Y=0: (8.129)

We now may write the conserved charge as
1
= ﬁ(| + MR?+ mR?) _+ mRcos — (8.130)

This, in turn, allows us to eliminate —in terms of —and the constant

_= 1T R —cos (8.131)
where )
mR

The energy is then

E=30+ IE/IRZ) 2+ Im R? 2+ R?2+2R?%cos —— + MgR + mgl)?(l cos )

1+ sir? 29 2 2Mg
- 1..p?2 2
= smR —— £+ —=(1 cos)+ + 8.133
2 1+ rE CS)* i R YR (8.133)
The last two terms inside the big bracket are constant, so we an write this as
1+ sin®  , 2g _ 4gk
5 - + E(l cos ) = = (8.134)

Here, k is a dimensionless measure of the energy of the system, aftsubtracting the afore-
mentioned constants. Ifk > 1, then -2 > 0 for all , which would result in “loop-the-loop'
motion of the point mass inside the hoop { provided, that is, the normal force of the hoop
doesn't vanish and the point mass doesn't detach from the hop's surface.

Equation motion for )

The equation of motion for obtained by eliminating all other variables from the original
set of ten equations is the same a&-= 0, and may be written

1+ sin? sin cos g
- — = = 8.135

1+ 1+ R ( )
We can use this to write * in terms of -2, and, after invoking eqn. 17.51, in terms of itself.
We nd

>_ 49 1+ 21
“ R 1+ s k  sin“3 (8.136)
h i

L e
.- 9 @+ )sin 4 k sin’l cos +1+ sin? (8.137)

R 1+ sin?
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Forces of constraint

_ _ P
We can solve for the j, and thus obtain the forces of constraintQ = ; %—g’.

2

3=mx=mR*+ mRcos * mRsin =
h i
_ mR ", 5 .
=1+ cos  £sin (8.138)

4= Mmy+mg=mg+ mRsin *+ mRcos -2

h i

= mR *sin + 2sin + 2 (8.139)
L@+
1 - ﬁ - W 3 (8140)
2=(M+m)g+ my= 4+ Mg: (8.141)

One can check that 3cos + 4sin =0.

The condition that the normal force of the hoop on the point mass vanish is 3 = 0, which
entails 4 = 0. This gives

(1+ sin?)cos =41+ ) k sin®l (8.142)

Note that this requires cos < 0, i.e. the point of detachment lies above the horizontal
diameter of the hoop. Clearly if k is su ciently large, the equality cannot be satis ed, and

the point mass executes a periodic “loop-the-loop' motionln particular, setting = , we
nd that 1
ke=1+ ———: 8.143

If k >k, then there is periodic “loop-the-loop' motion. Ifk < k¢, then the point mass may
detach at a critical angle , but only if the motion allows for cos < 0. From the energy
conservation equation, we have that the maximum value of achieved occurs when—= 0,
which means

COS max =1 2k: (8.144)

If % <k <k ¢, then, we have the possibility of detachment. This means theenergy must be
large enough but not too large.
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Chapter 9

Central Forces and Orbital
Mechanics

9.1 Reduction to a one-body problem

Consider two particles interacting via a potential U(r,;r,) = U jr; r,j . Such a poten-
tial, which depends only on the relative distance between tle particles, is called acentral
potential. The Lagrangian of this system is then

L=T U=imurf+imyd Ujry 1y - (9.1)

9.1.1 Center-of-mass (CM) and relative coordinates

The two-body central force problem may always be reduced towo independent one-body
problems, by transforming to center-of-mass R) and relative (r) coordinates (see Fig. 9.1),
viz.

R . r1=R+mr (9.2)
r=ry r, r.,=R ﬁr (9.3)
We then have
L= 3muy?+ Imyr,? Ujry 1y (9.4)
= IMR2+ 1 r2 U(r): (9.5)

143
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my

Figure 9.1: Center-of-mass R) and relative (r) coordinates.

where

<
I

my;+ m, (total mass)

mimsy
mq+ Moy

9.1.2 Solution to the CM problem

We have @L=@® = 0, which gives Rd =0 and hence

R(t)= R(0)+ R(0)t:

Thus, the CM problem is trivial. The center-of-mass moves atconstant velocity.

9.1.3 Solution to the relative coordinate problem

Angular momentum conservation: We have that " =r p=

‘= r?2_=2 A

(reduced mass):

(9.6)

(9.7)

(9.8)

r_is a constant of the
motion. This means that the motion r (t) is con ned to a plane perpendicular to ".
convenient to adopt two-dimensional polar coordinates {; ). The magnitude of ~ is

It is

(9.9)

wheredA = %rzd is the di erential element of area subtended relative to the force center.
The relative coordinate vector for a central force problem gbtends equal areas in equal times.

This is known as Kepler's Second Law.
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Energy conservation: The equation of motion for the relative coordinate is

d @L @L @u
- = = = P= — 9.10
Taking the dot product with r, we have
0= ®» r_+ @u r
n @ 0
- d L2+ U@ - dE. (9.11)
Cdt 2 - Codt '

Thus, the relative coordinate contribution to the total energy is itself conserved. The total
energy is of courseEy; = E + M R2.

Since " is conserved, and since& ~ =0, all motion is con ned to a plane perpendicular to
*. Choosing coordinates such that? = ©, we have

N2

—1 .2 -1 .2
E=35r5+U(r)=35 r°+ 2r2+U(")
= % r2+ Ug (r) (9.12)
2
Ue (r) = T + U(r) : (9.13)
Integration of the Equations of Motion, Step I: The second order equation forr (t)
is
dE _ 02 du(r) . dUe (1) .
a2 ) T Tar dar~ (9.14)
However, conservation of energy reduces this to a rst orderequation, via
q_
r= — E U (r) ) dt= ¢ ; (9.15)

g = :
E 5= U(r)

This gives t(r), which must be inverted to obtain r(t). In principle this is possible. Note
that a constant of integration also appears at this stage { cdl it ro = r(t = 0).

Integration of the Equations of Motion, Step II: After nding r(t) one can inte-
grate to nd (t) using the conservation of":

- ) d-= (9.16)

This gives (t), and introduces another constant of integration { call it ;= (t=0).

Pause to Reflect on the Number of Constants: Con ned to the plane perpendicular
to °, the relative coordinate vector has two degrees of freedomThe equations of motion
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are second order in time, leading tofour constants of integration. Our four constants are
E, ,ro,and .

The original problem involves two particles, hence six pogions and six velocities, making
for 12 initial conditions. Six constants are associated wih the CM system: R (0) and R(0).
The six remaining constants associated with the relative cordinate system are” (three

components),E, ry, and .

Geometric Equation of the Orbit: From > = r 2_, we have
d Tood
G- 729 (9.17)
leading to
& 2 dr > r#4

whereF (r) = dU(r)=dr is the magnitude of the central force. This second order equ#n
may be reduced to a rst order one using energy conservation:

E

I
Nl
N
+
-
]
~~
-
A

_ - odre, Ue (1) : (9.19)

Thus,
dr

e NGE (9.20)

which can be integrated to yield (r), and then inverted to yield r( ). Note that only
one integration need be performed to obtain the geometric séipe of the orbit, while two
integrations { one for r(t) and one for (t) { must be performed to obtain the full motion
of the system.

It is sometimes convenient to rewrite this equation in termsof the variable s = 1=r:

@+s: —-F st

= oo (9.21)

As an example, suppose the geometric orbitis( ) = ke , known as a logarithmic spiral.
What is the force? We invoke (9.18), withs® )= 2s, yielding

\2 C

Fsl= @+ »—s® ) F@)= = (9.22)

with
C
2 _ )
= - 1: (9.23)
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Figure 9.2: Stable and unstable circular orbits. Left panel U(r) = k=r produces a stable
circular orbit. Right panel: U(r) = k=r* produces an unstable circular orbit.

The general solution fors( ) for this force law is

8
>Acosh( )+ Bsinh( ) if'2>cC

()= (9.24)
" A%cosjj +BYinjj if2<cC:

The logarithmic spiral shape is a special case of the rst kiml of orbit.

9.2 Almost Circular Orbits

A circular orbit with r(t) = r, satises # = 0, which means that ug (ro) = 0, which says
that F(ry) = 2=r 3. This is negative, indicating that a circular orbit is possible only if
the force is attractive over some range of distances. Since= 0 as well, we must also have
E = Ue (rg). An almost circular orbit has r(t) = ry+ (t), wherej =r 1. To lowest
order in , one derives the equations
d? |2

1
A ! : 1 2= Zu%r) : (9.25)
If 1 2> 0, the circular orbit is stableand the perturbation oscillates harmonically. If ! 2< 0,
the circular orbit is unstableand the perturbation grows exponentially. For the geometric
shape of the perturbed orbit, we writer = ry+ , and from (9.18) we obtain

d? rg )
57 2Fl9 3 = : (9.26)
with
dinF(r)
2_q9,4 )
3 “dmr (9.27)

o
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The solution here is

()= ocos ( o) (9.28)

where o and ( are initial conditions. Setting = , we obtain the sequence of values
2n

n= ot —; (9.29)

at which () is a local maximum, i.e. at apoapsis wherer = ry+ . Settingr =r, |
is the condition for closest approach,i.e. periapsis. This yields the identical set if angles,
just shifted by . The di erence,

= 1 0 2=2 1 1, (9.30)

is the amount by which the apsides (.e. periapsis and apoapsis)precessduring each cycle.
If > 1, the apsides advancei.e. it takes less than a complete revolution =2 between
successive periapses. If < 1, the apsides retreat, and it takes longer than a complete
revolution between successive periapses. The situation depicted in Fig. 9.3 for the case

= 1:1. Below, we will exhibit a soluble model in which the precessg orbit may be
determined exactly. Finally, note that if = p=qis a rational number, then the orbit is
closed i.e. it eventually retraces itself, after every q revolutions.

As an example, letF(r) = kr . Solving for a circular orbit, we write

0 — k 2 — .
Ue (N=— —5=0; (9.31)

which has a solution only fork > 0, corresponding to an attractive potential. We then nd
2 =3 )

ro= s ; (9.32)

and 2=3 . The shape of the perturbed orbits follows from %= 2 . Thus, while
circular orbits exist wheneverk > 0, small perturbations about these orbits are stable only
for 2> 0,i.e.for < 3. Onethenhas ( )= Acos ( 0)- The perturbed orbits are
closed, at least to lowest order in , for =3 (p=g?, i.e. for = p=qg The situation is
depicted in Fig. 9.2, for the potentials U(r) = k=r ( =2)and U(r)= k=r*( =05).

9.3 Precession in a Soluble Model

Let's start with the answer and work backwards. Consider thegeometrical orbit,

- o :
)= s (9.33)

Our interest is in bound orbits, for which 0 < 1 (see Fig. 9.3). What sort of potential
gives rise to this orbit? Writing s = 1=r as before, we have

S( )=sy(1 "cos ): (9.34)
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Substituting into (9.21), we have

d%s
1 _
22 Fs-~- = q2 +s
= 25, cos +s
=1 s+ Z%sy; (9.35)
from which we conclude K
F(r)= = + = : (9.36)
with
2 2
k= 25— ; C=( 2 1)—: (9.37)
The corresponding potential is
k C
= —+ ——+ : .
u(r) -t o U, ; (9.38)

where U; is an arbitrary constant, conveniently set to zero. If and C are given, we have

r
2 ¢ c
=

= — + — = 1+ —

0= 1+ 1 (9.39)

When C = 0, these expressions recapitulate those from the Kepler mblem. Note that
when 2+ C < 0 that the e ective potential is monotonically increasing as a function of
r. In this case, the angular momentum barrier is overwhelmed ¥ the (attractive, C < 0)
inverse square part of the potential, andUe (r) is monotonically increasing. The orbit then
passes through the force center. It is a useful exercise to dee the total energy for the
orbit,

k 2 2E(C?+ C)
— ll2 ll2 - .
E =( 1) 202+ C) 0 1+ — (9.40)
9.4 The Kepler Problem: U(r)= kr 1
9.4.1 Geometric shape of orbits
The force isF(r) = kr 2, hence the equation for the geometric shape of the orbit is
d’s _ n_ ko

with s = 1=r. Thus, the most general solution is

s( )=sy Ccos( DE (9.42)
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Figure 9.3: Precession in a soluble model, with geometric bit r( ) = ro=(1 "cos ),
shown here with = 1:1. Periapsis and apoapsis advance by =2 (1 1) per cycle.
whereC and  are constants. Thus,
_ o .
r¢ )= ; (9.43)

1 "cos( 0)

wherer, = 2=k and where we have de ned a new constant  Cr,,.

9.4.2 Laplace-Runge-Lenz vector

Consider the vector

A=p °~ kn; (9.44)
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Figure 9.4: The e ective potential for the Kepler problem, and associated phase curves.
The orbits are geometrically described as conic sections: yperbolae E > 0), parabolae
(E =0), ellipses (Emin <E < 0), and circles € = Emin)-

wherer = r5rj is the unit vector pointing in the direction of r. We may now show that A
is conserved:

da_dt L
at at P r
. . e rr_
=p +p - Kk )
kr r rr
= o (ron ke kg
_ r(r o r(r r) r _ ..
= k 3 + k 3 kF+kr_2_O' (9.45)

SO0 A is a conserved vector which clearly lies in the plane of the nt@n. A points toward
periapsis,i.e. toward the point of closest approach to the force center.

Let's assumeapoapsis occurs at = . Then
A r = Arcos( 0= "2 kr (9.46)
giving
r()= - __aa (9.47)

k  Acos( o) 1 "cos( 0)
where

(9.48)

2
. a@l "= <
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The orbit is a conic section with eccentricity ". Squaring A, one nds

A?=(p 7)* 2knrp “+ %*°

p22 2028, e

2 2 2
=22 p— E + K =22 + k_
2 > . 2 2 E > (9.49)
and thus )
k w2 2E"
= R = + .
a E 1 2 (9.50)

9.4.3 Kepler orbits are conic sections

There are four classes of conic sections:

Circle: "=0, E = k 2=2°2, radius a= “2=k . The force center lies at the center of
circle.
EIIipsS: 0<"< 1, k?=22<E< 0, semimajor axisa= k=2E, semiminor axis

b=a 1 "2. The force center is at one of the foci.
Parabola: " =1, E =0, force center is the focus.
Hyperbola: " > 1, E > 0, force center is closest focus (attractive) or farthest fous

(repulsive).

To see that the Keplerian orbits are indeed conic sections, ansider the ellipse of Fig. 9.6.
The law of cosines gives

2=r2+4f% 4f cos ; (9.51)
wheref = "a is the focal distance. Now for any point on an ellipse, the sunof the distances
to the left and right foci is a constant, and taking = 0 we see that this constant is Za.
Thus, =2a r, and we have

(2a r)?>=4a’ dar+r?=r2+4"2a®> 4" cos

) r@@ "cos)=al "?: (9.52)
Thus, we obtain ,
_a@ "9 .
r( )= T "cos (9.53)

and we therefore conclude that

—a(l "?: (9.54)
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Figure 9.5: Keplerian orbits are conic sections, classi edaccording to eccentricity: hyper-
bola ( > 1), parabola ( =1), ellipse (0 < < 1), and circle ( =0). The Laplace-Runge-
Lenz vector, A, points toward periapsis.

Next let us examine the energy,

E=3 2+ U, ()
., Codr 22k
= = - + _
2 r2d 2r 2 r
2 ds 2 2,
= — — + — . .
5 > s° ks; (9.55)
with
1 k .
s= - == 1 cos . (9.56)
Thus,
ds k .
g =~z s (9.57)
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Figure 9.6: The Keplerian ellipse, with the force center at tie left focus. The focal distance

is f p- "a, where a is the semimajor axis length. The length of the semiminor ax is
b="1 "2a.
and
ds 2 22,
9 - sin
~ 2| 2n2 Kk 2
= T ~z S
2k 2k2
- 2 w2 .
= &+ s+ 1 (9.58)
Substituting this into egn. 9.55, we obtain
k2?2,
E= % 2 1 (9.59)
For the hyperbolic orbit, depicted in Fig. 9.7, we haver = 2a, depending on whether

we are on the attractive or repulsive branch, respectively.We then have

(r 2a)®>=4a® dar+r2=r2+4"%a> 4" cos

) r( 1+"cos )= a("? 1): (9.60)
This yields ,
_ a1

9.4.4 Period of bound Kepler orbits

From™ = r 2_=2 A, theperiodis =2 A=",whereA = a 2P 1 "2jsthe area enclosed

by the orbit. This gives

a3 172 B 12
=2 - =2 g (9.62)
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Figure 9.7: The Keplerian hyperbolae, with the force centerat the left focus. The left (blue)
branch corresponds to an attractive potential, while the right (red) branch corresponds to
a repulsive potential. The equations of these branches are= = 2a, where the top sign
corresponds to the left branch and the bottom sign to the righ branch.

as well as Sy
a

wherek = Gm;m, and M = m, + m, is the total mass. For planetary orbits, m; = M is
the solar mass andm, = mp is the planetary mass. We then have

ad _ 1+ Mo GM GM
S = e

VT (9.64)

which is to an excellent approximation independent of the phnetary mass. (Note that
mp=M 10 3 even for Jupiter.) This analysis also holds, mutatis mutandis, for the
case of satellites orbiting the earth, and indeed in any casevhere the masses are grossly
disproportionate in magnitude.

9.4.5 Escape velocity

The threshold for escape from a gravitational potential ocaurs at E =0. SinceE = T+ U
is conserved, we determine thescape velocityfor a body a distancer from the force center
by setting r

GMm 2G(M + m)

p ) Vesdl') = r

When m, Vesdr) = P 2GM=r. Thus, for an object at the surface of the earth,

Vesc = 20Re = 11:2km=s.

E=0= 3vidl) (9.65)
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9.4.6 Satellites and spacecraft

A satellite in a circular orbit a distance h above the earth's surface has an orbital period

2 i}
= pﬁ(RE + h)32; (9.66)
E

where we takem e M. For low earth orbit (LEO), h  Rg =6:37 10°m, in which
case ;o =2 Re=g=1:4hr.

Consider a weather satellite in an elliptical orbit whose cbsest approach to the earth

(perigee) is 200 km above the earth's surface and whose farist distance (apogee) is 7200
km above the earth's surface. What is the satellite’s orbitd period? From Fig. 9.6, we see
that

Oapogee = Re +7200km = 13571 km
Ooerigee = Re +200km = 6971 km

a= 1(dupogee + Gperigee ) = 10071 km : (9.67)
We then have
a 3=2
= = o 2:65hr: (9.68)
E

What happens if a spacecraft in orbit about the earth res its rockets? Clearly the energy
and angular momentum of the orbit will change, and this meansthe shape will change. If
the rockets are red (in the direction of motion) at perigee, then perigee itself is unchanged,
becausev § = 0 is left unchanged at this point. However, E is increased, hence the eccen-

tricity "= 1+ 25‘22 increases. This is the most e cient way of boosting a satellte into an

orbit with higher eccentricity. Conversely, and somewhat paradoxically, when a satellite in
LEO loses energy due to frictional drag of the atmosphere, th energyE decreases. Initially,
because the drag is weak and the atmosphere is isotropic, therbit remains circular. Since
E decreaseshli = E must increase, which means that the frictional forces cause the
satellite to speed up!

9.4.7 Two examples of orbital mechanics

Problem #1: At perigee of an elliptical Keplerian orbit, a satellite receives an impulse
p = py*. Describe the resulting orbit.

Solution #1: Since the impulse is radial, the angular momenum *~ = r p is un-
changed. The energy, however, does change, withE = p3=2 . Thus,

2Ef\2 . N 2
L= % : (9.69)

n2 _
f=1+
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Figure 9.8: At perigee of an elliptical orbit r;( ), a radial impulse p is applied. The shape
of the resulting orbit r¢( ) is shown.

The new semimajor axis length is

_ek 17
a'f - 1 "f2 - Y 1 "f2
aj
= 9.70
T @p=k) 670
The shape of the nal orbit must also be a Keplerian ellipse, ascribed by
\2 1
r = — ; 9.71
() K 1 " cos(+ ) (9.71)
where the phase shift is determined by setting
\2 l
r()=r = — : 9.72
O=n0O= 3 % (9.72)
Solving for , we obtain
=cos ' "=" : (9.73)

The situation is depicted in Fig. 9.8.
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Figure 9.9: The larger circular orbit represents the orbit o the earth. The elliptical orbit
represents that for an object orbiting the Sun with distance at perihelion equal to the Sun's
radius.

Problem #2: Which is more energy e cient { to send nuclear waste outside the solar
system, or to send it into the Sun?

Solution #2: Escape velocity for the solar system isves. () = P GM =r. At a

distance az, we then havevg. (ag) = 2ve, whereve = GM =g =2 ag=¢ =
29:9 km=s is the velocity of the earth in its orbit. The satellite is launched from earth,
and clearly the most energy e cient launch will be one in the direction 0[5 the earth’s

motion, in which case the velocity after escape from earth mst beu = 2 1w =
124 km=s. The speed just above the earth's atmosphere must then be, where
GMegm
Ime? RE = imu?; (9.74)
E

or, in other words,

= U+ Vi

(9.75)
We compute u-= 16:7 km=s.

The second method is to place the trash ship in an elliptical doit whose perihelion

is the Sun's radius,R =6:98 10®m, and whose aphelion isa:. Using the general
equationr( ) = (*?=k)=(1 "cos ) for a Keplerian ellipse, we therefore solve the
two equations

1 N2
r( = )= R = 5 K (9.76)
1 N2
r( =0)= & = T ?: (9.77)
We thereby obtain
2% R 5.0 (9.78)



9.5. APPENDIX | : MISSION TO NEPTUNE 159

which is a very eccentric ellipse, and

2 a2 2 v2
- = - = @@ aE R
k G(M + m) V2
2a:R
=1 "ag=——: 9.79
@ Ma= g (9.79)
Hence,
2R
2 _ 2.
vVe= ——— Vg 9.80
aE + R E ( )
and the necessary velocity relative to earth is
s 1
2R
u= a+R 1 v 0:904ve ; (9.81)

i.e. u= 27:.0km=s. Launch is in the opposite direction from the earth's orbital mo-
tion, and from &2 = u?+ v3,. we nd 4= 29:2kms=s, which is larger (in magnitude)
than in the rst scenario. Thus, it is cheaper to ship the trash out of the solar system
than to send it crashing into the Sun, by a factor w?=d? = 0:327.

9.5 Appendix | : Mission to Neptune

Four earth-launched spacecraft have escaped the solar sysh: Pioneer 10 (launch 3/3/72),
Pioneer 11 (launch 4/6/73), Voyager 1 (launch 9/5/77), and Voyager 2 (launch 8/20/77).*
The latter two are still functioning, and each are moving away from the Sun at a velocity
of roughly 3.5 AU/yr.

As the rst objects of earthly origin to leave our solar system, both Pioneer spacecraft
featured a graphic message in the form of a 6" x 9" gold anodizk plague a xed to the

spacecrafts’ frame. This plaque was designed in part by theate astronomer and popular
science writer Carl Sagan. The humorist Dave Barry, in an esay entitled Bring Back Carl's
Plaque, remarks,

But the really bad part is what they put on the plaque. | mean, if we're going to
have a plaque, it ought to at least show the aliens what we're eally like, right?
Maybe a picture of people eating cheeseburgers and watching’he Dukes of
Hazzard." Then if aliens found it, they'd say, \Ah. Just plai n folks."

But no. Carl came up with this incredible science-fair-wimp plaque that features
drawings of { you are not going to believe this { a hydrogen aton and naked
people. To represent the entire Earth! This is crazy! Walk the streets of any
town on this planet, and the two things you will almost never see are hydrogen
atoms and naked people.

1There is a very nice discussion in the Barger and Olsson book @ “Grand Tours of the Outer Planets'.
Here | reconstruct and extend their discussion.
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HYPERFINE TRANSITION OF SILHOUETTE OF BINARY EQUIVALENT
NEUTRAL HYDROGEN SPACECRAFT OF DECIMAL 8
POSITION OF SUN PLANETS OF SOLAR
RELATIVE TO 14 SYSTEM AND BINARY
PULSARS AND THE RELATIVE DISTANCES

CENTER OF THE GALAXY

Figure 9.10: The unforgivably dorky Pioneer 10 and Pioneer 11 plaque.

During August, 1989, Voyager 2 investigated the planet Neptune. A direct trip to Neptune
along a Keplerian ellipse withrp, = a: = 1AU and r, = a, = 30:06 AU would take 30.6

years. To see this, note thatrp = a(1 ") andra= a(l+ ") yield

a= % a.+a, =15:53AU ; "= % - 0.9356: (9.82)
ay + a
Thus,
a 3=2
= % £ a_E = 306yr : (983)

The energy cost per kilogram of such a mission is computed a®lfows. Let the speed of
the probe after its escape from earth bev, = v ¢, and the speed just above the atmosphere
(i.e. neglecting atmospheric friction) isv,. For the most e cient launch possible, the probe
is shot in the direction of earth's instantaneous motion abait the Sun. Then we must have

> GMegm

Imvg 5= Im( 122, (9.84)
E

since the speed of the probe in the frame of the earth isp  ve = ( 1)ve. Thus,

|
We= 3 12%+nh V2 (9.85)

3|m

M

ae

=6:24 10'R,=kg ;

mN
®
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Figure 9.11: Mission to Neptune. The gure at the lower right shows the orbits of Earth,
Jupiter, and Neptune in black. The cheapest (in terms of enegy) direct ight to Neptune,
shown in blue, would take 30.6 years. By swinging past the plaet Jupiter, the satellite can
pick up great speed and with even less energy the mission timean be cut to 8.5 years (red
curve). The inset in the upper left shows the scattering evetwith Jupiter.

where N a
h E £ =7:050 10 ?: 9.86
M R, (9.86)
Therefore, a convenient dimensionless measure of the engris
2E V3 )
= <= 1)“+2h: 9.87
v Rl S (9.-87)

As we shall derive below, a direct mission to Neptune require

2ay
ay +

=1:3913; (9.88)
ac

which is close to the criterion for escape from the solar sysm, esc= P 2. Note that about
52% of the energy is expended after the probe escapes the Elt pull, and 48% is expended
in liberating the probe from Earth itself.

This mission can be done much more economically by taking adntage of a Jupiter yby, as
shown in Fig. 9.11. The idea of a yby is to steal some of Jupiteé's momentum and then y
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away very fast before Jupiter realizes and gets angry. The CMrame of the probe-Jupiter
system is of course the rest frame of Jupiter, and in this frane conservation of energy means
that the nal velocity u; is of the same magnitude as the initial velocityu;. However, in

the frame of the Sun, the initial and nal velocities are v, + u; and v, + u;, respectively,
where v, is the velocity of Jupiter in the rest frame of the Sun. If, as siown in the inset

to Fig. 9.11, u; is roughly parallel to v,, the probe's velocity in the Sun's frame will be
enhanced. Thus, the motion of the probe is broken up into thre segments:
| . Earth to Jupiter
Il: Scatter o Jupiter's gravitational pull
Il Jupiter to Neptune

We now analyze each of these segments in detail. In so doind,is useful to recall that the
general form of a Keplerian orbit is

- d . — \2 — ll2 .
r()_1 "cos d_?_ La: (9:89)
The energy is
2 k 2
E=(" 1)ﬁ ; (9.90)
with k = GMm, where M is the mass of either the Sun or a planet. In either caseM
dominates, and = Mm=(M + m) ' m to extremely high accuracy. The time for the
trajectory to pass from = ,;to = ,is
T-Zdt-zzd = Zzo|r2()— o d : (9.91)
- k2 1 "cos %' '
1 1 1
For reference,
a- =1AU a, =5:20AU a, =30:06 AU
M. =5:972 10**kg M, =1:900 10*"kg M =1:989 10®°kg

with 1AU = 1:496 10°km. Here ac,, and M_.,. are the orbital radii and masses of
Earth, Jupiter, and Neptune, and the Sun. The last thing we need to know is the radius of
Jupiter,

R,=9:558 10 AU :

We needR; because the distance of closest approach to Jupiter, grerijove, must be R; or
greater, or else the probe crashes into Jupiter!

9.5.1 I. Earth to Jupiter

The probe's velocity at perihelion isvy = v . The angular momentumis™ = a. Vg,
whence 5
_(aeve) _ 2

d= M a : (9.92)
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From r( ) = ag, we obtain
= 2 1 (9.93)

This orbit will intersect the orbit of Jupiter if r, a,, which means

r—
d 2,
a
oA ) e

=1:2952: (9.94)

If this inequality holds, then intersection of Jupiter's or bit will occur for

1 & %a

=2 —_— 9.95
; cos (7 Da ( )
Finally, the time for this portion of the trajectory is
73
d 1
)~ E 3 (9.96)
2 1 (2 1)cos

9.5.2 II. Encounter with Jupiter

We are interested in the nal speedv; of the probe after its encounter with Jupiter. We

will determine the speedyv; and the angle which the probe makes with respect to Jupiter
after its encounter. According to the geometry of Fig. 9.11,

vZ=vZ+ u? 2uv,cos( + ) (9.97)
2 2 2
VE+ Ve U
cos = +—*"t 9.98
Vs (9.98)
Note that GM a
2 _ _ 8 9.
vs = = — vi: 9.99
fe TR v (9.99)
But what are u, ,and ?
To determine u, we invoke
u?=v2+ vZ 2v,vicos : (9.100)

The initial velocity (in the frame of the Sun) when the probe crosses Jupiter's orbit is given
by energy conservation:

GM GM
im(ve)? = M = 1my? : m. (9.101)
E -J
which yields 5
V= 2 2+ aiJE V2 (9.102)

As for , we invoke conservation of angular momentum:

(v.cos Ja; = (vg)a: ) V. COS = %VEZ (9.103)
| |



164 CHAPTER 9. CENTRAL FORCES AND ORBITAL MECHANICS

The angle is determined from

V; = V;COS + UCOS : (9.104)

Putting all this together, we obtain

p
Vi= Ve 2 242X (9.105)
p
u=v. 2 2+3x 2x32 (9.106)
p_
Cos = p X X ; (9.107)
2 243x 2x 32
where a
a—E =0:1923: (9.108)
J

We next consider the scattering of the probe by the planet Jujiter. In the Jovian frame,
we may write

R,(A+")
= 9.109
()= T3 cos (9.109)
where perijove occurs at
r= R,: (9.110)

Here, is a dimensionless quantity, which is simply perijove in unis of the Jovian radius.
Clearly we require > 1 or else the probe crashes into Jupiter! The probe's energynithis
frame is simply E = %muz, which means the probe enters into a hyperbolic orbit about
Jupiter. Next, from

n2
E = g S kl 9.111)
~2
o=@+ R, 9.112)
we nd )
=14 ROMou” (9.113)

ae M, Ve

1

The opening angle of the Keplerian hyperbola is then ¢ =cos * ", , and the angle is

related to . through
1

= 2 .= 2cos - (9.114)
J
Therefore, we may nally write
q P
Vi = XVZ+Uu2+2uve Xxcos(2c ) (9.115)
242 (2
cos = M|9_—u : (9.116)

2Vf Ve X
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time (years)

1.3 1.35 1.4 1.45 1.5

speed at perihelion A=v,/ v,

Figure 9.12: Total time for Earth-Neptune mission as a funcion of dimensionless velocity
at perihelion, = vp=\. Six dierent values of , the value of perijove in units of the
Jovian radius, are shown: = 1:0 (thick blue), = 5:0 (red), = 20 (green), =50
(blue), =100 (magenta), and = 1 (thick black).

9.5.3 IlIl. Jupiter to Neptune

Immediately after undergoing gravitational scattering o Jupiter, the energy and angular

momentum of the probe are
> GM m

E = imv (9.117)
q
and
= Vv;acCos : (9.118)
We write the geometric equation for the probe's orbit as
r¢ )= d ; (9.119)
~ 1+ "cos( ;)] '
where
*2 Vi a,cos 2
d= —= —— : 9.120
K Voo x ( )
Setting E = ( k 2=2"?)("? 1), we obtain the eccentricity
v .
v 2 2a | d
Y
"= t 1+ L = —. (9.121)

vV oa, &
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Note that the orbit is hyperbolic { the probe will escape the Sun {if v; > v, P 2x. The
condition that this orbit intersect Jupiter at =  yields
1d

— 1 ; 9.122
L 1 (0.122)

Cos =

which determines the angle . Interception of Neptune occurs at

d 1 d
= = ,+ + - — 1 : 9.123
1 + " COS( N 5 ) a‘N ) N J cos " aN ( )

We then have

ZN
d ¥ d 1
N= . — — 5 - (9.124)
ae 2 1+"cos( 5, )
J

The total time to Neptune is then the sum,

=t

W (9.125)

EN

In Fig. 9.12, we plot the mission time ¢, versusthe velocity at perihelion, vp = v ¢, for
various values of . Thevalue = 1 corresponds to the case of no Jovian encounter at all.

9.6 Appendix Il : Restricted Three-Body Problem

Problem : Consider the ‘restricted three body problem' in which a light object of massm
(e.g. a satellite) moves in the presence of two celestial bodies ofiassesn,; and m,, (e.g.the
sun and the earth, or the earth and the moon). Supposeén; and m, execute stable circular
motion about their common center of mass. You may assumen  m, m;.

(a) Show that the angular frequency for the motion of masses 1 an@ is related to their
(constant) relative separation, by

M
15= —; (9.126)
ro
whereM = mj + m, is the total mass.
Solution : For a Kepler potential U =  k=r, the circular orbit lies at ry = 2=k, where

= r 2_is the angular momentum andk = Gm;m,. This gives
‘0T T3.4° T 3° 3 (9.127)

with 1 5= -

(b) The satellite moves in the combined gravitational eld of the two large bodies; the
satellite itself is of course much too small to a ect their mation. In deriving the motion
for the satellilte, it is convenient to choose a reference ime whose origin is the CM and
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Figure 9.13: The Lagrange points for the earth-sun systemCredit: WMAP project .

which rotates with angular velocity ! 5. In the rotating frame the massesm,; and m, lie,

respectively, atx; = r jand X, = r o, with
my my
= —= ; = — 9.128
and with y; = y, =0. Note + =1
Show that the Lagrangian for the satellite in this rotating f rame may be written
L=dmx toy 2+ dmys tox 2+ gty g CM2M . (909
(x+ 1 )2+ y? (x rg2+y?

Solution : Let the original (inertial) coordinates be (X;Yy). Then let us de ne the rotated
coordinates x;y) as

x = cos(! ot) Xq +sin(! gt) Yo (9.130)
y = sin(! ot) xg+cos(! ot) yp : (9.131)
Therefore,
x =cos(! gt) Xg+sin(! gt)yg+ ! oy (9.132)
y= sin(! gt)xg+cos(! ot)yg !oX: (9.133)
Therefore

(X Toy)PH(Y+!1oX)*= X5+ V5 (9.134)
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The Lagrangian is then

Gmim Gm,m
L=2mx loy?+3my+iox?+p 12 S+ P 22 :
(X x)ot+y (X X))oty

. (9.135)

which, with x; roandx, r, agrees with eqn. 9.129

(c) Lagrange discovered that there are ve special points wherghe satellite remains xed
in the rotating frame. These are called theLagrange pointsfL1, L2, L3, L4, L5g. A sketch
of the Lagrange points for the earth-sun system is providedn Fig. 9.13. Observation:
In working out the rest of this problem, | found it convenient to measure all distances in
units of ry and times in units of ! ,1, and to eliminate G by writng Gm, = ! r3 and
Gm,= 1 3r3.

Assuming the satellite is stationary in the rotating frame, derive the equations for the
positions of the Lagrange points.

Solution : At this stage it is convenient to measure all distances in uits of ry and times
in units of !, ! to factor out a term mr21 2 from L, writing the dimensionless Lagrangian
E L=(mr3!3). Using as well the de nition of ! 2 to eliminate G, we have

— 1 2 1 2 n n .
E=2(- )+ 3(_+) +,,( s 2+P( T (9.136)
with 1 q 1 q
X y dx | dy |
ro ' ro ' lorgdt ' — lgrodt’ (9.137)

(+ ) )
¢ 2 = (9.138)
di d3
e +2 _= — = (9.139)
di  d
where D p
dl — ( + )2 + 2 : d2 = ( )2 + 2 (9140)
Here, X=ry, = y=rq, etc. Recall that + = 1. Setting the time derivatives to zero
yields the static equations for the Lagrange points:
(+ ), ( )
= + (9.141)
d? d3
= =t — (9.142)
di a3

(d) Show that the Lagrange points withy = 0 are determined by a single nonlinear equation.
Show graphically that this equation always has three solutons, one withx < x 4, a second
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-2 0 2
b T4 8

Figure 9.14: Graphical solution for the Lagrange points L1,L2, and L3.
with X; <X <X ,, and a third with x > x ,. These solutions correspond to the points L3,
L1, and L2, respectively.

Solution : If =0 the second equation is automatically satis ed. The rst e quation then
gives

+
= + : 9.143
A 3 (0143
The RHS of the above equation diverges to 4 for = +0" and = +0%, and
divergesto 1 for = 0" and = 0", where O is a positive in nitesimal. The
situation is depicted in Fig. 9.14. Clearly there are three slutions, one with < , one

with < < , and one with >

(e) Show that the remaining two Lagrange points, L4 and L5, lie abng equilateral triangles
with the two masses at the other vertices.

Solution : If 6 0, then dividing the second equation by yields
1= -+ —: (9.144)
d &

Substituting this into the rst equation,

= =+ = + = = (9.145)
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gives
d, =d,: (9.146)

Reinserting this into the previous equation then gives the emarkable result,
dl = d2 =1 (9147)

which says that each of L4 and L5 lies on an equilateral triangg whose two other vertices
are the massesn; and m,. The side length of this equilateral triangle isr,. Thus, the
dimensionless coordinates of L4 and L5 are

p_
;= (9.148)

Nl

Pz . L
2

N[

L4 L4

It turns out that L1, L2, and L3 are always unstable. Satellites placed in these positions
must undergo periodic course corrections in order to remaimpproximately xed. The SOlar
and Heliopheric Observation satellite, SOHO, is located at L1, which a ords a continuous
unobstructed view of the Sun.

(f) Show that the Lagrange points L4 and L5 are stable (obviouslyyou need only consider
one of them) provided that the mass ratio m;=m, is su ciently large. Determine this
critical ratio. Also nd the frequency of small oscillation s for motion in the vicinity of L4
and L5.

Solution : Now we write

= 4 : = Lt (9.149)

L4 )

and derive the linearized dynamics. Expanding the equatios of motion to lowest order in

and , we have
| |

@d ; @d s @d ;s @d
* 2 =1 + - s == + 2 == s ==
- Y SR 2@y ? Oy
p_
=3 +% (9.150)
and
! |
cio = 33 @8 P5 Qd , &3 @ P53 @d
2 @ 4 2 @ 4 . @ 4 . @ 4
p_
=5 o+ 3 (9.151)
where we have de ned m m
1 2
! = —= 9.152
mi+ My ( )

As de ned, " 2 [0; 1].
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Fourier transforming the di erential equation, we replace each time derivative by ( i ),

and thereby obtain
3 o+ n

_ 4 =0 :

o pl3" 2, % A =0: (9.153)

Nontrivial solutions exist only when the determinant D vanishes. One easily nds

2+
3

D(%= * 2+21 "2, (9.154)

which yields a quadratic equation in 2, with roots

p_
2=1 1 2712 23: (9.155)
These frequencies are dimensionless. To convert to dimewsiful units, we simply multiply
the solutions for by ! o, since we have rescaled time by L

Note that the L4 and L5 points are stable only if "? > % If we de ne the mass ratio
m,;=m,, the stability condition is equivalent to

P P
my 27+ 23
= > p——p— =24:960; 9.156
mpy 27 23 ( )
which is satis ed for both the Sun-Jupiter system ( = 1047) { and hence for the Sun and
any planet { and also for the Earth-Moon system ( = 81:2).

Objects found at the L4 and L5 points are called Trojans, after the three large asteroids
Agamemnon, Achilles, and Hector found orbiting in the L4 and L5 points of the Sun-Jupiter
system. No large asteroids have been found in the L4 and L5 putis of the Sun-Earth system.

Personal aside : David T. Wilkinson

The image in g. 9.13 comes from the education and outreach psgram of the Wilkinson
Microwave Anisotropy Probe (WMAP) project, a NASA mission, launched in 2001, which
has produced some of the most important recent data in cosmogy. The project is named
in honor of David T. Wilkinson, who was a leading cosmologistat Princeton, and a founder
of the Cosmic Background Explorer (COBE) satellite (launched in 1989). WMAP was sent
to the L2 Lagrange point, on the night side of the earth, whereit can constantly scan the
cosmos with an ultra-sensitive microwave detector, shieldd by the earth from interfering
solar electromagnetic radiation. The L2 point is of course mstable, with a time scale of
about 23 days. Satellites located at such points must underg regular course and attitude
corrections to remain situated.

During the summer of 1981, as an undergraduate at Princeton| was a member of Wilkin-
son's \gravity group,” working under Je Kuhn and Ken Libbre cht. It was a pretty big
group and Dave { everyone would call him Dave { used to throw waderful parties at his
home, where we'd always play volleyball. | was very fortunag to get to know David Wilkin-
son a bit { after working in his group that summer | took a class from him the following
year. He was a wonderful person, a superb teacher, and a worldass physicist.



172 CHAPTER 9. CENTRAL FORCES AND ORBITAL MECHANICS



Chapter 10

Small Oscillations

10.1 Coupled Coordinates

We assume, for a set oh generalized coordinated o;:::; 0hg, that the kinetic energy is a
gquadratic function of the velocities,
T=3T o(0hiiiii6G)d Ao (10.1)

where the sumon and °from 1 to n is implied. For example, expressed in terms of polar
coordinates (; ; ), the matrix Tij is

0 1
1 0 0

T o=m@ (2 0 A =) T=1Imr?+r22+1r2%sin2 2. (10.2)
0 0 r?sir?

U = U(g). A more general formulation of the problem of small oscilldions is given in the
appendix, section 10.8.

The generalized momenta are

L
p = % = 0Qqo; (10.3)
and the generalized forces are
@L_ 1@To @Uu
= — == —_— 104
The Euler-Lagrange equations are therp_= F , or
T 1@T U
T g+ &T° 1@Tow .= @ (10.5)
@ 2 @q @q

which is a set of coupled nonlinear second order ODEs. Here ware using the Einstein
‘summation convention', where we automatically sum over ag and all repeated indices.

173
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10.2 Expansion about Static Equilibrium

Small oscillation theory begins with the identi cation of a static equilibrium faq;:::;0n0,
which satis es the n nonlinear equations
ev =0: (10.6)
@Q ¢=q

Once an equilibrium is found (note that there may be more thanone static equilibrium),
we expand about this equilibrium, writing

q q + : (20.7)
The coordinatesf ;;:::; ng represent thedisplacements relative to equilibrium.

We next expand the Lagrangian to quadratic order in the genealized displacements, yielding

L=3T o_ _o 3V o o; (10.8)
where
T U
T o= @ ; V o= @ : (10.9)
@ @, =q @q@aq = q
Writing  t for the row-vector ( 4;:::; n), we may suppress indices and write
L=2'T_ % 'v (10.10)

where T and V are the constant matrices of eqn. 10.9.

10.3 Method of Small Oscillations

The idea behind the method of small oscillations is to e ect acoordinate transformation
from the generalized displacements to a new set of coordinates , which render the
Lagrangian particularly simple. All that is required is a li near transformation,

=A . (10.11)

where both  andi run from 1to n. Then n matrix A ; is known as themodal matrix.
With the substitution =A (hence '= 'A', where 4 =A, is the matrix transpose),

we have
L=3IATA - § 'AlvAa (10.12)

We now choose the matrix A such that

AATA= | (10.13)
AlVA=diag !2;:::;12 : (10.14)
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With this choice of A, the Lagrangian decouples:

L=1 2 122 (10.15)
i=1
with the solution
i(t)= Cjcos(it)+ Dijsin(!it); (10.16)
wherefCyq;:::;ChgandfDq;:::;D,gare 2n constants of integration, and where no sum is
implied on i. Note that
=A 1 =AlT : (10.17)

In terms of the original generalized displacements, the sation is

X n o]
t) = A; C; cos(;t)+ D;sin(! ;t) ; (10.18)
i=1

and the constants of integration are linearly related to the initial generalized displacements
and generalized velocities:

C=AL T o o0) (10.19)
D, =1, 1Ati T o_00); (10.20)

again with no implied sum oni on the RHS of the second equation, and where we have
used A 1= AT, from eqn. 10.13. (The implied sums in egn. 10.20 are over and ©)

: . . P :
Note that the normal coordinates have unusual dimensions: [[ = M L, wherelL is length
and M is mass.

10.3.1 Can you really just choose an A so that both these wonderful
things happen in 10.13 and 10.14?

Yes.

10.3.2 Er...care to elaborate?

Both T and V are symmetric matrices. Aside from that, there is no special relation between
them. In particular, they need not commute, hence they do notnecessarily share any
eigenvectors. Nevertheless, they may be simultaneously ajonalized as per 10.13 and 10.14.
Here's why:

Since T is symmetric, it can be diagonalized by an orthogonatransformation. That
is, there exists a matrix O, 2 O(n) such that
O{TO,;=Tgy; (10.21)

where Ty is diagonal.
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We may safely assume that T is positive de nite. Otherwise the kinetic energy can
become arbitrarily negative, which is unphysical. Therefae, one may form the matrix

Ty 2 \Which is the diagonal matrix whose entries are the inverse agpre roots of the
1=2

corresponding entries of Ty. Consider the linear transformation O, T~ ". Its e ect
onTis ) )

T,720iT10,T,%=1": (10.22)
SinceO; and T4 are wholly derived from T, the only thing we know about

¢ T,70lvo, T, (10.23)

is that it is explicitly a symmetric matrix. Therefore, it ma y be diagonalized by some
orthogonal matrix O, 2 O(n). As T has already been transformed to the identity, the
additional orthogonal transformation has no e ect there. T hus, we have shown that
there exist orthogonal matricesO,; and O, such that
1=2 1=2
OLT, "OiTO, T, “0,=1 (10.24)
1=2 1=2 .
O T, “OLVO, T, “0,=diag(! %:::;1 3): (10.25)

All that remains is to identify the modal matrix A= O, T = 0.,.

Note that it is not possibleto simultaneously diagonalizethree symmetric matrices in gen-
eral.

10.3.3 Finding the modal matrix

While the above proof allows one to construct A by nding the two orthogonal matricesO,
and O,, such a procedure is extremely cumbersome. It would be much ame convenient if
A could be determined in one fell swoop. Fortunately, this ispossible.

We start with the equations of motion, T « +V = 0. In component notation, we have
T 0® 0+V 0 0:0 . (1026)
We now assume that (t) oscillates with a single frequency! , i.e. (t) = e " This

results in a set of linear algebraic equations for the compoents

12T 4o V ¢ o=0: (10.27)
These aren equations in n unknowns: one for each value of = 1;:::;n. Because the
equations are homogeneous and linear, there is always a tial solution = 0. In fact one

might think this is the only solution, since

1

12T V. =0 =) = 12T V "0=0: (10.28)
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However, this fails when the matrix ! 2TV is defectivel, i.e. when
det 12T V =0: (10.29)

Since T and V are of rankn, the above determinant yields ann® order polynomial in ! 2,
whosen roots are the desired squared eigenfrequenciés 2;:::; ! 2g.

Once then eigenfrequencies are obtained, the modal matrix is constreted as follows. Solve
the equations

127 , v, @U=o0 (10.30)
0=1
which are a set of @ 1) linearly independent equations among then components of the
eigenvector (). That is, there are n equations ( =1;:::;n), but one linear dependency

since det( 2T V) =0. The eigenvectors may be chosen to satisfy a generalizeorthogo-
nality relationship,

o1 , 0= i (10.31)

To see this, let us duplicate egn. 10.30, replacing with j, and multiply both equations as
follows:

M a2t . v, Q=0 (10.32)
O a2t o v, ®=0: (10.33)
Using the symmetry of T and V, upon subtracting these equatians we obtain
(R SEGE o W=0; (10.34)
0=l

where the sums oni and j have been made explicit. This establishes that eigenvectsr ()
and ) corresponding to distinct eigenvalues! 2 6 ! 7 are orthogonal: ( )'T () =o.
For degenerate eigenvalues, the eigenvectors are natpriori orthogonal, but they may be
orthogonalized via application of the Gram-Schmidt procedire. The remaining degrees of
freedom - one for each eigenvector { are xed by imposing the @ndition of normalization:

oy o 0T, Qg 1, W= (10.35)
The modal matrix is just the matrix of eigenvectors: A; = M
With the eigenvectors M thusly normalized, we have
0= 12T o v o O
=12, Ov 0 - (10.36)
with no sum on j. This establishes the result
A'VA=diag !2;:::;12 : (10.37)

1The label defective has a distastefully negative connotation. In modern parlan ce, we should instead refer
to such a matrix as determinantally challenged.
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10.4 Example: Masses and Springs

Two blocks and three springs are con gured as in Fig. 17.6. Almotion is horizontal. When
the blocks are at rest, all springs are unstretched.

kl l{,'.z A 3
SRR A  Bnns

m 1 Mo

Figure 10.1: A system of masses and springs.

(a) Choose as generalized coordinates the displacement adah block from its equilibrium
position, and write the Lagrangian.

(b) Find the T and V matrices.
(c) Suppose
m;=2m ; my,=m ; k;=4k ; k,=k ; k;=2k;

Find the frequencies of small oscillations.
(d) Find the normal modes of oscillation.

(e) Attime t =0, mass #1 is displaced by a distanceb relative to its equilibrium position.
l.e. x4(0) = b. The other initial conditions are x,(0) =0, x,(0) =0, and x,(0) = 0.
Find t , the next time at which X, vanishes.

Solution

(a) The Lagrangian is

2 1 2 1) 2
X2 zKixi o gka(Xp X)) 3KgX3

-
1
NI
3

=
25
+
NI
3
N
x

(b) The T and V matrices are
aT m, O _ @u ky + ks, K,

T. = = "
N C RS 0 m, ! @x@x ko ko + ks
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k, and k; = 2k. Let us write ! 2 1 2,

(c) We have m; =2m, m, = m, k; = 4Kk, k,
where! k=m. Then

121 v=k 22 1

The determinant is
det(! 2T V)=(2 ? 11 +14)Kk?
=@2 7 2)k°:

There are two roots: =2and , = % corresponding to the eigenfrequencies
F—— F——
| = % . | = K
m ’ o 2m
(d) The normal modes are determined from { 2T V) ~® =0. Plugging in =2 we have

for the normal mode ~¢ )

11 1 ~() = 1
101 YT o ) =C
Plugging in = % we have for the normal mode ™"
2 1 O o 1
1 % £ =0 ) =G 2
The standard normalization (¥ T, = gives
1 1
C = p— ; C = p—": (10.38)
3m 6m
(e) The general solution is
!
1A Locost peB L ocost,t)+C T osing t)+ D sin(l , 1) -
X, 1 2 1 2

The initial conditions x,;(0) = b, x,(0) = x,(0) = x,(0) = 0 yield
A=2b ; B=1ib ; C=0 ; D=0:

Thus,

o

Xq(t) = 2cos( t)+cos(!,t)

X,(t) =

winN Wik

o

cos( t) cos(,t)
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Figure 10.2: The double pendulum.

Setting x,(t ) =0, we nd

cos( t)=cos(!,t) ) Ft=1,t ) t = — =

10.5 Example: Double Pendulum

As a second example, consider the double pendulum, witm; = m,=mand *; = ", =~
The kinetic and potential energies are

T=m?22+m?cos(; {)4q-+im?3 (10.39)
V= 2mg cos; mg cos,; (10.40)
leading to
o 2m? m'? _ _2mg> 0
T= "2 2 LoV T, mg" (10.41)
Then
|2 |2 |2
127 v=m2 2 !22'0 2 i (10.42)

. P — . . .
with ! = g=". Setting the determinant to zero gives

202 132 14=0 ) 12=(2 pé)!g: (10.43)
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We nd the unnormalized eigenvectors by setting ( 2T V) () =0. This gives

S -c b

2 , +73 ; (10.44)

whereC are constants. One can check T M 0)

¢ vanishes fori 6 j. We then normalize
b{(1 demanding T , @

“3 =1 (no sum on i), which determines the coe cients C =
I ~ N - .
% (2 2)=m’2. Thus, the modal matrix is

0 1 O p__p_ p__p_1
¥ . L 3 2+ > 2 2X
A= @ A= pr_ : (10.45)
~2 p—p_ P—p
> 2 2. m 4+2°2 + 4 22

10.6 Zero Modes

Recall Noether's theorem, which says that for every continous one-parameter family of
coordinate transformations,

a! e&(@) ; & =0=4g; (10.46)
which leaves the Lagrangian invariant, i.e. dL=d = 0, there is an associated conserved
guantity,

X QoL@ . d
= @ @ . satis es ar - 0: (20.47)
For small oscillations, we writeq = q + , hence
X
k= G _ (10.48)

where k labels the one-parameter families (in the event there is mar than one continuous
symmetry), and where

X

C, = T o @ (10.49)
0 @«
Therefore, we can de ne the (unnormalized) normal mode
X
k= Cy

; (10.50)

which satis es °, = 0. Thus, in systems with continuous symmetries, to each sul contin-

uous symmetry there is an associated zero mode of the small @kations problem, i.e. a
mode with ! 2 =0,
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Figure 10.3: Coupled oscillations of three masses on a fricinless hoop of radiusR. All
three springs have the same force constarit, but the masses are all distinct.

10.6.1 Example of zero mode oscillations

The simplest example of a zero mode would be a pair of masses; and m, moving fric-
tionlessly along a line and connected by a spring of force catant k. We know from our
study of central forces that the Lagrangian may be written

L= gmpd+ amyxs  3k(xy  xp)°
= IMXZ+ 1 x2 Ikx?; (10.51)

where X = (m;x; + myX,)=(m; + m,) is the center of mass position,x = x; X, is the
relative coordinate, M = m, + m, is the total mass, and = m;m,=(m, + m,) is the
reducsd mass. The relative coordinate obeyg = ! 3 x, where the oscillation frequency is

k= . The center of mass coordinate obeyX = 0, i.e. its oscillation frequency is
zero The center of mass motion is a zero mode.

Another example is furnished by the system depicted in g. 103, where three distinct masses

m4, m,, and m; move around a frictionless hoop of radiusR. The masses are connected to
their neighbors by identical springs of force constank. We choose as generalized coordinates
the angles ( =1;2;3), with the convention that

Let R be the equmbrlum length for each of the springs. Then the pd)entlal energy is

U= lkRz ( o 1 PH(a o )@ o+ g )2
0
= %kRz (o 0?+( 3 2?°+@2 + ; 3?+32 4 (10.53)
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Note that the equilibrium angle  enters only in an additive constant to the potential
energy. Thus, for the calculation of the equations of motion it is irrelevant. It doesn't
matter whether or not the equilibrium con guration is unstr etched ( = 2 =3) or not
( 62 =3).

The kinetic energy is simple:
=IR?m; 2+ m, 3+ my 3 : (10.54)

The T andOV matrices are then
1

0
m,RZ 0 0 2kR?  kR?  kR?
T=B 0 mRZ 0K : V=@KR? %R? KkR?A : (1055
0 0 myR? kRZ kR2 2kR?2
We then have 0, 1
L2 1 1
1
12T v= kr2B 1 ’z 2 1 § : (10.56)
1 1 52
3
We compute the determinant to nd the characteristic polyno mial:
P()=det(!2T V) (10.57)
1 6 1 1 1 1 1 1
= g3 2 gt gt 143 S S S 12
1 2 3 1 2 2 3 1 3 1 2 3

where 2 k=m;. The equation P(! ) = 0 yields a cubic equation in! 2, but clearly ! 2 is

a factor, and when we divide this out we obtain a quadratic eqation. One root obviously
is ! % = 0. The other two roots are solutions to the quadratic equation:

2 _ 2 2 2 1 1 2 2 2,
l53= 1+ 5+ 3 5 5 1 5 (10.58)

PN
NN
N
+
NI
N
N
N
+

To nd the eigenvectors and the modal matrix, we set

0, 1
b2 1 1 9 gl
1 2 1
% 1 0% 2 1 %% W =o0; (10.59)
? 2 Q)
1 1 4 2 3
3
Writing down the three coupled equations for the componentsof (), we nd
|2 Q) |2 i) |2 Q)
-+ 3 = 4L 3 P= L 3 I (10.60)
1 3
We therefore conclude 1

-4 3

1

12 1

-4 3 : (10.61)
5

QZ

3
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The normalization conditon @ T (jo) = . then xes the constants q:

ij
3 +my 5 3 G°=1: (10.62)
3

The Lagrangian is invariant under the one-parameter family of transformations

! + (10.63)
forall =1;2;3. The associated conserved quantity is
_* eLa.
@ @
=RZmy 4+ M, 5+ My ; (10.64)

which is, of course, the total angular momentum relative to the center of the ring. Thus,
from _= 0 we identify the zero mode as ;, where

1=Cmy g +tmy ,+mg 5 (10.65)

whereCis a constant. Recall the relation =A ; ; between the generalized displacements

and the normal coordinates ;. We can invert this relation to obtain

=AY =AY T o o (10.66)
Here we have used the result AT A = 1 to write
Al=A'T: (10.67)

This is a convenient result, because it means that if we ever e@ed to express the normal
coordinates in terms of the generalized displacements, weod't have to invert any matrices
{ we just need to do one matrix multiplication. In our case here, the T matrix is diagonal,
so the multiplication is trivial. From eqgns. 10.65 and 10.66 we conclude that the matrix
A'T must have a rst row which is proportional to (m,;m,;m;). Since these are the very
diagonal entries of T, we conclude that A itself must have a rst row which is proportional
to (1;1; 1), which means that the rst column of A is proportional to (1;1;1). But this is

con rmed by eqn. 10.60 when we takej =1, since! j2=1 =0: gl) = gl) = gl).

10.7 Chain of Mass Points

Next consider an in nite chain of identical masses, conneatd by identical springs of spring

constant k and equilibrium length a. The Lagrangian is
X
L=3m %2 3k (Xpu X, @

X' X'
m  u: ik (upy  up)?; (10.68)

n n

|
Nl
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whereu, Xp na bis the displacement from equilibrium of the n™ mass. The constant
b is arbitrary. The Euler-Lagrange equations are

d @L @L
dt @i " @u
= K(Unsr  un)  k(up Uy )
= k(upyg U, 1 2u,): (10.69)

Now let us assume that the system is placed on a large ring of iumferenceNa, where

N 1. Thenu,,, = un and we may shift to Fourier coe cients,
1 X
u, = p= €9 q, (10.70)
N 4
— 1 X igan .
0q= P= e (. (10.72)
N n
where g =2 j=Na , and both sums are over the sef;n 2f1;:::;Ng. Expressed in terms

of the f 0qQ, the equations of motion become

1 X igna
0y = pﬁ e S

1 .
= —p= e, +u, ; 2u,

N
1 igan iga +iga
p— e (e + e 2)up,

I
|
@
]

? 1ga 04 (10.72)

Thus, the f0q4g are the normal modes of the system (up to a normalization constat), and
the eigenfrequencies are

Ly = fn—k sin 3ga (10.73)
This means that the modal matrix is
1 .
Ang = pN: ghaan - (10.74)
m

where we've included thep- factor for a proper normalization. (The normal modes them-
selves are then g = A {nT ,ol,0 = P m Oq. For complex A, the normalizations are A'TA = |
and AYVA =diag( ! 2;:::;1 2).

Note that

Too=m

V.o o=2k

nn

(10.75)
nno 1 (10.76)

n;n0

k

n;n© n;n %1
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and that
X
(AYTA) G = AannnoAnoqo
n=1 n%=1
= ixq e 9an m glaan®
Nm n=1 n%=1
X
= Ni ei(qo g)an — q (1077)
n=1
and
y X
(A7VA) ac = AﬂannoAanO
n=1 n%=1
1 X _ .
= N e igan o nin© k " k hn0 1 (a%an®
n=1 n%=1
X
- KNE J@ dan 5 o '8 gala
m n=1
= —sin® 3da (=5 o (10.78)

Since Xy = Xa, where G = % we may choose any set of] values such that no two are
separated by an integer multiple of G. The set of points fjGg with j 2 Z is called the
reciprocal lattice. For a linear chain, the reciprocal lattice is itself a linea chain?. One
natural set to choose isq 2 373 - This is known as the rst Brillouin zone of the

a b
reciprocal lattice.

Finally, we can write the Lagrangian itself in terms of the fugg. One easily nds

X X
L=3m 0,0, k (1 cosqa)0,0,; (10.79)
q q

where the sum is overq in the rst Brillouin zone. Note that

0 = qg ="y (10.80)

This means that we can restrict the sum to half the Brillouin zone:

1 X 4 o g .
L=35m 0q Oy o sin® 5qa 0q04 (10.81)
q2[0; 71

2For higher dimensional Bravais lattices, the reciprocal la ttice is often dierent than the real space

(\direct") lattice. For example, the reciprocal lattice of a face-centered cubic structure is a body-centered
cubic lattice.
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Now ¢, and &}, may be regarded as linearly independent, as one regards coiteg variables
z and z . The Euler-Lagrange equation foruy, gives

d @L @L 2
- — = = b,= 1504: 10.82
Extremizing with respect to 1, gives the complex conjugate equation.
10.7.1  Continuum limit
Lletustake N 'l ,a! O, with Ly= Na xed. We'll write
u,(t) ' u(x = najt) (10.83)
in which case
z
X dx @u?
— 1 2 1
T=35m ) us ! 5m 2 ot (10.84)
z
X d + 2
V=ik' (U up)? ! 1k EX u(x a; ux) * g2 (10.85)
n
Recognizing the spatial derivative above, we nally obtain
Z
L= dxL(u;@Qu;Qu)
2 2
_1 @Qu° , @u
L=3 ot 5 @x (10.86)
where = m=ais the linear mass density and = ka is the tensior®. The quantity L is

the Lagrangian density; it depends on the eld u(x;t) as well as its partial derivatives @u
and @u*. The action is

2o Zb
S u(x;t) = dt dxL(u;@Qu;Qu) ; (10.87)
ta Xa

where f xa; X, g are the limits on the x coordinate. Setting S = 0 gives the Euler-Lagrange
equations

@a @ @ @ @ —q -
eu et@a) exaey (1059)
For our system, this yields the Helmholtz equation,
1@ _ @u

%For a proper limit, we demand and be neither in nite nor in nitesimal.
4L may also depend explicitly on x and t.
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wherec = P "= s the velocity of wave propagation. This is a linear equatim, solutions of
which are of the form _ _
u(x;t)= Ce¥™e Mt - (10.90)
where
I =c¢cq: (10.91)

Note that in the continuum limit a ! 0, the dispersion relation derived for the chain
becomes

2
fga ! kiq2 =P (10.92)

and so the results agree.

10.8 Appendix | : General Formulation

In the development in section 10.1, we assumed that the kinét energy T is a homogeneous
function of degree 2, and the potential energyU a homogeneous function of degree 0, in
the generalized velocitiesq . However, we've encountered situations where this is not so
problems with time-dependent holonomic constraints, suchas the mass point on a rotating
hoop, and problems involving charged particles moving in mgnetic elds. The general
Lagrangian is of the form

L=3T, odad o+ Ty (@a + To(@ U (a  Ug(a) ; (10.93)

where the subscript 0, 1, or 2 labels the degree of homogengibf each term in the generalized
velocities. The generalized momenta are then

L
p = % = T2 0q0+ T]_ Ul (1094)
and the generalized forces are
T U
F = @_: QT Yo + @, o 1 0 ot }@¥ OOOQ_OQ_OO; (10.95)

@q @q @q 2 @q
and the equations of motion are againp_= F . Once we solve

In equilibrium, we seek a time-independent solution of the érm g (t) = g . This entails

@
—  Up(d) To(@) =0; (10.96)
@q 0=4
which give usn equations in the n unknowns (g;:::;0n). We then write ¢ = q + and
expand in the notionally small quantities . It is important to understand that we assume

and all of its time derivatives as well are small. Thus, we carexpandL to quadratic order
in (; ) to obtain

L=3T o_ _o 3B o A 0 (10.97)
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where

@U, T
T o=To o0 ; V ,= —90 0 - B
@i@s .,

:Z@Ulo T]_O

: (10.98
@q ( )

g=q

Note that the T and V matrices are symmetric. The B , term is new.

Now we can always write B = %(BS+B @) as a sum over symmetric and antisymmetric parts,
withBS=B+B tand B2=B B!. Since,

BS , o . (10.99)

Nl

d
-7 Gt

S —
B> o 0=

any symmetric part to B contributes a total time derivative t o L, and thus has no e ect on
the equations of motion. Therefore, we can project B onto itsantisymmetric part, writing
!
@U; o T, o0 @u, L

B o= : (10.100)
@q @p .
We now have
L
p:Q:T o_o*t 3B o o (10.101)
@
and
L
F - oL B o_0o V o o (10.102)
@
The equations of motion,p_ = F , then yield
T 0.0+B 0_0+V 0 0:0: (10103)
Let us write (t)= e " . We then have
12T+ B V =0: (10.104)
To solve eqgn. 10.104, we seP (! ) =0, where P(! ) =det Q(!) , with
Q) !'’T+i' B V: (10.105)

Since T, B, and V are real-valued matrices, and since deil ) = det( M!) for any matrix
M, we canuse B= Btoobtain P( !)= P(!)and P(! )= P(!) . This establishes
thatif P(!) =0, i.e. if ! is an eigenfrequency, thenP( !')=0and P(! )=0, i.e. !
and! are also eigenfrequencies (and hence! as well).
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10.9 Appendix Il : Additional Examples

10.9.1 Right Triatomic Molecule

A molecule consists of three identical atoms located at the ertices of a 45 right triangle.
Each pair of atoms interacts by an e ective spring potential, with all spring constants equal
to k. Consider only planar motion of this molecule.

(a) Find three “zero modes' for this system {.e. normal modes whose associated eigenfre-
guencies vanish).

(b) Find the remaining three normal modes.

Solution

It is useful to choose the following coordinates:

(X1:Y1) =(Xy; y1) (10.106)
(Xo:Yo) =(a+ Xy;Y,) (10.107)
(X3;Yg) =(Xg;a+tyg): (10.108)
The three separations are then
q
dp= (@+ Xy X9)2+(Y, Yy)?
= a+ X, X+ (10.109)
q
Oy = p( a+ Xz Xp)?2+(a+ys Yy,)?
= 2a Fhxg xp +ehy; oy, +in (10.110)
q

= (X3 X2+ (a+ys yp)?
saty; y;tiic (10.111)

d13

The potential is then

2

U=1k d, aZ+ik d, "2a2+lkd. a (10.112)
2 12 2 23 2 13

-1 2,1 2,1 2
=KXy X T+ gk Xg X T gzKys Y,

2
lkxg X, V3 Yo +3kys v (10.113)
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De ning the row vector
b X Y X Yo X3 i Vs (10.114)
we have that U is a quadratic form:
U=32 V o o=3 'V ; (10.115)

0 1
0o 1 0 o0 0 1
1 0
V=V ,= Gy = k (10.116)
@q@cpeq; O O
0 0

with

3 1 11
2 2 2 2
11 1 1
2 2 2 2
11 1 1
2 2 2 2
0 13 3 %3
The kinetic energy is simply
T=3imx3+yi+ xZ+y2+x3+y2 ; (10.117)
which entails
T o=m o (10.118)

(b) The three zero modes correspond tac-translation, y-translation, and rotation. Their
eigenvectors, respectively, are

0.1 01 0 1
1 0 1
0 1 1
1 1 1
Pl eTPEEN ¢ ot Pampef (01
1 2
0 1 1

To nd the unnormalized rotation vector, we nd the CM of the t riangle, located at £; 2 ,

3
and sketch orthogonal displacements (R; Ry ) at the position of mass pointi.

(c) The remaining modes may be determined by symmetry, and a& given by

0 1 0 1
1 1

0 1
1
1 1 1
1 1 1 1 2
4 _p_ 5 _p_ 0 6 Ep% 1 ( )
1
2

OrFr F O
o
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. N

Figure 10.4: Normal modes of the 45right triangle. The yellow circle is the location of the
CM of the triangle.

with r r

N
~
w
~

I3
L= e X e X (10.121)

Since T = m 1is a multiple of the unit matrix, the orthogonormality rela tion 27, P= a
entails that the eigenvectors are mutually orthogonal in the usual dot product sense, with

a p=m 1 . One can check that the eigenvectors listed here satisfy tisi condition.

The simplest of the setf ,; 5 g to ndis the uniform dilation 5, sometimes called
the “breathing' mode. This must keep the triangle in the sameshape, which means that
the deviations at each mass point are proportional to the disance to the CM. Next, it is

simplest to nd ,, in which the long and short sides of the triangle oscillate at of phase.
Finally, the mode g must be orthogonal to all the remaining modes. No heavy liftng (e.g.
Mathematica) is required!

10.9.2 Triple Pendulum

Consider a triple pendulum consisting of three identical masesm and three identical rigid
massless rods of length, as depicted in Fig. 10.5.
(a) Find the T and V matrices.

(b) Find the equation for the eigenfrequencies.
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Figure 10.5: The triple pendulum.

. : . . P — _
(c) Numerically solve the eigenvalue equation for ratios! 2=! 3, where! o = = g=". Find the
three normal modes.

Solution

The Cartesian coordinates for the three masses are

X, = sin y; =  COSs
X, = sin ;+sin, y,= ~COS;  COS,
Xg= " sin ;+ sin ,+  sin 4 y3= ~COS; ~COS,  COS g :

By inspection, we can write down the kinetic energy:

m xE+ yi+ X3+ y5+ X3+ 3

n
2 2,5 2, 2
m® 34+2 5+ 5+4cos(; )4

T=

Nl

Nl

0
+t2cos(; 3)a-3*t2C0S(, 3) -

The potential energy is

n 0
U= mg 3cos,;+2cos ,+C0S 5 ;
and the LagrangianisL = T U:
n
L=3m'2 33+2 3+ $+4c0os(; )4 +2c0S(; 3) 4
0 n 0

+2cos(, 3)—-- *+ Mg 3cos;+2cC0S ,+COS 4



194 CHAPTER 10. SMALL OSCILLATIONS

The canonical momenta are given by

@L_ "

1= —=m“ 3,42 ,c08(; )+t sc0s(; 3)
@L_ "

)= —=m“ 2,42 45c0s(; L)+t 5cC€0S(, 3)
@L_ " °

3= —=m'? 5+ 4c08(; )+ »C08(, 3)

The only conserved quantity is the total energy,E = T + U.

(a) As for the T and V matrices, we have

(0]

(0]

03 2 11
T
T o= @@@ =m?2@ 2 1A
=0 111
and 0 1
3 00
U
V o= @ =mg @ 2 A :
@ @ 5 001
(b) The eigenfrequencies are roots of the equation det?T V) =0. Dening !, g=,
we have 0 1
302 13 212 |2
12T V=m?@ 212 202 19 12 A
12 |2 (12 13
and hence . .
h [ h |
det(12T V)=3(12 13 202 132 14 212 21202 13 14
h i
+12 214 21202 13
=6(12 133 91412 12)+41°
=16 9121441814312 61§
(c) The equation for the eigenfrequencies is
3 92+18 6=0; (10.122)
where! 2= 1 2. This is a cubic equation in . Numerically solving for the roots, one nds
12=0:415774 % ; 12=2:20428 %3 ; 12=6:28995 3 : (10.123)
I nd the (unnormalized) eigenvectors to be
1 0 1
1 1 1
.= @2920A ;= @0:35286A ;5= @ 1.6450M : (10.124)

1:6312 2:3981 0:76690
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10.9.3 Equilateral Linear Triatomic Molecule

Consider the vibrations of an equilateral triangle of mass pints, depicted in gure 10.6 .
The system is con ned to the (x;y) plane, and in equilibrium all the strings are unstretched
and of length a.

k

Figure 10.6: An equilateral triangle of identical mass poirns and springs.

(a) Choose as generalized coordinates the Cartesian displacents (x;;y;) with respect to
equilibrium. Write down the exact potential energy.

(b) Find the T and V matrices.

(c) There are three normal modes of oscillation for which the caresponding eigenfrequencies
all vanish: ! 5 = 0. Write down these modes explicitly, and provide a physicd interpretation
for why ! 5 = 0. Since this triplet is degenerate, there is no unigue anser { any linear
combination will also serve as a valid “zero mode'. Howeverif you think physically, a
natural set should emerge.

(d) The three remaining modes all have nite oscillation frequencies. They correspond to
distortions of the triangular shape. One such mode is the \beathing mode" in which the
triangle uniformly expands and contracts. Write down the eigenvector associated with this
normal mode and compute its associated oscillation frequeaty.

(e) The fth and sixth modes are degenerate. They must be orthogomal (with respect to
the inner product de ned by T) to all the other modes. See if you can gure out what these
modes are, and compute their oscillation frequencies. As iff@a) , any linear combination of
these modes will also be an eigenmode.

(f)  Write down your full expression for the modal matrix A 4, and check that it is correct
by using Mathematica.
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\ rotation

| ot |

x—translation y—translation

Figure 10.7: Zero modes of the mass-spring triangle.

Solution

Choosing as generalized coordinates the Cartesian displaments relative to equilibrium, we
have the following:

#1: XY
#2: a+ Xy,

1 °3
#3: za+ X3, aty;

Let dij be the separation of particlesi and j. The potential energy of the spring connecting
them is then 3k (d;  a)2.

2 _ 2 2
diz= a+x; X3 "+ vy, pyl

2 _ 1 2 3 2
d3= 38+ X3 X, + Faty; Y,

2 _ 1 2 3 2,
diz= 3a+X3 Xy "+ Zfa+y; y;

The full potential energy is

U=2lkd, a’+1kdy a’+ikd, a’: (10.125)

This is a cumbersome expression, involving square roots.

To nd T and V, we need to write T and V as quadratic forms, neglecting higher order
terms. Therefore, we must expanddij a to linear order in the generalized coordinates.
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-~ dilation N

/ A mode B mode

Figure 10.8: Finite oscillation frequency modes of the masspring triangle.

This results in the following:

d,=a+ X, x; +:i:

dz=a 3 Xg X2+pTEY3 Y2
dg=a+3 X3 Xg +52 V3 yp +
Thus,
U= 2k x, xq 2+ Lk x, x4 p§y2+p§y32
+ 2k X3 X + 3y, IO§y12+higherorderterms:
De ning

G%h OO0 = X1:Y1:X2,Y2: X3 Y3 s
we may now read o

0 p p_ 1
5 4 3=4 1 0 1=4 3=4

0 0 P 3=4 3=4
p_ [

v 5=4 3=4 1=4 3=4

°" @ q @ @ q P34 34 3 3=4
1=4 P 3=4 1=2 0

P 3=4 3=4 0 3=2

The T matrix is trivial. From

_ 1 2 2 2
T=25mXp+yi+ X3+ Y3+ X3+ Y3
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A AR o o -

Figure 10.9: John Henry, statue by Charles O. Cooper (1972). \Now the man that invented
the steam drill, he thought he was mighty ne. But John Henry d rove fteen feet, and the
steam drill only made nine." - from The Ballad of John Henry.

we obtain
Ti' = @T =m . ;
I @@y !

and T = m | is a multiple of the unit matrix.

The zero modes are depicted graphically in gure 10.7. Expkitly, we have

01 01 0 1
1 0 1=2

0 1 Pam
_ 1 1 _ 1 0 . _ 1 1=2
T PERBE 0 vTPEREE 0 o T PERE e
1 0 1
0 1 0

That these are indeed zero modes may be veri ed by direct mulplication:

V oy =V ,=0: (10.126)

The three modes with nite oscillation frequency are depicted graphically in gure 10.8.
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Explicitly, we have

0 1 0 p_ 1 0 p_ 1
1=2 3=2 3=2
ID§=2 1=2 1=2
1 1=2 1 P30 1 P 3=
A~ pﬁ 93:2 ) B — % 1=2 ) dil — 3m 1=2
1 0 0
0 1 1

The oscillation frequencies of these modes are easily checkby multiplying the eigenvectors
by the matrix V. Since T= m | is diagonal, we have V 3 = m! § a. One nds

Mathematica? | don't need no stinking Mathematica.

10.10 Aside : Christo el Symbols

The coupled equations in egn. 10.5 may be written in the form

g+ daa=F; (10.127)
with
i1 @@Tq " %Tq %Tq (10.128)
and @U
F=T 1@—q : (10.129)

The components of the rank-three tensor are known asChristo el symbols, in the case
where T () de nes a metric on the space of generalized coordinates.



200 CHAPTER 10. SMALL OSCILLATIONS



Chapter 11

Elastic Collisions

11.1 Center of Mass Frame

A collision or “scattering event' is said to beelastic if it results in no change in the internal
state of any of the particles involved. Thus, no internal enegy is liberated or captured in
an elastic process.

Consider the elastic scattering of two particles. Recall tke relation between laboratory
coordinatesfr ,;r,g and the CM and relative coordinatesfR;r g:

R = r=R+ ———r (11.2)
mip+ mp mi+ mp
ma
r=r r rr= R ———r 11.2
1 2 2 my+ m. ( )

If external forces are negligible, the CM momentumP = M R-is constant, and therefore the
frame of reference whose origin is tied to the CM position is @ inertial frame of reference.
In this frame,
m, Vv m, Vv
viM = —2- . ysM = 17 (11.3)
m; + my m; + my

wherev = v; v, = vi® v5" is the relative velocity, which is the same in both L and
CM frames. Note that the CM momenta satisfy

pi¥ = myvi" = v (11.4)
ps' = myvi' = v (11.5)
where = m;m,=(m; + m,) is the reduced mass. Thus,p{" + ps" = 0 and the total

momentum in the CM frame is zero. We may then write

gov = P, P6_ PB.

— 11.6
2m, 2mo 2 ( )

P Pt ps" Pt )

201
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1 CM CM

P P

CM | / CM

P> | Do

Figure 11.1: The scattering of two hard spheres of radia and b The scattering angle is .

The energy is evaluated when the particles are asymptoticdy far from each other, in which
case the potential energy is assumed to be negligible. Aftethe collision, energy and mo-
mentum conservation require

2
P pn® i R pn® ) E®=Ev =R @)

The angle betweenn and n?is the scattering angle
n n® cos: (11.8)

The value of depends on the details of the scattering process,e. on the interaction
potential U(r). As an example, consider the scattering of two hard spheresdepicted in
Fig. 11.1. The potential is (

1 ifr a+b

U(r) = 11.9
") 0O ifr>a+b: ( )

Clearly the scattering angle is = 2 o, where  is the angle between the initial
momentum of either sphere and a line containing their two ceters at the moment of contact.

There is a simple geometric interpretation of these resultsdepicted in Fig. 11.2. We have

m,V + poh° (11.10)

p; = m,V + pytt p
pd=myv pyn°: (11.11)

0
1
P, =MV pot 9

So draw a circle of radiusp, whose center is the origin. The vectorsp,t and pyf° must
both lie along this circle. We de ne the angle betweenV andn:

V n=cos : (11.12)
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Figure 11.2: Scattering of two particles of massem; and m,. The scattering angle

angle betweentt and n°

203

is the

It is now an exercise in geometry, using the law of cosines, taetermine everything of

interest in terms of the quantities V, v, , and . For example, the momenta are
q
pp= miV2+ 2y2+2m, Vv cos
q
p= miV2+ 2y2+2m, Vv cos( )
q
p,= m3V2+ 2y2  2m, Vv cos
q
pP= m3V2+ 22 2m, Vv cos( )
and the scattering angles are
!
1 v sin 1 v sin( )
, = tan +tan
v cos + myV v cos( )+ mV
!
1 Vv sin 1 v sin( )
, = tan +tan
v.cos m,V v cos( ) myV

(11.13)

(11.14)

(11.15)

(11.16)

(11.17)

(11.18)
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(a) my; < my (b) my > my

Figure 11.3: Scattering when particle 2 is initially at rest.

If particle 2, say, is initially at rest, the situation is som ewhat simpler. In this case,V =
m,;V =(m; + m,) and m,V = v, which means the pointB lies on the circle in Fig. 11.3
(m; & my) and Fig. 11.4 (m; = m,). Let #,, be the angles between the directions of
motion after the collision and the direction V of impact. The scattering angle is the
angle through which particle 1 turns in the CM frame. Clearly

sin

mz

Nl

tan#; = ; #y =

We can also nd the speedsv and v§ in terms of v and , from

2 2
p=pi+ Dipp © 2Mpicos( ) (11.20)
and

ps=2p3(1 cos ): (11.21)

These equations yield

2r m2+
V9= mi+ ma+2mimacos : Vi _2miv sin(3 ) : (11.22)
mi + mo mi + mp

Figure 11.4: Scattering of identical mass particles when padicle 2 is initially at rest.
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Vi 1

(a) iy ‘r' Repulsive scattering in lab

Altraclive scattering in lab

Figure 11.5: Repulsive (A,C) and attractive (B,D) scattering in the lab (A,B) and CM
(C,D) frames, assuming particle 2 starts from rest in the labframe. (From Barger and
Olsson.)

The angle #max from Fig. 11.3(b) is given by sin#max = 2. Note that when m; = m,

mi
we have#; + #, = . A sketch of the orbits in the cases of both repulsive and attactive

scattering, in both the laboratory and CM frames, in shown in Fig. 11.5.

11.2 Central Force Scattering

Consider a single particle of mass movng in a central potential U(r), or a two body central
force problem in which is the reduced mass. Recall that

dr _d dr Toodr
—= — —= — 11.23
dt dt d rz d’ ( )
and therefore
N2
E=3 2+ o5+ U
2 gr 2 2
= 57d g + TR + U(r) : (11.24)
Solving for 4, we obtain
d ' 4
d—r = 2T E un ez (11.25)
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b+ db
Figure 11.6: Scattering in the CM frame. O is the force centerand P is the point of

periapsis. The impact parameter isb, and is the scattering angle. ¢ is the angle through
which the relative coordinate moves between periapsis anchinity.

Consulting Fig. 11.6, we have that

2 dr
= p= p 11.26
0 P 2 r2|~' E U, (1 ( )
p
whererp is the radial distance at periapsis, and where
2
U, (r)= T + U(r) (11.27)

is the e ective potential, as before. From Fig. 11.6, we conkude that the scattering angle
is

= 2, (11.28)

It is convenient to de ne the impact parameter bas the distance of the asymptotic trajectory
from a parallel line containing the force center. The geomaty is shown again in Fig. 11.6.
Note that the energy and angular momentum, which are consered, can be evaluated at
in nity using the impact parameter:

E=3v? . "=vib: (11.29)
Substituting for " (b), we have
2
d b
oE)=  Sa— ) (11.30)
r 2 u(r)
1 5 =2

p
In physical applications, we are often interested in the deection of a beam of incident

particles by a scattering center. We de ne the di erential scattering cross section d by

_ # of particles scattered into solid angle d per unit time
incident ux

d (11.31)
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b

Figure 11.7: Geometry of hard sphere scattering.

Now for particles of a given energyE there is a unique relationship between the scattering
angle and the impact parameter b, as we have just derived in egn. 11.30. The di erential
solid angle is given byd =2 sin d , hence

b db _ diB)
sin d ~ dcos (11.32)

a
=

Note that - has dimensions of area. The integral ofi- over all solid angle is thetotal
scattering cross section
Z
;=2 d sin

i (11.33)

11.2.1 Hard sphere scattering

Consider a point particle scattering o a hard sphere of radius a, or two hard spheres of
radii a; and a, scattering o each other, with a  a; + a,. From the geometry of Fig. 11.7,

- aqi -1
we haveb= asin jand = 5( ), SO

b =a’sin® 3 1 )= 1a®(l+cos ): (11.34)

We therefore have
3_ _ % = 1g2 (11.35)
and ; = a?. The total scattering cross section is simply the area of a Spere of radiusa

projected onto a plane perpendicular to the incident ux.
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11.2.2 Rutherford scattering

Consider scattering by the Kepler potential U(r) = $ We assume that the orbits are
unbound, i.e. they are Keplerian hyperbolae with E > 0, described by the equation

a("? 1)
= - = — . 1136
()= Tyicoe ) S o= & (11.36)
Recall that the eccentricity is given by
ZE\Z bVl 2
"o+ =1+
1 2 1 " (11.37)
We then have
2
bV]_ — n2 l
k
=sec , l=tan? j=ctn? } (11.38)
Therefore K
— 1
b( )= Wctn 3 (11.39)
We nally obtain
d _d(3P) 1 k ?dctn? i
d ~dcos 2 v? dcos
_1 k 2 d 1+ cos
2 v? dcos 1 cos
K 2
— 1 .
T csé¢ 1 (11.40)
which is the same as
a_ K i csé¢ 1 (11.41)
d  4E 2 '
Since g— / 4as | 0, the total cross section ; diverges! This is a consequence of

the long-ranged nature of the Kepler/Coulomb potential. In electron-atom scattering, the
Coulomb potential of the nucleus is screened by the electrons of the atom, and the Fr
behavior is cut o at large distances.

11.2.3 Transformation to laboratory coordinates

We previously derived the relation

sin
tan#= — ; (11.42)
+ cos
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where#  #, is the scattering angle for particle 1 in the laboratory frame, and = Tt

ma
is the ratio of the masses. We now derive the di erential scatering cross section in the
laboratory frame. To do so, we note that particle conservaton requires

d— 2 sin#d# = d— 2 sind ; (11.43)
d d cum
which says
d d dcos
-— = — : 11.44
d | d oy dcos# ( )
From
COS# = 17
1+ tan2#
+ cos
=p : 11.45
"1+ 2+2 cos ( )
we derive q " 1+
cos# _ cos _ (11.46)
dcos 1+ 2+2 cos

and, accordingly,
1+ 242 cos %
d— = d— : (11.47)
d | 1+ cos d om
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Chapter 12

Noninertial Reference Frames

12.1 Accelerated Coordinate Systems

A reference frame which is xed with respect to a rotating rigid body is not inertial. The
parade example of this is an observer xed on the surface of th earth. Due to the rotation of
the earth, such an observer is in a noninertial frame, and thee are corresponding corrections
to Newton's laws of motion which must be accounted for in orde to correctly describe
mechanical motion in the observer's frame. As is well knownthese corrections involve
ctitious centrifugal and Coriolis forces.

Consider an inertial frame with a xed set of coordinate axesé , where runs from 1 to
d, the dimension of space. Any vectorA may be written in either basis:
X

A= A e = Ale%; (12.1)

whereA = A @ andA° = A &0 are projections onto the di erent coordinate axes. We
may now write

dA X dA A
dt inertial B dt
= X ﬂéo X AY — dev : (12.2)
dt _ dt

i i
The rst term on the RHS is ( dA = dt)bod , the time derivative of A along body- xed axes,

i.e. as seen by an observer rotating with the body. But what |sdé°-dt’> Well, we can always
expand it in the fé g basis:

X
de®=  d & d de® @0 : (12.3)
j
Note that d = d is antisymmetric, because
0=de® & =d +d ; (12.4)

211
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~
€

Figure 12.1: Reference frames related by both translation rad rotation.

becaused® &0 = is a constant. Now we may dened 12 d 3, et cyc, so that
X d
d = d ;o] —_; 125
ai (12.5)
which yields
e e : 12.6
il : (12.6)
Finally, we obtain the important result
dA - A A (12.7)
dt inertial dt body
which is valid for any vector A.
Applying this result to the position vector r, we have
d_r = d_r +1  r: (12.8)
dt inertial dt body
Applying it twice,
g |
2
ar - 44 a0 (12.9)
dt inertial dt body dt body
2 ]
= d_; + d r+2! dr +0 (0 r):

Note that d! =dt appears with no \inertial" or \body" label. This is because, upon invoking

eq. 12.7,
d! _d

- - + 1 - (12.10)
dt inertial dt body
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and since! ! =0, inertial and body- xed observers will agree on the valueof !, .., =
!

|
—body —

12.1.1 Translations

Suppose that frameK moves with respect to an inertial frameK °, such that the origin of
K lies at R(t). Suppose further that frame K © rotates with respect to K, but shares the
same origin (see Fig. 12.1). Consider the motion of an objedlying at position  relative
to the origin of K°, and r relative to the origin of K=K 0 Thus,

=R +r; (12.11)
and
d— = d—R + d_r +1 r (12.12)
dt inertial dt inertial dt body
d? dR d? d!
< - 22 v S0 v Sy (12.13)
dt inertial dt inertial dt body dt
+2! d_r +!1 (0 r):
dt body

Here,! is the angular velocity in the frame K or K2

12.1.2 Motion on the surface of the earth

The earth both rotates about its axis and orbits the Sun. If we add the in nitesimal e ects
of the two rotations,

dry=1, rdt
d,=1, (r+dry)dt
dr =dr,+dr,
=(1,+!,)dt r+0 (dt)? : (12.14)
Thus, in nitesimal rotations add. Dividing by dt, this means that
X
I = b (12.15)
i
where the sum is over all the rotations. For the earth,! =1 + !

The rotation about earth's axis, ! ,,; has magnitude !, = 2 =(1day) = 7:29
10 °s 1. The radius of the earth isRe =6:37 10°km.
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The orbital rotation about the Sun, ! /. has magnitude! j, =2 =(1yr) =1:99
10 ”s 1. The radius of the earth isae = 1:50 10° km.

Thus, ! 1o:=! op = To=Trot = 365:25, which is of course the number of daysife. rotational
periods) in a year (.e. orbital period). There is also a very slow precession of thearth's
axis of rotation, the period of which is about 25,000 years, \ich we will ignore. Note! =0
for the earth. Thus, applying Newton's second law and then ivoking eq. 12.14, we arrive
at

d?r d°R dr
m —— =F® m — 2m! — m' (' r); (12.16)
dt earth dt Sun dt earth
where! =1 +! ., andwhereRg,, is the acceleration of the center of the earth around

the Sun, assuming the Sun- xed frame to be inertial. The fore F wy is the total force on
the object, and arises from three parts: (i) gravitational pull of the Sun, (ii) gravitational
pull of the earth, and (iii) other earthly forces, such as spings, rods, surfaces, electric elds,
etc.

On the earth's surface, the ratio of the Sun's gravity to the earth's is

F _GM m GMem M Re 2

Fe a2 RZ = M,

6:02 10 4: (12.17)

In fact, it is clear that the Sun's eld precisely cancels with the term mR g, at the earth's
center, leaving only gradient contributions of even lower aoder, i.e. multiplied by Re=a¢
4:25 10 °. Thus, to an excellent approximation, we may neglect the Sunentirely and
write

d?r FO dr
FEotg 2 L1 (D) (12.18)

Note that we've dropped the “earth' label here and hencefolt. We de ne g = GMer=r?,
the acceleration due to gravity; F %is the sum of all earthly forces other than the earth's
gravity. The last two terms on the RHS are corrections tome = F due to the noninertial
frame of the earth, and are recognized as the Coriolis and céiifugal acceleration terms,
respectively.

12.2 Spherical Polar Coordinates

The locally orthonormal triad fr; "; “g varies with position. In terms of the body- xed
triad fX;¥; 29, we have
r=sin cos X +sin sin y+cos 2 (12.19)
“=cos cos R+cos sin ¢ sin 2 (12.20)
"= sin R+cos ¥ (12.21)
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Figure 12.2: The locally orthonormal triad fr; ™; "g.

Inverting the relation between the triads f; *; “g and f®;¥; 2g, we obtain

2 =sin cos r+cos cos " sin "

¢ =sin sin r+cos sin “+cos

N .

2=cos N sin
The di erentials of these unit vectors are

dr="d +sin "d
d*= rd +cos “d
d*= sin ~rd cos "d :

Thus,

r_=£r|“=r|"+rf*_
dt -

=rfr+r"+rsin "
If we di erentiate a second time, we nd, after some tedious accounting,

= r2 rsin® 2P+ 2r_+r° rsin cos 2

+ 2r _sin +2r —__cos +r sin

2 N

215

(12.22)
(12.23)
(12.24)

(12.25)
(12.26)
(12.27)

(12.28)

(12.29)
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12.3 Centrifugal Force

One major distinction between the Coriolis and centrifugal forces is that the Coriolis force
acts only on moving particles, whereas the centrifugal fore is present even wherr_= 0.
Thus, the equation for stationary equilibrium on the earth's surface is

mg+F% m' (0 r)=0; (12.30)

involves the centrifugal term. We can write this asF °+ mg = 0, where

GM P
g= r; L ) (12.31)
= gy !%Resin® r+!12Resin cos "; (12.32)
where g, = GM=R2 = 980cm=s?>. Thus, on the equator, g = gy !?Re 1, with

I ?2Re  3:39cnes?, a small but signi cant correction. Thus, you weigh less on the equator.

Note also the term in g along ". This means that a plumb bob suspended from a general
point above the earth's surface won't point exactly toward the earth's center. Moreover, if

the earth were replaced by an equivalent mass of uid, the uid would rearrange itself so
as to make its surface locally perpendicular tog. Indeed, the earth (and Sun) do exhibit

guadrupolar distortions in their mass distributions { both are oblate spheroids. In fact, the

observed dierencegt = ) ¢ =0) 52 cm=s?, which is 53% greater than the nasely

expected value of 339 cm=s?. The earth's oblateness enhances the e ect.

12.3.1 Rotating tube of uid

Consider a cylinder lled with a liquid, rotating with angul ar frequency! about its sym-
metry axis 2. In steady state, the uid is stationary in the rotating fram e, and we may
write, for any given element of uid

0=f%g 122 (2 r); (12.33)

wheref %is the force per unit mass on the uid element. Now consider a uid element on
the surface. Since there is no static friction to the uid, any component of f © parallel to
the uid's surface will cause the uid to ow in that directio n. This contradicts the steady
state assumption. Therefore, we must havef 0= {94, wheren is the local unit normal
to the uid surface. We write the equation for the uid's surf ace asz = z( ). Thus, with

r= "+ z()2, Newton's second law yields
fo'n=g2 12 ~; (12.34)
whereg = g2 is assumed. From this, we conclude that the unit normal to the uid surface

and the force per unit mass are given by

ay=92 2 " =P (12.35)

92+!4 2
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Figure 12.3: A rotating cylinder of uid.

Now supposer(; )= "+ z( )2 is a point on the surface of the uid. We have that
dr = ~d +z29)2d + "d; (12.36)
where z° = g_z and where we have usedl* = "d , Which follows from egn. 12.25 after
setting = 5. Now dr must lie along the surface, thereforet dr = 0, which says
g% =12 (12.37)
d
Integrating this equation, we obtain the shape of the surfae:
] 2 2
z()=z5+ 29 (12.38)
12.4 The Coriolis Force
The Coriolis force is given byF., = 2m! r. According to (12.18), the acceleration

of a free particle (F°= 0) isn't along g { an orthogonal component is generated by the
Coriolis force. To actually solve the coupled equations of ration is di cult because the
unit vectors fr; " ’\g change with position, and hence with time. The following standard
problem highlights some of the e ects of the Coriolis and cefrifugal forces.

PROBLEM cannonball is dropped from the top of a tower of heighth located at a northerly
latitude of . Assuming the cannonball is initially at rest with respect to the tower, and
neglecting air resistance, calculate its de ection (magniude and direction) due to (a) cen-
trifugal and (b) Coriolis forces by the time it hits the groun d. Evaluate for the caseh = 100
m, =45 . The radius of the earth isRc=6:4 1Fm.

SOLUTIONThe equation of motion for a particle near the earth's surfa@ is
= 2 g r); (12.39)
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where! =1 2, with | =2 =(24hrs)=7:3 10 °rad=s. Here,g, = GM¢=RZ = 980 cm=s2,
We use a locally orthonormal coordinate systentr; ~ '\g and write
r=x"+y " +(Ret+ 2)1; (12.40)

where Re = 6:4 1P m is the radius of the earth. Expressing? in terms of our chosen

orthonormal triad,
N

2=cos I sin (12.412)

where = 5 is the polar angle, or “colatitude'. Since the height of the bwer and
the de ections are all very small on the scale ofRe, we may regard the orthonormal triad
as xed and time-independent. (In general, these unit vectas change as a function ofr .)
Thus, we haver ' x "+ vy "+ zr, and we nd

2 r= ycos "+(xcos +zsin )" ysin P (12.42)
I (0 r)= 12Resin cos " 12Resin® P; (12.43)
where we neglect theO(z) term in the second equation, sincez  Re.

The equation of motion, written in components, is then

x=2! cos y+ ! ?Regsin cos (12.44)
y= 2 cos x 2 sin z (12.45)
2= gy+2!sin y+!%Resin® : (12.46)

While these (inhomogeneous) equations are linear, they atsare coupled, so an exact an-
alytical solution is not trivial to obtain (but see below). F ortunately, the de ections are
small, so we can solve this perturbatively. We writex = x© + x  etc., and solve to lowest
order by including only the g, term on the RHS. This gives zO (t) = z;  3g,t?, along
with x©@ (t) = y©@(t) = 0. We then substitute this solution on the RHS and solve for the
de ections, obtaining

X (t) = 3! ?Re sin cos t? (12.47)
y(t)= 3lg,sin t3 (12.48)
z(t)= 3! ?Resin® t2: (12.49)

The de ection along ™ and 1 is due to the centrifugal term, while that along " is due to
the Coriolis term. (At higher order, the two terms interact a nd the de ection in any given
direction can't uniquely be associated to a single ctitious force.) Tond the de ection of
an object dropped from a heighth, solve z©®(t ) = 0 to obtain t = 2h=g, for the drop
time, and substitute. For h = 100m and = 5, nd x(t) = 17cm south (centrifugal)
and y(t ) =1:6cm east (Coriolis).

In fact, an exact solution to (12.46) is readily obtained, via the following analysis. The
equations of motion may be writtenv = 2i! Jv + b, or

0 1 3 A {0 1 F—H—
Vx 0 i cos 0 Vx g, sin cos

@uX =2t @cos 0 isnA@ux+@ 0 A (12.50)
Vy 0 i sin 0 Vy Oy + G Sin?
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with g; ! ?Re. Note that JY=J

v(t)= €' Ity(0) +

2i!
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, i.e. J is a Hermitian matrix. The formal solution is

it Jt 1
J tb: (12.51)

When working with matrices, it is convenient to work in an eigenbasis. The characteristic

polynomial for J isP( )=det( 1 J )=

( 2

1), hence the eigenvalues are, = 0,

,=+1l,and ;= 1. The corresponding eigenvectors are easily found to be
o 1 0 1 0 1
sin 1 _cos 1 _cos
=@ o0 A =p=@ i A ; =p=-@ A (12.52)
cos 2 sin 2 sin
Note that ¥ 0= aa0.
Expanding v and b in this eigenbasis, we havevy = 2i! ava + bs, whereva =, v; and
ba = 4 Bb. The solution is
. g2 alt 1
Va(1) = Va(0) € 2t + = by (12.53)
2!
which entails |
X 2 at q '
vi(t) = ia , a B (12.54)

a

where we have takenv(0) = 0,
matrix multiplications,

1 0

k(1) tsin? + SOZL cog st cos
By % =B s cos sz
A () %tsinz + SN2t sin2 S0 jn
which says
V(t) = 3sin2 + S02t gin2
Vy('[) — sir!1t2!t Ot sm It gin
V()= cog + St gip?

2

i.e. the object is released from rest.

a-

Doing the requisite

ltsin2 + SN2t gin2 g, sin cos

-
sm " sin g @ 0
t cog + SN2t gjn? g + g, Sin?
(12.55)
Ot + 02 sin2 gt
gyt (12.56)
t+ sin?lt t-
% at - Gt

Why is the de ection always to the east? The earth rotates easward, and an object starting
from rest in the earth's frame has initial angular velocity equal to that of the earth. To
conserve angular momentum, the object must speed up as it fi.

A -
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7 (up)

@ (east)

-~

0 (south)

Figure 12.4: Foucault's pendulum.

12.4.1 Foucault's pendulum

A pendulum swinging over one of the poles moves in a xed inefal plane while the earth
rotates underneath. Relative to the earth, the plane of motion of the pendulum makes
one revolution every day. What happens at a general latitud® Assume the pendulum is
located at colatitude and longitude . Assuming the length scale of the pendulum is small
compared to Re, we can regard the local triadf ™; *;*g as xed. The situation is depicted
in Fig. 12.4. We write

r=x"+y +znr; (12.57)
with
X="sin cos ; y ="sin sin ; z="(1 cos): (12.58)

In our analysis we will ignore centrifugal e ects, which are of higher order in! , and we
take g = gr. We also idealize the pendulum, and consider the suspensiaind to be of
negligible mass.

The total force on the massm is due to gravity and tension:

F

mg+ T

Tsin cos; Tsin sin; T cos mg
Tx=; Ty=;T Mg Tz= : (12.59)
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The Coriolis term is

Foo = 2m! 1 (12.60)
= 2m! cos r sin *  x"+y"+zp
=2m! ycos; Xxcos zsin; ysin (12.61)

The equations of motion arem® = F + F,:

mx= Tx=+2m! cos y (12.62)
my= Ty= 2m! cos x 2m! sin z (12.63)
mz=T mg Tz=+2m! sin y: (12.64)

These three equations are to be solved for the three unknowns, y, and T. Note that
X2 + y2+(‘ 2)2 = 2 : (12.65)

soz = z(x;y) is not an independent degree of freedom. This equation may érecast in the
form z = (x2 + y? + z%)=2" which shows that if x and y are both small, then z is at least of
second order in smallness. Therefore, we will approximate * 0, in which casez_may be
neglected from the second equation of motion. The third equion is used to solve forT:

T' mg 2m! sin y: (12.66)

Adding the rst plus i times the second then gives the complexi ed equation

T ,
= — 211 cos —
m
12 2l cos — (12.67)
where X + iy, and where! 5 = P g=". Note that we have approximated T mg in

deriving the second line.

It is now a trivial matter to solve the homogeneous linear ODE of eq. 12.67. Writing

= et (12.68)
and plugging into nd , we obtain
22, 12=0; (12.69)
with !, ! cos . The roots are
q__
=1, 12+132; (12.70)

hence the most general solution is

t)=A,e' *'+A e ' (12.71)
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Finally, if we take as initial conditions x(0) = a, y(0) = 0, x(0) = 0, and y(0) = 0, we
obtain

n o]
x(t) = a I, sin(! ;t)sin(t)+ cos( ,t) cos(t) (12.72)
a N o]
yit)= - I, cos( ,t)sin(t) sin(! ,t) cos(t) ; (12.73)
with = 12+ 12 Typically !, !,,since! =7:3 10 °s . Inthelimit !, I,
then, we have ', and
x(t)" acos( ,t)cos( gt) ; y(t)' asin(!,t)cos( qt) ; (12.74)

and the plane of motion rotates with angular frequency ! ,, i.e. the period isjsec j days.
Viewed from above, the rotation is clockwise in the northernhemisphere, where cos> 0
and counterclockwise in the southern hemisphere, where cos 0.



Chapter 13

Rigid Body Motion and Rotational
Dynamics

13.1 Rigid Bodies

A rigid body consists of a group of particles whose separatius are all xed in magnitude. Six
independent coordinates are required to completely spegifthe position and orientation of a
rigid body. For example, the location of the rst particle is speci ed by three coordinates. A
second patrticle requires only two coordinates since the diance to the rstis xed. Finally,

a third particle requires only one coordinate, since its disance to the rst two particles
is xed (think about the intersection of two spheres). The positions of all the remaining
particles are then determined by their distances from the rst three. Usually, one takes
these six coordinates to be the center-of-mass positiolR = (X;Y;Z) and three angles
specifying the orientation of the body (e.g. the Euler angles).

As derived previously, the equations of motion are

X
P = mir; ; P-=F® (13.1)

i
L = miri ri ; L=N® (13.2)
i

These equations determine the motion of a rigid body.

13.1.1 Examples of rigid bodies

Our rst example of a rigid body is of a wheel rolling with constant angular velocity —= 1,
and without slipping, This is shown in Fig. 13.1. The no-slip condition is dx = Rd , so
X = Vew = R!'. The velocity of a point within the wheel is

V=V +! r; (13.3)

223
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dg

<—fi:r:—-|

Figure 13.1: A wheel rolling to the right without slipping.

wherer is measured from the center of the disk. The velocity of a poihon the surface is
then givenbyv =R R+ 1N ).

As a second example, consider a bicycle wheel of mask and radiusR a xed to a light, rm
rod of length d, as shown in Fig. 13.2. Assuming. lies in the (x;y) plane, one computes
the gravitational torque N =r (Mg) = Mgd " The angular momentum vector then
rotates with angular frequency — Thus,

d = — =) _=237. (13.4)

But L = MR?!, so the precession frequency is

__ gd
lp= = 2 (135)

For R = d=30cmand!=2 =200rpm, nd ! = 15rpm. Note that we have here
ignored the contribution to L from the precession itself, which lies alon@, resulting in the
nutation of the wheel. This is justied if Lp=L =(d?=R?) (!,=!) 1.

13.2 The Inertia Tensor

Suppose rst that a point within the body itself is xed. This eliminates the translational
degrees of freedom from consideration. We now have

dr

R =1 .
" Lot (13.6)

inertial
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Figure 13.2: Precession of a spinning bicycle wheel.
sincer,,q, = 0. The kinetic energy is then
X dr: 2 X
T=1 mid—t'_ | = m¢ r) ¢
i inertial i
X h i
I I I T (N 0 T A (13.7)
[
where! is the component of! along the body- xed axis e . The quantity | is the
inertia tensor,
X
Il =  m, r? r T (13.8)
= diroqr) r? rr (continuous media) : (13.9)
The angular momentum is
X dr:
L = m; r; all
i dt inertial
X
= miry (0 or)=1 ! (13.10)

The diagonal elements ofl
elements are called theproducts of inertia.

are called the moments of inertia, while the o -diagonal
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13.2.1 Coordinate transformations

Consider the basis transformation
=R & : (13.11)
We demandé&® &% = | which meansR 2 O(d) is an orthogonal matrix, i.e. Rt = R 1.

Thus the inverse transformation ise = R! e®. Consider next a general vectorA = A & .
Expressed in terms of the new basi$ é°g, we have

e 0
2 23
A=A R" =R A &° (13.12)
Thus, the components ofA transform asA® = R A . This is true for any vector.

Under a rotation, the density (r) must satisfy Yr% = (r). This is the transformation
rule for scalars. The inertia tensor therefore obeys

h i
10 = 3% @9 @ roro
Z h i
= & (r) r? R r R r
=R | R': (13.13)
l.e. 19= RIR?, the transformation rule for tensors. The angular frequeng ! is a vector, so
19=R | . The angular momentum L also transforms as a vector. The kinetic energy
isT=3!" 1 !, which transforms as a scalar.

13.2.2 The case of no xed point

If there is no xed point, we can let r °denote the distance from the center-of-mass (CM),
which will serve as the instantaneous origin in the body- xed frame. We then adopt the
notation where R is the CM position of the rotating body, as observed in an inetial frame,

and is computed from the expression

_ 1 mi = lZo|3r (r)r : (13.14)
M i PTTM ’ '
where the total mass is of course 7
X
M= m= & (r): (13.15)

i
The kinetic energy and angular momentum are then

T=3IMRZ2+ 11 11 (13.16)

L MR R +1 ! (13.17)

wherel s given in egs. 13.8 and 13.9, where the origin is the CM.
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Figure 13.3: Application of the parallel axis theorem to a cyindrically symmetric mass
distribution.

13.3 Parallel Axis Theorem

Supposel is given in a body- xed frame. If we displace the origin in the body- xed frame

by d, then let | (d) be the inertial tensor with respect to the new origin. If, relative to
the origin at 0 a mass element lies at positiorr, then relative to an origin at d it will lie at

r d. We then have
X n 0

| ()= m, (rZ 2d r,+d? (rp, d)r, d) : (13.18)
i
If r; is measured with respect to the CM, then

X
m;r; =0 (13.19)

i
and

| (d)=1 )+ M d? dd (13.20)
a result known as theparallel axis theorem.

As an example of the theorem, consider the situation depicte in Fig. 13.3, where a cylin-
drically symmetric mass distribution is rotated about is symmetry axis, and about an axis
tangent to its side. The componentl,; of the inertia tensor is easily computed when the
origin lies along the symmetry axis:
Z Za
l,,= & (n@? zH=1L 2 dr,r3
0
Ma? ; (13.21)
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where M = a?2L is the total mass. If we compute | ,; about a vertical axis which is
tangent to the cylinder, the parallel axis theorem tells us that

12,=1,,+ Ma?= 3Ma?: (13.22)

R
Doing this calculation by explicit integration of dmr?2 would be tedious!

13.3.1 Example

Problem: Compute the CM and the inertia tensor for the planar right tri angle of Fig.
13.4, assuming it to be of uniform two-dimensional mass delity

Solution: The total mass isM = % ab. The x-coordinate of the CM is then
1 Za b %) Za
X:V dx dyxzmdxblgx
0 o0 0
Z1
a?b a?b_, .
=M duu(l wu)= SV a: (13.23)

0

Clearly we must then haveY = %b, which may be veri ed by explicit integration.

We now compute the inertia tensor, with the origin at (0;0;0). Since the gure is planar,
z = 0 everywhere, hencely, = 1,4 =0, ly; = I,y =0, and also I;; = Ix + lyy. We now
compute the remaining independent elements:

Za b %) Za
Il = dx dyy?=  dxib’ 1 gg
0 0 0
71
=1ab® du( ul= 3 ab®= imp? (13.24)
0
and
Za b %) Za
lyy = dx dyxy= 3b? dxx 1 % 2
0 0 0
71
= la% duu(@ u?= % a’= ZiMab: (13.25)
0
Thus
, 0 1
M k2 fJab 0
| = F@ sab & 0 A (13.26)
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= b(l — =
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0 a

Figure 13.4: A planar mass distribution in the shape of a tringle.

Suppose we wanted the inertia tensor relative in a coordinat system where the CM lies at
the origin. What we computed in eqn. 13.26 isl (d), with d = &% %’9. Thus,

0 1
2 ab 0

d? dd=1@a & 0o A (13.27)
9 0 0 a+p

Since
I(d)= 1" +M d? dd ; (13.28)

we have that

M=) M d? d d (13.29)
0 1
M ¥ %ab 0
= E@%ab & 0 A (13.30)
0 0 a2+
13.3.2 General planar mass distribution
For a general planar mass distribution,
xy;2)= (xy) (2); (13.31)
which is con ned to the plane z = 0, we have
Z Z
lo = dx dy (xy)y? (13.32)
Z Z
ly = dx dy (xy)x? (13.33)
Z Z
Iy = dx dy (x;y)xy (13.34)

and Iz = Iy + lyy, regardless of the two-dimensional mass distribution (x;y).
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13.4 Principal Axes of Inertia

We found that an orthogonal transformation to a new set of axes > = R & entails
19= RIR! for the inertia tensor. Sincel = I! is manifestly a symmetric matrix, it can
be brought to diagonal form by such an orthogonal transformaion. To nd R, follow this
recipe:

1. Find the diagonal elements ofl ° by setting P( ) = 0, where
P( )=det 11 (13.35)
is the characteristic polynomial for I, and 1 is the unit matrix.

2. For each eigenvalue ,, solve thed equations

X
| a= & (13.36)

Here, 2 isthe ™ component of thea™ eigenvector. Since ( 1 1) is degenerate,
these equations are linearly dependent, which means that th rst d 1 components
may be determined in terms of thed" component.

3. Becausel = |, eigenvectors corresponding to dierent eigenvalues are rthogonal.
In cases of degeneracy, the eigenvectors may be chosen to bthogonal, e.g. via the
Gram-Schmidt procedure.

4. Due to the underdetermined aspect to step 2, we may choosenarbitrary normaliza-
tion fg each eigenvector. It is conventional to choose theigenvectors to be orthonor-
mal: a b= ab

5. The matrix R is explicitly given by R, = 2, the matrix whose row vectors are the
eigenvectors 2. Of courseR! is then the corresponding matrix of column vectors.

6. The eigenvectors form a complet()a( basis. The resolution afnity may be expressed as
a ac : (13.37)

a

As an example, consider the inertia tensor for a general plaar mass distribution, which is
of the form

=@y 1y, O0A ; (13.38)
0 0 Iy
wherelyy = Ixy and l,; = Iy + lyy. Dene
A= 3 bt ly (13.39)
a 2
B= Xla ly “+13 (13.40)
# =tan — (13.412)
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so that 0 1
A + B cos# B sin# 0
| =@ Bsin# A Bcos#t O0A ; (13.42)
0 0 2A
The characteristic polynomial is found to be
h i
P()=( 2A) ( A)? B?; (13.43)
which gives 1= A, 23= A B. The corresponding normalized eigenvectors are
01
0 cos%# sin 3#
1= @A ; 2=@sing#A ; = @cosi# A (13.44)
1 0 0
and therefore 0 1
0 0 1
R= @cosi# sini# OA : (13.45)

sin J# cos%# 0

13.5 Euler's Equations

Let us now choose our coordinate axes to be the principal axesf inertia, with the CM at

the origin. We may then write

0 1 0
] I 1
1= @ LA | = @o

'3 0

The equations of motion are

N ext

Thus, we arrive at Euler's equations:

l1!l1=(l2
2! 2=(I3
l3l3=(I1

I+

1 0 1
0 0 11
I, 0OA =) L=@,1,A:
0 I3 I3!3
dL
dt inertial
d—L + ! L
dt body
ary:

ext
|3)!2!3+ Nl

ext
|1)!3!1+ N2

ext .
|2)!1!2+ N3 .

(13.46)

(13.47)
(13.48)
(13.49)

These are coupled and nonlinear. Also note the fact that the eternal torque must be

evaluated along body- xed principal axes.

We can however mke progress in the case
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Figure 13.5: Wobbling of a torque-free symmetric top.

where N ®t = 0, i.e. when there are no external torques. This is true for a body in fee
space, or in a uniform gravitational eld. In the latter case,

X X
N®*= " r, (mg)= mr; g; (13.50)

| (|
i [
whereg is therniform gravitational acceleration. In a body- xed f rame whose origin is the

CM, we have ; m;r; =0, and the external torque vanishes!

Precession of torque-free symmetric tops: Consider a body which has a symme-
try axis @;. This guaranteesl; = |, but in general we still have 1, 6 I3. In the absence
of external torques, the last of Euler's equations sayd 3 = 0, so ! 3 is a constant. The

remaining two equations are then

= lgly ; 1,= Ll (13.51)

lel 1= ! zand!_2:+ I 1, with

= lg: (13.52)

which are the equations of a harmonic oscillator. The soluibn is easily obtained:
ly(t)y=1!,cos t + ;o Io(t)=1,sin t + ;o Ia(t)=13; (13.53)

where! , and are constants of integration, and wherej! j = (! 2 + ! 2172, This motion is
sketched in Fig. 13.5. Note that the perpendicular componets of ! oscillate harmonically,
and that the angle ! makes with respect toé; is =tan (! »=l3).

For the earth, (I3 11)=I1 %5, so!; !',and 1= 305, yielding a precession period
of 305 days, or roughly 10 months. Astronomical observatios reveal such a precession,
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known as the Chandler wobble. For the earth, the precession angle iS changer ' 6 10 7

rad, which means that the North Pole moves by about 4 meters dung the wobble. The

Chandler wobble has a period of about 14 months, so the nawverediction of 305 days is
0 by a substantial amount. This discrepancy is attributed t o the mechanical properties of
the earth: elasticity and uidity. The earth is not solid! *

Asymmetric tops: Next, consider the torque-free motion of an asymmetric top,where
I16 1,6 136 11. Unlike the symmetric case, there is no conserved componemf ! . True,
we can invoke conservation of energy and angular momentum,

E=2d102+ 1,13+ 11513 (13.54)
L2=12124+1212+41212; (13.55)

and, in principle, solve for! ; and ! , in terms of ! 5, and then invoke Euler's equations
(which must honor these conservation laws). However, the nalinearity greatly complicates
matters and in general this approach is a dead end.

We can, however, nd a particular solution quite easily { one in which the rotation is about
asingle axis. Thus,! ; =!,=0and ! 3=, is indeed a solution for all time, according to
Euler's equations. Let us now perturb about this solution, to explore its stability. We write

and we invoke Euler's equations, linearizing by dropping tems quadratic in ! . This yield
g Lg=(l2 13)lo ! 2+ O(l 5! 3) (13.57)
o 1o=(lz I1)lo! 1+ 0O(3!y) (13.58)
I3 13=0+ O(! ;! 5): (13.59)

Taking the time derivative of the rst equation and invoking the second, andvice versa,
yields
by = 21, . k,= 20, (13.60)

with

2_ (I3 I|21)(||23 ) 2. (13.61)

The solution is then ! ;(t) = C cos(t + ).

If 2> 0,then is real, and the deviation results in a harmonic precessionThis occurs
if 13 is either the largest or the smallest of the moments of inerta. If, however, | 3 is the
middle moment, then 2< 0, and is purely imaginary. The perturbation will in general

increase exponentially with time, which means that the initial solution to Euler's equations
is unstable with respect to small perturbations. This result can be vividly realized using a
tennis racket, and sometimes goes by the name of the \tennisacket theorem.”

1The earth is a layered like a Mozartkugel, with a solid outer shell, an inner uid shell, and a solid (iro n)
core.
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13.5.1 Example

PROBLEMA unsuspecting solid spherical planet of masdvi g rotates with angular velocity
'o- Suddenly, a giant asteroid of massM o smashes into and sticks to the planet at a
location which is at polar angle relative to the initial rotational axis. The new mass
distribution is no longer spherically symmetric, and the rotational axis will precess. Recall
Euler's equation

dL
——+1 L=N* 13.62
at (13.62)

for rotations in a body- xed frame.

(@) What is the new inertia tensor |  along principle center-of-mass frame axes? Don't

forget that the CM is no longer at the center of the sphere! Reall | = %MR2 for a solid
sphere.

(b) What is the period of precession of the rotational axis in tems of the original length
of the day 2=! ,?

SOLUTIONLet's choose body- xed axes with 2 pointing from the center of the planet to
the smoldering asteroid. The CM lies a distance

Mo R+ Mg 0_
1+ )M, 1+

R (13.63)

from the center of the sphere. Thus, relative to the center ofthe sphere, we have
0 1 0 1
1 00 1 00
| = 2M,R?@ 1 A+ M ,R?@0 1 A : (13.64)
0 01 0 0O

Now we shift to a frame with the CM at the origin, using the parallel axis theorem,
I (d)= 1M+ M d? dd (13.65)

Thus, with d = d2,
1 0 1

0
100 100 100
M=2ZIMRZ2@ 1 A+ M ,R?@ 1 A (1+ )M,d?@ 1 A (13.66)
001 000 000
0, 1
5 0 0
=M,R2@ 0 2+ O0A: (13.67)
2
5
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In the absence of external torques, Euler's equations alongrincipal axes read
d';
Ilwz(lz |3)!2!3

d!
|2d—t2=(|3 1) 4!,

d!
I3d—t3:(|1 1)1t
(13.68)
Sincel; = 1,, I 5(t) = 15(0) = !,cos is a constant. We then obtain!, = ! ,, and
L,= I 4, with o .
=2 21, = g 13.69
Il . 3 7 + 2 . 3 . ( . )
The period of precession in units of the pre-cataclysmic day is
! 7 +2
== —= : 13.70
T 5 cos ( )

13.6 Euler's Angles

In d dimensions, an orthogonal matrix R 2 O(d) has %d(d 1) independent parameters.
To see this, consider the constraintR'R = 1. The matrix R'R is manifestly symmetric,
so it has %d(d + 1) independent entries (e.g. on the diagonal and above the diagonal).
This amounts to 3d(d + 1) constraints on the d? components ofR, resulting in Zd(d 1)
freedoms. Thus, ind = 3 rotations are speci ed by three parameters. The Euler angles

f;; g provide one such convenient parameterization.
A general rotation R(; ; ) is built up in three steps. We start with an orthonormal tria d
€° of body- xed axes. The rst step is a rotation by an angle about é5:
0 _ 1
cos sin 0
=R &} & ; R&; =@ sin cos O0A (13.71)
0 0o 1
This step is shown in panel (a) of Fig. 13.6. The second step ia rotation by about the
. 0.
new axis éy: 0 1
1 0 0
80=R &% @& - R @&} =@ cos sin A (13.72)

0 sin  cos

This step is shown in panel (b) of Fig. 13.6. The third and nal step is a rotation by
about the new axis 3°

0 :
cos  sin

1
0

e R &P &% . R&Y =@ sin cos OA (13.73)
0 0 1
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line of nodes

Figure 13.6: A general rotation, de ned in terms of the Euler anglesf ;; g. Three
successive steps of the transformation are shown.

This step is shown in panel (c) of Fig. 13.6. Putting this all together,

R(;; )=R &¥ R &), R & (13.74)
0 ) 10 10 ] 1
cos sin 0 1 0 0 cos sin 0
=@ sin cos OA@ cos sin A@ sin cos OA
0 0 1 0 sin  cos 0 0 1
0 . . . . . .
COS COoS sin  cos sin cos Ssin +sin cos cos sin sin
= @ sin cos cOS C€O0S sSin sin sin +cos cos cos cos sin A :
sin sin sin cos cos
Next, we'd like to relate the components! =1 & (with &  &°of the rotation in the

body- xed frame to the derivatives —, —, and — To do this, we write

Il = 6 + _ & + _6 (13.75)

where
3= @ =sin sin &;+sin cos &,+cos &, (13.76)
@ =cos €&, sin & (\line of nodes") (23.77)

e =é,: (13.78)
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This gives
l,=1! &= _sin sin + _cos (13.79)
l,=1 €&,= _sin cos —sin (13.80)
=1 €é3= _cos + (13.81)

Note that
—$ precession ; _$ nutation ; _$ axial rotation : (13.82)

The general form of the kinetic energy is then

o 2
T=1, _sin sin + _cos

+ 1, _sin cos _sin ?+1ll; _cos + _7: (13.83)
Note that
L=pé& +pé +p & ; (13.84)
which may be veri ed by explicit computation.
13.6.1 Torque-free symmetric top
A body falling in a gravitational eld experiences no net tor que about its CM:
X X
N et = r, (( mg)=g mr,=0: (13.85)
[ i
For a symmetric top with 11 = I, we have
T=1231, 2+ 2sin®> +1l; cos + _%: (13.86)
The potential is cyclic in the Euler angles, hence the equatins of motion are
d T T
d_@ = @ ; (13.87)
d@rs) @ )
Since and are cyclic in T, their conjugate momenta are conserved:
L :
- @L |, —sin®> + l5(—cos + -)cos (13.88)
L
p :Qzlg,(_cos + ) (13.89)
Note that p = I5! 5, hence! ; is constant, as we have already seen.

To solve for the motion, we rst note that L is conserved in the inertial frame. We are
therefore permitted to de ne L= é3=¢& . Thus,p = L. Sinceé é& =cos , we have
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Figure 13.7: Adreidl is a symmetric top. The four-fold symmetry axis guaranteesl; = I».
The blue diamond represents the center-of-mass.

that p =L @& =Lcos. Finally € €& =0, whichmeansp =L é& =0. From the
equations of motion,

p=1;*=1,-—cos p -sin ; (13.90)

hence we must have
=0 ; _=_P . (13.91)

|1 cos
Note that —= 0 follows from conservation of p = L cos . From the equation for p , we
may now conclude
L N (13.92)
I3 11 I3

which recapitulates (13.52), with _=

13.6.2 Symmetric top with one point xed

Consider the case of a symmetric top with one point xed, as deicted in Fig. 13.7. The
Lagrangian is
L =

I, 2+ 2si® + 313 _cos + _% Mg cos : (13.93)

NI

Here, " is the distance from the xed point to the CM, and the inertia t ensor is de ned along
principal axes whose origin lies at the xed point (not the CM!). Gravity now supplies a
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0 Ha, 80
v/
Figure 13.8: The e ective potential of eq. 13.102.
torque, but as in the torque-free case, the Lagrangian is dficyclicin  and , so
p =(lysi® +l5c08 ) _+ I;c0s — (13.94)
p =1Izcos —+ 15— (13.95)
are each conserved. We can invert these relations to obtain.and —interms of fp ;p ; @
co 0

=P pcos . _P (p P cosjcos . (13.96)

1 sin I3 1 sin

In addition, since @L=@# 0, the total energy is conserved:
Ug, ()
z S — {
cos ) p
E=T+u=1,24 P P + -+ Mg cos ; 13.97
211 211 sin? 25 9 (13.97)
where the term under the brace is the e ective potential Ug ( ).
The problem thus reduces to the one-dimensional dynamics of(t), i.e.
. @u
l,°= @ ; (13.98)
with , )
(p pcos) P .
U = + — + Mg cos :
e () 211 sin? 2,
Using energy conservation, we may write
r
1 d

dt = — P
2 Ue ()

E

(13.99)

(13.100)
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and thus the problem is reduced to quadratures:
r z

t()=t( o) lEl d#pﬁ : (13.101)

0

We can gain physical insight into the motion by examining the shape of the e ective po-
tential,

(P p cos)? . p°
U = + Mg cos + ——; 13.102
e () 20, sin? g 2l 5 ( )
over the interval 2 [0; ]. Clearly Ue (0) = Ue ( )= 1, sothe motion must be bounded.

What is not yet clear, but what is nonetheless revealed by som additional analysis, is that

Ue () has asingle minimum on this interval, at = . The turning points for the motion
areat = jand = ,whereUe ( o) = Ue () = E. Clearly if we expand about , and
write = 4+ ,the motion will be harmonic, with
S
UOO
(t)y= ocos(t + ) ; # ; (13.103)
1
To prove that U, ( ) has these features, let us deneu cos . Thenu= _sin , and
from E = I, 2+ U, () we derive
, 2 P o 2MQ’ ) p pu?
u= — — (1 u9d) 1 udu _— f(u): (13.104)
I Ial3 I Iy

The turning points occur at f (u) = 0. The function f (u) is cubic, and the coe cient of the

cubic term is 2Mg’=I ;, which is positive. Clearly f (u= 1)= (p p )?=I% is negative,
so there must be at least one solution tdf (u) = 0 on the interval u 2 (1;1 ). Clearly there

can be at most three real roots forf (u), since the function is cubic inu, hence there are at
most two turning points on the interval u 2 [ 1;1]. Thus, U, ( ) has the form depicted in
g. 13.8.

To apprehend the full motion of the top in an inertial frame, | et us follow the symmetry
axis é;:

é;=sin sin &} sin cos &)+cos &%: (13.105)
Once we know (t) and (t) we're done. The motion (t) is described above: oscillates
between turning points at 5 and . As for (t), we have already derived the result

p p cos

. 13.106

|1 sin? ( )

Thus, if p >p cos ,, then —will remain positive throughout the motion. If, on the other
hand, we have

p cCosS,<p <p COS ,; (13.107)

then _changes sign at an angle =cos * p =p . The motion is depicted in Fig. 13.9.
An extensive discussion of this problem is given in H. Goldsin, Classical Mechanics
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Py > Dy cO8 0, Py = D, €08 0, p,, o8 o, < Py <P, CO8 0,

Figure 13.9: Precession and nutation of the symmetry axis o& symmetric top.

13.7 Rolling and Skidding Motion of Real Tops

The material in this section is based on the corresponding s#ions from V. Barger and
M. Olsson, Classical Mechanics: A Modern Perspective This is an excellent book which
contains many interesting applications and examples.

13.7.1 Rolling tops

In most tops, the point of contact rolls or skids along the sufface. Consider the peg end top
of Fig. 13.10, executing a circular rolling motion, as skethed in Fig. 13.11. There are three
components to the force acting on the top: gravity, the normd force from the surface, and
friction. The frictional force is perpendicular to the CM velocity, and results in centripetal
acceleration of the top:

f=M 2 Mg; (13.108)

where is the frequency of the CM motion and is the coe cient of friction. If the above
inequality is violated, the top starts to slip.

The frictional and normal forces combine to produce a torqueN = Mg’ sin f* cos
about the CM?2. This torque is tangent to the circular path of the CM, and causesL to
precess. We assume that the top is spinning rapidly, so thal. very nearly points along
the symmetry axis of the top itself. (As we'll see, this is true for slow precession but not
for fast precession, where the precession frequency is progtional to ! 5.) The precession is
then governed by the equation

N

Mg" sin f* cos
L = L | 5! ,sin ; (13.109)

2Gravity of course produces no net torque about the CM.
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fh]iill

Figure 13.10: A top with a peg end. The frictional forcesf and f g are shown. When the
top rolls without skidding, f gkig = 0.

where &, is the instantaneous symmetry axis of the top. Substitutingf = M 2

Mg’ 2
M9 —en = (13.110)
I3!3 g
which is a quadratic equation for . We supplement this with the “no slip' condition,
by = +°sin (13.111)
resulting in two equations for the two unknowns and

Substituting for () and solving for , we obtain

[

I . . 2 ~2 :
- _lats 4 Mg 1+ M9 aM Mg (13.112)

2M" 2 cos I3 I3 Iy 15!%

This in order to have a real solution we must have
r _
N 2 -

| 2M_“sin 9. (13.113)

Igsin + Mg~ cos

If the inequality is satis ed, there are two possible solutions for , corresponding to fast
and slow precession. Usually one observes slow precessioNote that it is possible that

< 0, in which case the CM and the peg end lie on opposite sides of @rcle from each
other.

13.7.2 Skidding tops

A skidding top experiences a frictional force which opposeshe skidding velocity, until
Vs = 0 and a pure rolling motion sets in. This force provides a toque which makes the
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Figure 13.11: Circular rolling motion of the peg top.

top rise:
N ski Mg
= DNsad MG . (13.114)
L I3!3
Suppose 0, in which case + “sin =0, from egn. 13.111, and the point of contact
remains xed. Now recall the e ective potential for a symmetric top with one point xed:

(p p cos)® p? .
U = + — + Mg cos : 13.115
- () 20, Sin? o, 9 ( )

We demandU? ( ;) = 0, which yields

cos, 2 psin’, +Mgl;sin®,=0; (13.116)
where
p p cosy=Il,sin? = (13.117)
Solving the quadratic equation for , we nd
S !
I3! aMg’l
=8 g g TH971%0%0 (13.118)
2l cos I5!s

This is simply a recapitulation of eqn. 13.112, with = 0 and with M" ? replaced byl;.
Note |, = M 2 by the parallel axis theorem if ™ = 0. But to the extent that ™ 6 0, our

treatment of the peg top was incorrect. It turns out to be OK, h owever, if the precession is
slow, i.e. if =l 5 1.

On a level surface, cos, > 0, and therefore we must have

q

2 .
' s Mgl ;cos ;: (13.119)
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Figure 13.12: The tippie-top behaves in a counterintuitive way. Once started spinning with
the peg end up, the peg axis rotates downward. Eventually thepeg scrapes the surface and
the top rises to the vertical in an inverted orientation.

Thus, if the top spins too slowly, it cannot maintain precesson. Eqn. 13.118 says that there
are two possible precession frequencies. When, is large, we have

_ Mg

—Slow_l

|
+0(1,Y) o = a3 +0(1 5% : (13.120)

3l 3 l1cos g

Again, one usually observes slow precession.

A top with ! 5 > %p Mgl 1 may ‘sleep' in the vertical position with ;= 0. Due to the
constant action of frictional forces, ! 5 will eventually drop below this value, at which time

the vertical position is no longer stable. The top continuesto slow down and eventually
falls.

13.7.3 Tippie-top

A particularly nice example from the Barger and Olsson book § that of the tippie-top, a

truncated sphere with a peg end, sketched in Fig. 13.12 The CMs close to the center
of curvature, which means that there is almost no gravitational torque acting on the top.

The frictional force f opposes slipping, but as the top spind rotates with it, and hence
the time-averaged frictional forcehf i 0 has almost no e ect on the motion of the CM.
A similar argument shows that the frictional torque, which is nearly horizontal, also time
averages to zero:

dL

o 0: (13.121)

inertial

In the body- xed frame, however, N is roughly constant, with magnitude N MgR ,
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whereR is the radius of curvature and the coe cient of sliding friction. Now we invoke

Nn=9% L L (13.122)

dt body

The second term on the RHS is very small, because the tippiesp is almost spherical, hence
inertia tensor is very nearly diagonal, and this means

I L ! Il =0: (13.123)

Thus, I_body N , and taking the dot product of this equation with the unit vec tor Q, we
obtain

Nsin =K N=— K L

o body Lsin — (13.124)

Thus,

(13.125)

N MgR
L I
Once the stem scrapes the table, the tippie-top rises to the ertical just like any other rising
top.
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Chapter 14

Continuum Mechanics

14.1 Strings

Consider a string of linear mass density (x) under tension (x).! Let the string move in a
plane, such that its shape is described by a smooth functiory(x), the vertical displacement
of the string at horizontal position x, as depicted in g. 14.1. The action is a functional
of the height y(x;t), where the coordinate along the string, x, and time, t, are the two
independent variables. Consider a di erential element of he string extending from x to
x + dx. The change in length relative to the unstretched § = 0) con guration is

p 2
4= dx+dy? dx= % %}{ dx+ O dx? : (14.1)
The di erential potential energy is then
2
U= (x)d =1 (x %ﬁ dx (14.2)
The di erential kinetic energy is simply
2
aT= 1 (x) %‘t’ dx : (14.3)
We can then write Z
L= dxL; (14.4)
where the Lagrangian density L is
2 2
cueyOoyety = 1 @y 1 @y “ |
Liy:iysyaxit)= 3 (X) @t 2 (x) @x (14.5)

1 As an example of a string with a position-dependent tension, consider a string of length * freely suspended
from one end at z = 0 in a gravitational eld. The tension is then (2)= g (C 2.

247



248 CHAPTER 14. CONTINUUM MECHANICS

W =
N — -

Figure 14.1: A string is described by the vertical displacerent eld y(x;t).

The action for the string is now a double integral,

2o Zb
S= dt dxL(y;y;y%x;t); (14.6)
ta Xa
where y(x;t) is the vertical displacement eld. Typically, we have L = % y? % y‘ﬁ. The
rst variation of S is
Zo  Zo ! #
a @ @ @ Q@
S= dx dt — — — - = 14.7
S ey ex@y eta 449
Xa a
Zo t=t Zb X=X
Q b Q .
+ dx — vy + dt — vy ; (14.8)
@ t=t, @9 X=X

Xa ta b

which simply recapitulates the general result from eqn. 14£203. There are two boundary
terms, one of which is an integral over time and the other an itegral over space. The rst
boundary term vanishes provided y (x;ta) = y(x;t,) = 0. The second boundary term
vanishes provided (x)y{x) y(x)=0at x = x, and x = Xy, for all t. Assuming (x) does
not vanish, this can happen in one of two ways: at each endpotneither y(x) is xed or

yqx) vanishes.

Assuming that either y(x) is xed or y4x) = 0 at the endpoints x = x5 and x = Xy, the
Euler-Lagrange equations for the string are obtained by sdtng S =0:

b= > @ ©@ae @ a
y(x;t) @y @t @ @x @Y

_ @ @y @y .

T @x (X) @x (X) @1’ (14.9)
wherey®= %}:and y = %‘t’. When (x)= and (x)= are both constants, we obtain the
Helmholtz equation,

1@ Gy_,. (14.10)

2 @ @R
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which is the wave equation for the string, wherec = = has dimensions of velocity. We
will now see that c is the speed of wave propagation on the string.

14.2 d'Alembert's Solution to the Wave Equation

Let us de ne two new variables,

u x ct X V X+ ct: (14.12)
We then have
@ Qu@ eve _ @ @
@x @@u @a@v - @u @v (14.12)
1@_1@Qu@, 1eve_. @, @,
c@f c @@u @@y @u @v (1419
Thus,
1@ @ _ @ .
F@t @ ‘euev (1449
Thus, the wave equation may be solved:
@y _ _ = .
@uav 0 =) y(u;v) = f(u)+ g(v) ; (14.15)

where f (u) and g(v) are arbitrary functions. For the moment, we work with an in nite
string, so we have no spatial boundary conditions to satisfy Note that f (u) describes a
right-moving disturbance, and g(v) describes a left-maoving disturbance:

y(x;t) = f(x ct)+ g(x + ct) : (14.16)

We do, however, have boundary conditions in time. Att = 0, the con guration of the string
is given by y(x; 0), and its instantaneous vertical velocity is y(x; 0). We then have

y(x; 0) = f (x)+ g(x) (14.17)

y(x;0) = cf9x)+ cdlx) ; (14.18)
hence

t9)= 3y16¢0) % ¥(x 0) (14.19)

g%x) = y%x;0) + £ y(x;0); (14.20)
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and integrating we obtain the right and left moving componerts

z

f()=12y(;0 £ d°(%0) C (14.21)
0

o( )= 3y(; 0+ £ d%(%0)+C; (14.22)

0

where C is an arbitrary constant. Adding these together, we obtain the full solution

h i XA ct
y(x;t)= 3 y(x ct0)+y(x+ct0) + 5 d y(;0); (14.23)

X ct

valid for all times.

14.2.1 Energy density and energy current

The Hamiltonian density for a string is

H= vy L ; (14.24)
where a
= — = 14.25
a_ Y ( )
is the momentum density. Thus,
2 ®
H= 5 ¥ A (14.26)

Expressed in terms ofy rather than , this is the energy density E,
E=1 y?+1y®: (14.27)
We now evaluate E-for a solution to the equations of motion:

@G _ @ydy, Qydy
@t a@t@? @x@t@x
@y@ @y, @y@dy
@t@x @x @x@t@x

@ @yey @.

= @x 0@t ax’ (14.28)
where the energy current density (or energy ux) is

. _ @y@y,

Jg= x@t (14.29)
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reflected wave
t=0

incident wave
t<0

Figure 14.2: Re ection of a pulse at an interface atx = 0, with y(0;t) = 0.

We therefore have that solutions of the equation of motion aso obey the energycontinuity
equation

@& O
-+ —== : .
@t @x 0 (14.30)
Let us integrate the above equation between pointsx; and x,. We obtain
X2 X2
@ _ @EGE) _ o
at dx E(x;t) = dx % = jetxpt)  Je(xot) (14.31)
X1 X1

which says that the time rate of change of the energy containg in the interval xq;X, is
equal to the di erence between the entering and exiting enegy Ux.

When (x)= and (x)= ,we have
y(x;t) = f(x ct)+ g(x + ct) (14.32)
and we nd
Ext)= [fIx ct) 2+ g¥x+ct) ? (14.33)

2

jexty=c fq cy® c gix+ct) ?; (14.34)

which are each sums over right-moving and left-moving contibutions.

14.2.2 Re ection at an interface

Consider a semi-in nite string on the interval 0;1 , with y(0;t) = 0. We can still invoke
d'Alembert's solution, y(x;t) = f(x ct)+ g(x + ct), but we must demand

yGo=1f( ch+glc)=0 ) f()= 9( ): (14.35)

Thus,
y(x;t) = g(ct+ x) g(ct x): (14.36)

Now supposeg( ) describes a pulse, and is nonzero only within a neighborhabof = 0.
For large negative values oft, the right-moving part, g(ct Xx), is negligible everywhere,
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Figure 14.3: Re ection of a pulse at an interface atx = 0, with yY0;t) = 0.

sincex > 0 means that the argumentct x is always large and negative. On the other
hand, the left moving part g(ct + x) is nonzero for x ct > 0. Thus, fort < 0 we have
a left-moving pulse incident from the right. For t > 0, the situation is reversed, and the
left-moving component is negligible, and we have a right moing re ected wave. However,
the minus sign in eqn. 14.35 means that the re ected wave isnverted.

If instead of xing the endpoint at x = 0 we attach this end of the string to a massless ring
which frictionlessly slides up and down a vertical post, then we must haveyq0;t) = 0, else
there is a nite vertical force on the massless ring, resultng in in nite acceleration. We

again write y(x;t) = f(x ct) + g(x + ct), and we invoke

yoin=f4 e)y+ glet) ) )= ot ) (14.37)
which, upon integration, yields f ( ) = g( ), and therefore
y(x;t) = g(ct+ x) + g(ct  x) : (14.38)

The re ected pulse is now “right-side up', in contrast to the situation with a xed endpoint.

14.2.3 Mass point on a string

Next, consider the case depicted in Fig. 14.4, where a point assm is a xed to an in nite
string at x = 0. Let us suppose that at large negative values oft, a right moving wave
f (ct x) is incident from the left. The full solution may then be writ ten as a sum of
incident, re ected, and transmitted waves:

X< 0 : y(xt)=f(ct x)+ g(ct+ x) (14.39)
x>0 : y(xt)=h(ct x): (14.40)
At x =0, we invoke Newton's second Law,F = ma:

my©;t)= y%0*;t)  y%0 ;t): (14.41)

Any discontinuity in the derivative yqx;t) at x = 0 results in an acceleration of the point
mass. Note that

yY0 ;)= fqc)+ gqct) yYo*:t) =  hYct) : (14.42)
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Figure 14.4: Re ection and transmission at an impurity. A point mass m is a xed to an
in nite string at x = 0.

Further invoking continuity at x =0, i.e. y(0 ;t) = y(0*;t), we have

h()=1()+da(); (14.43)

and egn. 14.41 becomes
2
0 - 00 y -
gt)+ —5at)= %) (14.44)

We solve this equation by Fourier analysis:

2 2
f()= z—f“(k) ek o k)= df()e : (14.45)
1 1

De ning 2=mc?2=2 =m, we have

K2+ ik k)= k?f(k) : (14.46)
We then have

o(k) = %f’\(k) r (k) f'(k) (14.47)
Ak) = ﬁf’\(k) t(k) f(K) ; (14.48)

wherer (k) and t(k) are the re ection and transmission amplitudes, respectiely. Note that

t(k)=1+ r(k) : (14.49)
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In real space, we have

2 dk i
h()= -tk (k) ek (14.50)
1 mn
2 'z #
- 0 dk k(9
= d 5tk e f(9 (14.51)
1 1
2
doT(  9f(9; (14.52)
1
where
2 dk i
TC 9= Ftlgek i (14.53)
1
is the transmission kernel in real space. For our example wit r(k) = i=(k i ), the
integral is done easily using the method of contour integraion:
2 :
T( 9= FK_T g 9- ¢ ¢ 9. (14.54)
2 k i
1
Therefore,
Z
h()= d% ¢ 91(9: (14.55)
1
and of courseg( )= h() f(). Notethat m=1 means =0, inwhich caser(k)= 1

and t(k) = 0. Thus we recover the inversion of the pulse shape under rection found
earlier.

For example, let the incident pulse shape bd ()= b a j j. Then

Z
h()= d% ¢ %9p(a 9 (a+ 9
o i
=be e™M(a) e a ( +a);: (14.56)
Taking cases, 8
30 if < a
h( )= Sb 1 e @) jf a< <a (14.57)

 2be sinh(a) if >a:

In Fig. 14.5 we show the re ection and transmission of this sgare pulse for two di erent
values of a .
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Figure 14.5: Re ection and transmission of a square wave pske by a point mass atx = 0
The con guration of the string is shown for six dierent time s, for a = 0:5 (left panel)
and a =5:0 (right panel). Note thatthe a = 0:5 case, which corresponds to a large mass
m =2 = , results in strong re ection with inversion, and weak transmission. For large ,
corresponding to small masan, the re ection is weak and the transmission is strong.

14.2.4 Interface between strings of di erent mass density

Consider the situation in g. 14.6, where the string for x < 0 is of density , and forx > 0
is of density ;. The d'Alembert solution in the two regions, with an incomin g wave from
the left, is

X< 0: yxt)=f(qgt x)+ g(ct+ x) (14.58)
x> 0: y(xt)= h(cgt x): (14.59)
At x =0 we have
f(ct)+ glct) = h(ct) (14.60)
flet)+ glat)= hlct) ; (14.61)

where the second equation follows fromy 40*:t) = y %0 ;t), so there is no nite verti-
cal force on the in nitesimal interval bounding x = 0, which contains in nitesimal mass.
De ning Cx =G , we integrate the second of these equations and have

f()+a()="h(C ) (14.62)

f() o)= *h( ): (14.63)
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Figure 14.6: String formed from two semi-in nite regions of di erent densities..

Note that y(1 ;0) =0 xes the constant of integration. The solution is then

1

9( )= — 1 f() (14.64)
h()= 24f(=): (14.65)
Thus,
x< 0. yxt)=f gt x + +11 foot+ x (14.66)
x> 00 yii0= oo f (Gt 0= (14.67)

It is instructive to compute the total energy in the string. F or large negative values of the
time t, the entire disturbance is con ned to the regionx < 0. The energy is

2
E(1 )= d f9)?2: (14.68)
1

For large positive times, the wave consists of the left-mowig re ected g( ) component in
the region x < 0 and the right-moving transmitted component h( ) in the region x > 0.
The energy in the re ected wave is

E.(+1)= d f4)2: (14.69)

For the transmitted portion, we use

yq{x > 0;t) = %lfo(th X)= (14.70)
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to obtain
A
_ 4 .2
4 2 2
= 52 d f9)°: (14.71)

Thus, E (1 )+ Ex(1 )= E(1 ), and energy is conserved.

14.3 Finite Strings : Bernoulli's Solution

Supposex, = 0 and x,, = L are the boundaries of the string, wherey(0;t) = y(L;t) = 0.
Again we write
y(x;t) = f(x ct)+ g(x + ct) : (14.72)

Applying the boundary condition at x, = 0 gives, as earlier,
y(x;t) = g(ct+ x) g(ct x): (14.73)
Next, we apply the boundary condition at x,, = L, which results in
glct+ L) g(ct L)Y=0 =) g )=g( +2L): (14.74)
Thus, g( ) is periodic, with period 2L. Any such function may be written as a Fourier sum,
% , .
o )= A, cos T + B, sin T : (14.75)
n=1
The full solution for y(x;t) is then

y(x;t) = g(ct+ x) g(ct  x)
( )

2 X nx n ct . nct
= — sin — A ,cos —— + B,sin — ; 14.76
L . L " L " L (14.76)
whereA,, = P 2L B, and B, = P 2L A,. This is known as Bernoulli's solution.
We de ne the functions -
2 7 nx
n(X) T sin -+ (24.77)
We also write 0 x e
K, o ' — n=1;2,3:::;1 : (14.78)
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that
s

m n dx  n(X) n(X)= e (14.79)
Furthermore, this basis is complete:

A n(x9= (x x9: (14.80)

n=1

Our general solution is thus equivalent to

3

y(x;0)= Ay (x) (14.81)
n=1

y(x; 0) = %Bn LX) (14.82)
n=1

The Fourier coe cients fA,; B,,gmay be extracted from the initial data using the orthonor-
mality of the basis functions and their associated resoluton of unity:

8
dx  (x)y(x;0) (14.83)
0

An

L Z
e dx ,(xX)y(x;0): (14.84)
0

By

As an example, suppose our initial con guration is a triangle, with

2y ifo x 3L
y(x0)= (14.85)

S x) ifiL x  Lj

JAVALee]

and y(x; 0) = 0. Then B, =0 for all n, while

_ ( g2 )
A, = 2 - 2 Z_dxx sin nx ZLdx(L X) sin nx
oL L L L
0 L=2
—» 4b
=2 L) 53 Sin N nodd (14.86)
after changing variables tox = L=n and using sin d = d sin cos . Another
way to write this is to separately give the results for even am odd coe cients:
: 4b - (Dx
A2k =0 : A2k+1 = — (2L )1 2 W : (14.87)
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Figure 14.7: Evolution of a string with xed ends starting fr om an isosceles triangle shape.

Note that each ,, (x) = k(LX) is antisymmetric about the midpoint x = %L, for
all k. Since our initial conditions are that y(x; 0) is symmetric about x = %L, none of the
even order eigenfunctions can enter into the expansion, poesely as we have found. The
d'Alembert solution to this problem is particularly simple and is shown in Fig. 14.7. Note
that g(x) = %y(x; 0) must be extended to the entire real line. We know thatg(x) = g(x+2L)
is periodic with spatial period 2L, but how to we extend g(x) from the interval O;L to
the interval L; 0 ? To do this, we usey(x; 0) = g(x) g( x), which says that g(x) must
be antisymmetric, i.e. g(x) = g( x). Equivalently, y(x;0) = cg{x) cg{ x) =0, which
integrates to g(x) = g( X).

14.4 Sturm-Liouville Theory

Consider the Lagrangian density
L=3 0¥? 3 0y® 3vey?: (14.88)

The last term is new and has the physical interpretation of a harmonic potential which
attracts the string to the line y = 0. The Euler-Lagrange equations are then

@y .
@t
This equation is invariant under time translation. Thus, if y(x;t) is a solution, then so is
y(x;t + ty), for any t,. This means that the solutions can be chosen to be eigenstateof

the operator @, which is to say y(x;t) = (x)e "t Because the coe cients are real, both
y and y are solutions, and taking linear combinations we have

o D evy= K (14.89)

y(x;t) = (x) cos(t + ): (14.90)
Plugging this into eqn. 14.89, we obtain
h :
d

|
o X M) +v(x) ()=12 (x) (x): (14.91)
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This is the Sturm-Liouville equation. There are four types o boundary conditions that we
shall consider:

Fixed endpoint:  (x) =0, where X = X,
Natural: (x) 4x) =0, where x = Xab:

Periodic: (x)= (x+ L), whereL = x,, X,.

R

Mixed homogeneous: (x) + Yx) =0, where x = Xab:

The Sturm-Liouville equation is an eigenvalue equation. The eigenfunctionsf ,(x)g satisfy

h [
d
a0 a0 FVe) K= 1T () a0 (14.92)
Now suppose we a second solution,, (x), satisfying
dh 0 | 2
— () mx) V) n()="15 (X)) mXx): (14.93)
dx
Now multiply (14.92) by ., (x) and (14.93) by ,(x) and subtract, yielding
h [ h i
d d
n & % m & On = ! n2 ! r2n m n (14-94)
h [
d
=4 0 m o (14.95)

We integrate this equation over the length of the string, to get

Zb h iX=Xb
PR (0 400 n0)= () () R0 00 mb) Qe

Xa

=0 : (14.96)
The RHS vanishes for any of the four types of boundary conditbns articulated above.

Thus, we have
2oz =0, (14.97)

where the inner product is de ned as
ZKb
dx (x) (xX) (x): (14.98)
Xa
Note that the distribution  (x) is non-negative de nite. Setting m = n, we have |,
0, and hence! ,? = ! 2, which says that! 2 2 R. When ! 2 6 ! 2, the eigenfunctions are

orthogonal with respect to the above inner product. In the case of degeneracies, we may
invoke the Gram-Schmidt procedure, which orthogonalizes lhe eigenfunctions within a given
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degenerate subspace. Since the Sturm-Liouville equatiorsilinear, we may normalize the
eigenfunctions, taking
= : (14.99)

m n mn

Finally, since the coe cients in the Sturm-Liouville equat ion are all real, we can and hence-
forth do choose the eigenfunctions themselves to be real.

Another important result, which we will not prove here, is th e completenessof the eigen-
function basis. Completeness means

X
0 W00 K09= x X9 (14.100)

n

Thus, any function can be expanded in the eigenbasisyiz.

X
(x) = C, (x) : C,= n : (14.101)

14.4.1 Variational method

Consider the functional

R n 0
Tdx o (0 P+ v(x) 2(x) N
12 (x) = X 7 o (14.102)
3 dx (X) 2(x)
Xa
The variation is
| 2 = ﬁ H
D D2
_ N "D, 14.103
=—p " (14.103)
Thus,
12=0 =) N=1!2D; (14.104)
which says
d d (x) _ 2 .
ax (X)T +vix) X)=1° (x) (X); (14.105)

which is the Sturm-Lioiuville equation. In obtaining this e quation, we have dropped a
boundary term, which is correct provided

h

iy .

x) %) (x) =0 : (14.106)
X=Xga

This condition is satis ed for any of the rst three classes of boundary conditions: =10

(xed endpoint), 0= 0 (natural), or (xa) = (%), 9xa) = 9x,) (periodic). For
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the fourth class of boundary conditions, + 9= 0 (mixed homogeneous), the Sturm-
Liouville equation may still be derived, provided one uses aslightly di erent functional,

h i

12 (x):g with r¢:N+2— X, 2 Xp Xa X, . (14.107)
since then
Zb ( )
e b= o — I v 0 120 0 ®
dx dx '
Xa
! #x:xb
+ ) P+ - (X ; (14.108)
X=Xga
and the last term vanishes as a result of the boundary conditins.
For all four classes of boundary conditions we may write
Z
R T d ﬁol i
dx (x) = (X) —+Vv(x) (X)
2 Xa dx dx
12 (x) = (14.109)

R
dx (x) 2(x)

Xa

If we expand (x) in the basis of eigenfunctions of the Sturm-Liouville opeator K ,

R
(X) = G (X (14.110)
n=1
we obtain
' jqu! 2
12 (x) =13CyinG )= —RF—1 (14.111)
If 12 12 ::: then we see that! 2 ! 2, so an arbitrary function (x) will always yield

an upper bound to the lowest eigenvalue.

As an example, consider a violin string ¢ = 0) with a mass m a xed in the center. We
write  (x)= +m (x 3L), hence

R @
dx “(x)
12 (x) = > (14.112)
m 2(3L)+ dx 2(x)
0

Now consider a trial function
8
: 1
2 Ax f 0 x 5L

)= (14.113)
CA(L x) if 3L x L



14.4. STURM-LIOUVILLE THEORY 263

Figure 14.8. One-parameter variational solution for a strng with a mass m axed at
— 1
x = ;L.
2

The functional ! 2 (x) now becomes an ordinary function of the trial parameter , with

R _
2ye 2o W22 2 +1) . (14114
)= IR2 TOL (2 D1+ +1Dv (14.114)
L2 +2  dxx2 M

0

m

Nl

whereM = L is the mass of the string alone. We minimize! ?( ) to obtain the optimal
solution of this form:

d
d—!Z()zo =) 42 2 1+2 +1)%( 1)%=0: (14.115)
For m=M ! 0, we obtain = %1 1+ p§ 0:809. The variational estimate for the

eigenvalue is then 6.00% larger than the exact answerj = c=L . In the opposite limit,
m=M !'1 | the inertia of the string may be neglected. The normal mode $ then piecewise
linear, in the shape of an isosceles triangle with basé and height y. TI"Y; equation of
motion is then my = 2 (yz%L), assumingjy=Lj 1. Thus,!; =(2c=L) M=m. This
is reproduced exactly by the variational solution, for which ! 1asm=M !1



264 CHAPTER 14. CONTINUUM MECHANICS

14.5 Continua in Higher Dimensions

In higher dimensions, we generalize the operatoK as follows:

_ @ @ :
K= @x (x) @x + v(X) : (14.116)
The eigenvalue equation is again
K xX)=12 x) (X); (14.117)
and the Green's function again satis es
h [
K 12 x) G x:;x9= (x x9; (14.118)
and has the eigenfunction expansion,
pS
G, (x;x9 = ”I(XZ)—T(ZXC) : (14.119)
ho !
The eigenfunctions form a complete and orthonormal basis:
R
(x) n() n(xy= (x x9 (14.120)
Z n=1
dx (X)) m(X) n(X)= mn; (14.121)

where is the region of space in which the continuous medium gists. For purposes of
simplicity, we consider here xed boundary conditions u(x;t) @ - 0, where @ is the
boundary of . The general solution to the wave equation

(x)% @—@i (x)@—@i+ v(x) u(x;t)=0 (14.122)

is 2
u(x;t) = G n(x)cos( ,t+ ,): (14.123)

n=1

The variational approach generalizes as well. We de ne

Z
N (x) = dx %%+v 2 (14.124)
z
D (x) = dx ?2; (14.125)
and N 0
2 _ X) .
! (x) = D ) (14.126)

Setting the variation ! 2 = 0 recovers the eigenvalue equatiorK = ! 2
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14.5.1 Membranes

Consider a surface where the height is a function of the lateral coordinatesx and y:
z=u(xyy) : (14.127)
The equation of the surface is then
F(x;y;z)=z u(xy)=0: (14.128)

Let the di erential element of surface area bedS. The projection of this element onto the
(x;y) plane is

dA = dxdy
=n 2dS: (14.129)
The unit normal ft is given by
a= P g2 ry . (14.130)
rF 1+(r u)?
Thus, o
4s = ‘:‘dz{’ =" T+ (r wldxdy (14.131)

The potential energy for a deformed surface can take many fons. In the case we shall
consider here, we consider only the e ect of surface tension, and we write the potential
energy functional as

z
U u(xy;t) = dS
Z
= Up+ 1 dA(r u)?+ 0 (14.132)
The kinetic energy functional is
VA
T u(xy;t) =3 dA (x)(@Qu)?: (14.133)
Thus, the action is 7
Su(x;t) = dXxL(ur u;@u;x) ; (14.134)

where the Lagrangian density is

L=13 (x)(@u? I (x)(r u?; (14.135)

where here we have allowed both (x) and (x) to depend on the spatial coordinates. The
equations of motion are

@@1@@@ ' CO?- u %u (14.136)
@u n 0
= (X)= T x)ru : (14.137)
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14.5.2 Helmholtz equation

When and are each constant, we obtain the Helmholtz equation:

1@
2 1@ =0 -

r 2@ u(x;t)=0 ; (14.138)
with ¢ = P ‘= . The d'Alembert solution still works { waves of arbitrary sh ape can
propagate in a xed direction R:

ux;ty= f(K x ct): (14.139)

This is called a plane wavebecause the three dimensional generalization of this waveds
wavefronts which are planes. In our case, it might better be alled aline wave, but people
will look at you funny if you say that, so we'll stick with plane wave Note that the locus
of points of constant f satis es

(x;t)= K x ct=constant ; (14.140)

and settingd =0 gives

dx
R —=c; 14.141
= C (14.141)
which means that the velocity along R isc. The component of x perpendicular to R is
arbitrary, hence the regions of constant correspond to lines which are orthogonal tok.

Owing to the linearity of the wave equation, we can constructarbitrary superpositions of
plane waves. The most general solution is written

Z g h

_ . i
u(x;t) = PBE A(k) ek x ok 4 B (k) gk x+ekt) (14.142)

The rst term in the bracket on the RHS corresponds to a plane wave moving in the +K
direction, and the second term to a plane wave moving in the K direction.

14.5.3 Rectangles

Consider a rectangular membrane wherex 2 [0;a] and y 2 [0; b], and subject to the bound-
ary conditions u(0;y) = u(a;y) = u(x; 0) = u(x;b) = 0. We try a solution of the form

uy;t) = X(X)Y(y) T(t) : (14.143)
This technique is known asseparation of variables Dividing the Helmholtz equation by u

then gives
1@X 1@y _ 11@r .
X @ Y@y &T @t (14.144)
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The rst term on the LHS depends only on x. The second term on the LHS depends only
ony. The RHS depends only ont. Therefore, each of these terms must individually be
constant. We write

i@: kf : i@: k2 l@: 12 (14.145)
X @% Y @y y T @%
with
2 22 2
ki + kj = @ (14.146)
Thus,! = c¢jkj. The most general solution is then
X (x) = A cosk,x)+ B sin(k,x) (14.147)
Y (y) = C cosk,y) + D sin(k,y) (14.148)
T(t)= E cos(t )+ Bsin(lt) : (14.149)
The boundary conditions now demand
A=0 ; C=0 ; sinkka=0 ; sink,b)=0: (14.150)
Thus, the most general solution subject to the boundary condions is
R X
u(x;y;t) = Amn SIN UL sin nTy cos! pnt+ mn (14.151)
m=1 n=1 a
where s
mc 2 nc ?
Vi = - T 5 (14.152)

14.5.4 Circles

For a circular membrane, such as a drumhead, it is conveniento work in two-dimensional
polar coordinates (;' ). The Laplacian is then

10 0,108 .
r @r @r r2 @72 °
We seek a solution to the Helmholtz equation which satis es he boundary conditionsu(r =
a;";t ) =0. Once again, we invoke the separation of variables methd, writing

2 _

(14.153)

u(nst )= R(r) ( ")T(); (14.154)
resulting in & &
11@ @R 11 _11@T
Rrar'er "7 @2 2T et (14-155)

The azimuthal and temporal functions are

(")=é™ ; T(t)=cos(lt + ); (14.156)
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where m is an integer in order that the function u(r;';t ) be single-valued. The radial
equation is then
@GR 1@R '2 m?

=4, I R=0: 14.157
@t r @r c? r2 ( )
This is Bessel's equation, with solution
Ir Ir
R(r)= AJ, S + BN, < : (14.158)

where J,,,(z) and N,,(z) are the Bessel and Neumann functions of ordem, respectively.
Since the Neumann functions diverge atr = 0, we must exclude them, setting B = 0 for
eachm.

We now invoke the boundary condition u(r = a;";t ) = 0. This requires

|
3. % -0 =) =1 = Xy E : (14.159)

whereJ, (X,,+) =0, i.e. X, is the ™" zero ofJ,,(x). The mose general solution is therefore

xR
u(r,ht )= A dn Xp =@ cosm' + .+ cos ;o t+ o (14.160)

m=0 "=1

1455 Sound in uids

Let %x;t) and v(x;t) be the density and velocity elds in a uid. Mass conservation
requires
@%
— + %/)=0 : 14.161
ot T W (14.161)

This is the continuity equation for mass.

Focus now on a small packet of uid of in nitesimal volume dV. The total force on this

uid element is dF = r p+ %y dV. By Newton's Second Law,
dv
dF = %dV it (14.162)

Note that the chain rule gives

dv @ _
g @t+ vV r v: (14.163)
Thus, dividing eqgn, 14.162 bydV, we obtain
% %t+ VIV = rp+tU: (14.164)

This is the inviscid (i.e. zero viscosity) form of the Navier-Stokes equation.
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Locally the uid can also be described in terms of thermodynanic variablesp(x ;t) (pressure)
and T(x;t) (temperature). For a one-component uid there is necessaity an equation of
state of the form p = p(%;T). Thus, we may write

dp= @P qoor ©@P gt . (14.165)

- @% @T,,

We now make the following approximations. First, we assume hat the uid is close to
equilibrium at v =0, meaning we write p= p+ p and %= %t % and assume that p, %
and v are small. The smallness off means we can neglect the nonlinear termy r )v in
eqgn. 14.164. Second, we neglect gravity (more on this later)The continuity equation then
takes the form

@ %

“at +% v=0; (14.166)

and the Navier-Stokes equation becomes
%%t: rp: (14.167)
Taking the time derivative of the former, and then invoking t he latter of these equations
yields
@%_ @p

— — 20 2 0/ -
T o' Q%' % r2%: (14.168)
The speed of wave propagationj.e. the speed of sound, is given by
s
@p
— 14.169

Finally, we must make an assumption regarding the conditiors under which the derivative

@ p=@8%computed. If the uid is an excellent conductor of heat, then the temperature will

equilibrate quickly and it is a good approximation to take th e derivative at xed temper-

ature. The resulting value of ¢ is called the isothermal sound speedc;. If, on the other

hand, the uid is a poor conductor of heat, as is the case for ai then it is more appropriate
to take the derivative at constant entropy, yielding the adiabatic sound speed. Thus,

s s

- @ . . _ o

T @% ' ° @%;

(14.170)

In an ideal gas,cg=¢; = P~ where = Cp=G, Iis the ratio of the specic heat at constant
pressure to that at constant volume. For a (mostly) diatomic gas like air (comprised of N
and O, and just a little Ar), = % Note that one can write ¢ = 1=%, where

1 @%
T % @p

is the compressibility, which is the inverse of thebulk modulus Again, one must specify
whether one is talking about | or 4. For reference in air at T = 293K, using M =

(14.171)
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28.:8 g=mol, one obtainsc; = 290:8 m=s andcg = 344:0m=s. In H,O at 293K, c = 1482 m=s.
In Al at 273K, ¢=6420m=s.

If we retain gravity, the wave equation becomes

@ % — 20 0% -
- Ar2% gr %: (14.172)
The dispersion relation is then
P
(k)= c?k?2+ig k: (14.173)

We are permitted to ignore the e ects of gravity so long asc?k?  gk. In terms of the
wavelength =2 =k, this requires

2 2
% = 75:9km (at T = 293K) : (14.174)

14.6 Dispersion

The one-dimensional Helmholtz equation@y = ¢ 2@y is solved by a plane wave
y(x;t)= Aek< e M (14.175)

provided ! = ck. We say that there are two branchesto the dispersion relation ! (k)
for this equation. In general, we may add solutions, due to tle linearity of the Helmholtz
equation. The most general solution is then

2 dk D . . i
y(X,t) — 2_ fl\(k) eIk (x ct) + /g(k) eIk (x+ct)
1
=f(x ct)+ g(x+ ct); (14.176)

which is consistent with d'Alembert's solution.

Consider now the free particle Schredinger equation in onespace dimension,
e . ~ @
@t 2m @%

The function (x;t) is the quantum mechanical wavefunction for a particle of mas m

moving freely along a one-dimensional line. Theprobability density for nding the particle
at position x at time t is

(14.177)

xt)=  (xt)?: (14.178)
Conservation of probability therefore requires

2
dx (xt)?=1: (14.179)
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This condition must hold at all times t.

As is the case with the Helmholtz equation, the Schredingerequation is solved by a plane
wave of the form

(x;t) = Ae*x e M - (14.180)
where the dispersion relation now only has one branch, and igiven by
~k2
I(k) = o : (14.181)
The most general solution is then
2 dk
= = N(k) gkx g 1-k*t=2m (14.182)

1

Let's suppose we start at timet = 0 with a Gaussian wavepacket,
(x;0)= "2 e =2 gkox (14.183)

To nd the amplitude "(k), we perform the Fourier transform:
2

k)= dx (x;0)e
1
-P3 V2 e (k k)52 (14.184)

We now compute (x;t) valid for all times t:
3

(x;t) = P35 3 v K giox g (k ko2 322 g o i-kt=2m (14.185)
1 " ) .
o2 gL 1R X ~Kot=m
0 l |t eXp 2\% 1+ t2: 2
" #
i 2ky 3x + x%t= k§it=
exp 27 1+ 2= 2 ; (14.186)
where m‘5:~. The probability density is then the normalized Gaussian
1 IR
(x;t) = P75 © (X v%O*=2() (14.187)
where v, = ~k,=m and D
t)="o 1+t2=2; (14.188)

Note that "(t) gives the width of the wavepacket, and that this width increases as a function
of time, with " (t ) ot= .
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Figure 14.9: Wavepacket spreading fokg g = 2 with t= =0, 2, 4, 6, and 8.

Unlike the case of the Helmholtz equation, the solution to the Schredinger equation does not
retain its shape as it moves. This phenomenon is known as thgpreading of the wavepacket
In g. 14.9, we show the motion and spreading of the wavepacke

For a given plane wavee®* e ! (Kt the wavefronts move at the phase velocity

Vp(K) = ¥ : (14.189)

The center of the wavepacket, however, travels at thegroup velocity

d!
Vg(k) = K . (14.190)
wherek = Kk is the maximum of '\(k) 2,

14.7 Appendix | : Three Strings

Problem: Three identical strings are connected to a ring of massn as shown in g. 14.10.
The linear mass density of each string is and each string is under identical tension . In
equilibrium, all strings are coplanar. All motion on the string is in the 2-direction, which is
perpendicular to the equilibrium plane. The ring slides frictionlessly along a vertical pole.

It is convenient to describe each string as a half line L ;0]. We can choose coordinates
X4, X5, and x5 for the three strings, respectively. For each string, the rng lies atx; = 0.
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A pulse is sent down the rst string. After a time, the pulse arrives at the ring. Transmitted
waves are sent down the other two strings, and a re ected wavaelown the rst string. The
solution to the wave equation in the strings can be written asfollows. In string #1, we have

z=f(ct xq)+ g(ct+ xy): (14.191)

In the other two strings, we may write z = h,(ct+ x,) and z = hg(ct+ X3), as indicated in
the gure.

Figure 14.10: Three identical strings arranged symmetriclly in a plane, attached to a
common end. All motion is in the direction perpendicular to this plane. The red ring,
whose mass isn, slides frictionlessly in this direction along a pole.

(a) Write the wave equation in string #1. De ne all constants .

(b) Write the equation of motion for the ring.

(c) Solve for the re ected wave g( ) in terms of the incident wave f ( ). You may write this
relation in terms of the Fourier transforms f'(k) and §(k).

(d) Suppose a very long wavelength pulse of maximum amplitud A is incident on the ring.
What is the maximum amplitude of the re ected pulse? What do we mean by \very long
wavelength"?

Solution:
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(a) The wave equation is

@z _ 180z, (14.192)
@% 2 @%p
wherex is the coordinate along the string, andc= = is the speed of wave propagation.

(b) Let Z be the vertical coordinate of the ring. Newton's second law aysmZ = F, where
the force on the ring is the sum of the vertical components oflhe tension in the three strings
at x =0: h i

F = f Act) + g¥ct) + ho(ct) + h2(ct) ; (14.193)

where prime denotes di erentiation with respect to argumert.

(c) To solve for the re ected wave, we must eliminate the unkrown functions h,.; and
then obtain g in terms of f. This is much easier than it might at rst seem. We start by
demanding continuity at the ring. This means

Z(t) = f(ct)+ g(ct) = h,(ct) = hy(ct) (14.194)

for all t. We can immediately eliminate h, 5:

ha()=he()=1()+9(); (14.195)
for all . Newton's second law from part (b) may now be written as
me> f)+ g ) =  fY)+3g%) : (14.196)
This linear ODE becomes a simple linear algebraic equationok the Fourier transforms,
2
f()= %f’\(k) ek (14.197)
1
etc. We readily obtain
_ k iQ .
ok = 5 (k) ; (14.198)
whereQ  =mc? has dimensions of inverse length. Sinch, ; = f + g, we have
_ _ 2Q :
i, (k) = g (k) = < 30 (k) : (14.199)

(d) For a very long wavelength pulse, composed of plane waver which jkj Q, we
have dg(k) %f’\(k). Thus, the re ected pulse is inverted, and is reduced by a fator % in
amplitude. Note that for a very short wavelength pulse, for whichk  Q, we have perfect
re ection with inversion, and no transmission. This is due to the inertia of the ring.

It is straightforward to generalize this problem to one with n strings. The transmission
into each of the (h 1) channels is of course identical (by symmetry). One then rds the
re ection and transmission amplitudes

k i(n 2)Q

: 2iQ
k inQ '

k inQ

r(k) = t(k) = (14.200)
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Conservation of energy means that the sum of the squares of éhre ection amplitude and
all the (n 1) transmission amplitudes must be unity:

r(k) 2+(n 1) t(k)?=1: (14.201)

14.8 Appendix Il : General Field Theoretic Formulation

Continuous systems possess an in nite number of degrees afeedom. They are described
by a set of elds ,(x;t) which depend on space and time. These elds may represent
local displacement, pressure, velocityetc. The equations of motion of the elds are again
determined by extremizing the action, which, in turn, is an integral of the Lagrangian
density over all space and time. Extremization yields a set of (genally coupled) partial
di erential equations.

14.8.1 Euler-Lagrange equations for classical eld theori es
Suppose a(x) depends onn independent variables, f x1;x?;:::;x"g. Consider the func-
tional Z

St ,x) = dxL( ,@ zX); (14.202)

i.e. the Lagrangian density L is a function of the elds 5 and their partial derivatives
@ ,=@x. Here is aregion in R'. Then the rst variation of S is

z Lg @ @ .
5= & &, " @e . ex
! @ z la @ a
:@dn @Gan " ¥ @, ex @@ a (14.203)

where@ isthe (n 1)-dimensional boundary of , d is the dierential surface area, and
n is the unit normal. If we demand Q. =@@ =0 of = 0, the surface term
vanishes, and we conclude

a)@ a@

" #
s _a e a |
a(x) @a @x @O a) « ’

where the subscript means we are to evaluate the term in braats at x. In a mechanical
system, one of then independent variables (usuallyx?), is the time t. However, we may
be interested in a time-independent context in which we wishto extremize the energy
functional, for example. In any case, setting the rst variation of S to zero yields the
Euler-Lagrange equations,

(14.204)

_ @a @ @
S0 ) & ax @@y ~° (14.205)
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The Lagrangian density for an electromagnetic eld with sources is
L= &£+F F J A (14.206)
The equations of motion are then

Q@ @ Q@
@A @x @@A)

which are Maxwell's equations.

=0 ) @F =4J ; (14.207)

14.8.2 Conserved currents in eld theory

Recall the result of Noether's theorem for mechanical systas:
!

d eLe _ . .
X & a =0 : (14.208)

where = = g (q; ) is a one-parameter () family of transformations of the generalized
coordinates which leavesL invariant. We generalize to eld theory by replacing

q@ ! x5t (14.209)

wheref 4(x;t)gare asetof elds, which are functions of the independent vaiablesf x; y; z; tg.
We will adopt covariant relativistic notation and write for four-vector x = (ct;x;y;z). The

generalization of dQ=dt=0 is
|

@ @ @
@x Q@@ ) @

=0 ; (14.210)
=0

where there is an implied sum on both and a. We can write thisas@J =0, where

@ @
ae . @

=0

(14.211)

We call Q = J%=c the total charge. If we assumeJ = 0 at the spatial boundaries of our
system, then integrating the conservation law@ J over the spatial region gives

40 Z Z |
5T dx@J° = dkr J = d R J=0; (14.212)
@

assumingJ = 0 at the boundary @.
As an example, consider the case of a complex scalar eld, witLagrangian density?
L(;; @;@ )=3K(@ )@ ) U : (14.213)

2We raise and lower indices using the Minkowski metric g =diag(+ ; ; ; ).
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This is invariant under the transformation ! €& I el . Thus,
@ _ . @ i
—=e ; —= e : 14.214
@ @ ( )
and, summing over both and elds, we have
@] : @] .
J = —— (i )+ ———— i
@e) " VTaey (')
= g @ @ : (14.215)

The potential, which depends onj j?, is independent of . Hence, this form of conserved
4-current is valid for an entire class of potentials.

14.8.3 Gross-Pitaevskii model

As one nal example of a eld theory, consider the Gross-Pitaevskii model, with

. @ ~2 ) 2

L=i~ — ——r r n : 14.216

@t 2m giji° ng ( )

This describes a Bose uid with repulsive short-ranged intgactions. Here (x;t) is again
a complex scalar eld, and s its complex conjugate. Using the Leibniz rule, we have

s{ s 1=8[ _+  + 1]
Z z . e, a - P
- dt d 1~ @‘FP‘ @t ﬁl’ r %I’ r
29 j > ng ( + )
z z ( @ ,
— T ) P2
= dt d¥% ~gi" o’ 29 j i ng
) )
i@~ 29 2 n : (14.217)
@t 2m 0 ’

where we have integrated by parts where necessary and disa®d the boundary terms.
Extremizing S[ ; ] therefore results in the nonlinear Schredinger equation (NLSE),

@ ~2 2 . .2
~@t: %r +20 ] J© ng (14.218)

as well as its complex conjugate,

. @ ~2 2 )
|~@= o +29 ) j° ng : (14.219)
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Note that these equations are indeed the Euler-Lagrange e@iions:

S_ @ @ @

== = _=_ 14.220
@ @x @e (14.220)
S Q @ Q
— = ; 14.221
@ @x ea@ (14.221)
with x = (t;x)3 Plugging in
Q - QQ , QQ ~2
—= 2 n ;== I~ ;o —— = =T 14.222
and
@ _ . - @ @ 2
— =i~ 2 n ;7 —=0 ; —/—= 14.223
we recover the NLSE and its conjugate.
The Gross-Pitaevskii model also possesses a U(1) invariaecunder
x;t)! “(x;t)=¢€ (x;t) ; x;t)! ~“(x;ty=e!  (x:t): (14.224)
Thus, the conserved Noether current is then
. e o , e g
ee@e @ , @@ @ _
0= ~j 2 (14.225)
2
= o r (14.226)
Dividing out by ~, taking J° ~ andJ ~j , we obtain the continuity equation,
@ o
@t+ r j=0; (14.227)
where
- 2 .-
=jjc ; ]= i r (14.228)

are the particle density and the particle current, respectiely.

0 —

3In the nonrelativistic case, there is no utility in de ning  x° = ct, so we simply de ne x° = t.
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14.9 Appendix Il : Green's Functions

Suppose we add a forcing term,
h i

@y @ @y _ it
(%) @ @x (%) @x +v(x)y=Re (xX)f(x)e X (14.229)
We write the solution as h i
y(x;t)=Re y(x)e " (14.230)
where q dy(x)
a y(X ) — .
3 g VY0 1P (Y= (0T () (14.231)
or h [
K 12X yx)= X)fX); (14.232)
whereK is a di erential operator,
d d
I (x) o + V(X) : (14.233)
Note that the eigenfunctions of K are thef (x)g:
K ,x)=12 x) (X : (14.234)
The formal solution to equation 14.232 is then
h g
y(x)= K 172 . (x93 (x9 (14.235)
XX
Zb
= dx% (x96G, (x;x9f (x9: (14.236)

Xa

What do we mean by the term in brackets? If we de ne the Green's function

h i
G (x;x% K 172 : (14.237)
’ X;x 0
what this means is h i
K 12((x) G(xx%= x x9: (14.238)

Note that the Green's function may be expanded in terms of the(real) eigenfunctions, as

n(¥) n(x9

o (14.239)
1z

X
G, (x;x9 =

n

which follows from completeness of the eigenfunctions:

e
(x) ) axY= (x x9: (14.240)

n=1
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The expansion in egn. 14.239 is formally exact, but di cult t o implement, since it requires
summing over an in nite set of eigenfunctions. It is more practical to construct the Green's
function from solutions to the homogeneous Sturm Liouville equation, as follows. When
x 6 x% we have that (K ! 2 )G, (x;x9 = 0, which is a homogeneous ODE of degree two.
Consider rstthe interval x 2 [x,;x9. A second order homogeneous ODE has two solutions,
and further invoking the boundary condition at x = Xg, there is a unique solution, up to
a multiplicative constant. Call this solution y;(x). Next, consider the interval x 2 [xo,xb].
Once again, there is a unigue solution to the homogeneous Stm-Liouville equation, up
to a multiplicative constant, which satis es the boundary condition at x = x,. Call this

solution y,(x). We then can write

8
2AXYy(x) if xa x<x?©

G (xix)= (14.241)
" B(XOy,(x) if xP<x  x,:

Here, A(x% and B(x9 are undetermined functions. We now invoke the inhomogeneas
Sturm-Liouville equation,

& (X) W +Vv(X)G, (x;x9 12 X)G, (x;x%= x xY: (14.242)
We integrate this from x = x° to x = x°+ , where is a positive in nitesimal. This

yields h i
x) A9 YI(x) B(xYydx) =1: (14.243)

Continuity of G (x;x9 itself demands

AXYy (x9 = B(xYy,(x9 : (14.244)

Solving these two equations forA(x9 and B (x9, we obtain

y2(x9 y1(x9

A(XY) = ; B(x") = ; 14.245
o9 (XY Wy, .y, (x9 ) (X9 Wy, .y, (x9 ( )

where Wy .y (X) is the Wronskian

0 1
y1(X)  Ya(X)
Wy _y,(X) = det @ A

y2(x)  y3(x)
= yi(X) y3(x)  yo(x) y2(x) : (14.246)

Now it is easy to show that Wy .y (X) (x) = W is a constant. This follows from the fact
that

0=y,Ky; Y,Ky;
h i

d
=90 vy vovio: (14.247)
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Thus, we have 8
2 Vi)Yo (x9=W if xa x<x?©

G, (x;x9 = S (14.248)
y1(x9 y,()=W if xO<x  xy;

or, in compact form,
yl(x<)y2(x>) .

G, (x;x9 = W : (14.249)

wherex. = min(x;x9 and x, = max(x;x9.

As an example, consider a uniform string {e. and constant, v = 0) with xed endpoints
at x, =0 and x,,= L. The normalized eigenfunctions are

r
Lisin hx . (14.250)

NOE X

and the eigenvalues aré , = n c=L . The Green's function is

x i = i (&=
Gy (x;x9 = Li B Sm(n(); CL:E :)S'zn(n!xz b (14.251)

Now construct the homogeneous solutions:

(K 12)y=0 ;| y@=0 =)  y=sn = (14.252)

(L Xx)
c

(K 12)y,=0 ; y(L)=0 =)  yy(x)=sin (14.253)

The Wronskian is .
W=yy2 Ypyp= osin —— (14.254)
Therefore, the Green's function is

o Sin!x_=csin!(L x,)=c
G, (x;x9 = (1=c) sin(iL=c) : (14.255)

14.9.1 Perturbation theory

Suppose we have solved for the Green's function for the lineaperator K, and mass density
o(x). l.e. we have
Ko 12 ox) GP(x;x%= (x x9: (14.256)

We now imagine perturbing 4! 4+ 1,Vvg! Vot+ v, ! o+ 1. Whatis the new
Green's function G, (x;x%? We must solve

Lo+ L, G (xx%= (x x9; (14.257)
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Figure 14.11: Diagrammatic representation of the perturbdion expansion in eqn. 14.260..

where

LY K, !2, (14.258)
Lok, 12 (14.259)

h g
G = L%+ L}
h g
= 6 '+t
h i

1
1+ Gt @&}
=G GG+ 2GPLIGPLEGY +::: (14.260)
The “matrix multiplication' is of course a convolution, i.e.
Zb
G, (x;x% = GP(x;x9 dx; G2 (x;x ) Lt X1;d?<_1 GY(xp;xY+ 10 (14.261)

Xa

Each term in the perturbation expansion of eqn. 14.260 may beepresented by a diagram,
as depicted in Fig. 14.11.

As an example, consider a string withx, = 0 and x, = L with a mass point m a xed at
the point x = d. Thus, ;(x)=m (x d),andL} = m!?2 (x d),with =1. The
perturbation expansion gives

G (xx9 = G2(x;xY+ m! 2GP (x;d) G?(d; x% + m? 4GP (x;d) GP (d; d) GP (d; xY + :::
m! 2GP(x;d) G{ (d;x%

= G!O(X;X(bdl' 1 m! ZG'O(d,d)

(14.262)
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Note that the eigenfunction expansion,

n(¥) n(x9

X
G!(X§X(§: —VZz 12
Vg !

n

(14.263)

says that the exact eigenfrequencies are poles &, (x;x9, and furthermore the residue at
each pole is

Res G, (x;x9 = n(X) n(x9Y: (14.264)

1
2y
According to eqn. 14.262, the poles oG, (x;xY are located at solutions tc*

m! 2GP(d;d) =1 : (14.265)

For simplicity let us set d = %L, so the mass point is in the middle of the string. Then
according to eqn. 14.255,

sin?(IL= 2¢c)
GY 3LisL = :
2oz (! =c ) sin('L=c )
C L
= —t — 14.266
TRl ( )
The eigenvalue equation is therefore
IL 2
tan — = —; 14.267
2c m!c ( )
which can be manipulated to yield
m
v ctn ; ( )
where = !IL=2cand M = L is the total mass of the string. Whenm = 0, the LHS
vanishes, and the roots lie at =(n+ %) , which gives! =1, .,. Why don't we see the

poles at the even mode eigenfrequencids,,? The answer is that these poles are present
in the Green's function. They do not cancel ford = %L because the perturbation does
not couple to the even modes, which all have 2n(%L) = 0. The case of generald may be
instructive in this regard. One nds the eigenvalue equation

__sin@) -m. (14.269)
2 sin2 sin21 ) M
where = d=L. Now setting m = 0 we recover 2 = n , which says! = ! ,, and all the

modes are recovered.

“Note in particular that there is no longer any divergence at t he location of the original poles of G? (x; x9).
These poles are cancelled.
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14.9.2 Perturbation theory for eigenvalues and eigenfunct ions

We wish to solve
Ko+ K, =12 o+ | (14.270)

which is equivalent to
LY = Lt (14.271)

Multiplying by L? *= G? on the left, we have

Zb
(x) = dx°G, (x;x9L (x9 (14.272)

X Zo

% dx® (YLt (X9 (14.273)

m=1 Xa

We are free to choose any normalization we like for (x). We choose

Zb
no = dx o(x) h(X) (X)=1; (14.274)
Xa
which entails
Zb
12 12= dx (X)L} (x) (14.275)
Xa
as well as
Zb
X K (X) 0 1
()= a(x)+ e dx® LT (XY (14.276)
k ' "k
(k& n) Xa

By expanding and ! 2 in powers of , we can develop an order by order perturbation
series.

To lowest order, we have

Xb
12=12+  dx ,()L{ (%) : (14.277)
Xa
For the caseL{ = m!? (x d), we have
! 2
I_n = %m n(d)
n
m ., nd
= — — 14.278
M sin 3 ( )

For d = 1L, only the odd n modes are a ected, as the evem modes have a node ak = 3L.
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Carried out to second order, one obtains for the eigenvalues
Zb
12=12+  dx ()L (%)
Xa
X Node (OOLE a0

3
T2 +0( )
n "k

Ko Zb

2 dx G(0OLL a0 dx® 4(x)  L(x9 P+ 0(

Xa Xa

285

(14.279)
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Chapter 15

Special Relativity

For an extraordinarily lucid, if characteristically brief , discussion, see chs. 1 and 2 of L. D.
Landau and E. M. Lifshitz, The Classical Theory of Fields(Course of Theoretical Physics,
vol. 2).

15.1 Introduction

All distances are relative in physics. They are measured wii respect to a xed frame of
reference. Frames of reference in which free particles move with conant velocity are called
inertial frames. The principle of relativity states that the laws of Nature are identical in
all inertial frames.

15.1.1 Michelson-Morley experiment

We learned how sound waves in a uid, such as air, obey the Helimoltz equation. Let us
restrict our attention for the moment to solutions of the form (x;t) which do not depend
ony or z. We then have a one-dimensional wave equation,

@ _106 .

@% @t
The uid in which the sound propagates is assumed to be at rest But suppose the uid
is not at rest. We can investigate this by shifting to a moving frame, de ning x°= x ut,
with y°=y, 2= z and of courset®= t. This is a Galilean transformation. In terms of the
new variables, we have

(15.1)

@_ @ , @ _ @ 6 @,
e @3 : ot u _52+ ok (15.2)
The wave equation is then
2
1 U @ 18 2u @ (15.3)

2 @f 2@t & atat

287
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Clearly the wave equation acquires a di erent form when expessed in the new variables
(x%t9, i.e. in a frame in which the uid is not at rest. The general solution is then of the
modi ed d'Alembert form,

(x%t9 = F(x° cth+ g(x+ c.tY ; (15.4)

wherec; = ¢ uand ¢ = c+ u are the speeds of rightward and leftward propagating
disturbances, respectively. Thus, there is apreferred frame of reference{ the frame in

which the uid is at rest. In the rest frame of the uid, sound w aves travel with velocity c
in either direction.

Light, as we know, is a wave phenomenon in classical physicd he propagation of light is
described by Maxwell's equations,

@
@t
R C
c @t’

r E=4 r E-= (15.5)

ol

r B =0 r B = J (156)

4
c
where and | are the local charge and current density, respectively. Takng the curl of
Faraday's law, and restricting to free space where = j = 0, we once again have (using a
Cartesian system for the elds) the wave equation,

1 @E
== 15.7
"Fre e (157
(We shall discuss below, in section 15.8, the beautiful proprties of Maxwell's equations

under general coordinate transformations.)

In analogy with the theory of sound, it was assumed prior to Enstein that there was in
fact a preferred reference frame for electromagnetic radton { one in which the medium
which was excited during the EM wave propagation was at rest.This notional medium was
called the lumineferous ether. Indeed, it was generally assumed during the 19 century
that light, electricity, magnetism, and heat (which was not understood until Boltzmann's
work in the late 19" century) all had separate ethers. It was Maxwell who realize that
light, electricity, and magnetism were all uni ed phenomena, and accordingly he proposed
a single ether for electromagnetism. It was believed at theite that the earth's motion
through the ether would result in a drag on the earth.

In 1887, Michelson and Morley set out to measure the changes ithe speed of light on earth
due to the earth's movement through the ether (which was gengally assumed to be at rest
in the frame of the Sun). The Michelson interferometer is shawn in g. 15.1, and works as
follows. Suppose the apparatus is moving with velocityu X through the ether. Then the
time it takes a light ray to travel from the half-silvered mir ror to the mirror on the right
and back again is

t, = + = . 158
X c+u ¢ u 2 u? ( )
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Figure 15.1: The Michelson-Morley experiment (1887) used minterferometer to e ectively
measure the time di erence for light to travel along two di e rent paths. Inset: analysis for
the y-directed path.

For motion qalong the other arm of the interferometer, the geanetry in the inset of g. 15.1
shows™ = 2+ Zu2t?, hence

20

20 . 1 - .
Thus, the di erence in times along these two paths is
2c 2 Coul

t=1t, t,= = T o @ (15.10)

Thus, the di erence in phase between the two paths is

u2
— = t - = 15.11
> 2 ( )
where is the wavelength of the light. We take u  30km=s, which is the earth's orbital
velocity, and 5000A. From this we nd that 0:02 2 if ° =1m. Michelson

and Morley found that the observed fringe shift =2 was approximately 0.02 times the
expected value. The inescapable conclusion was that the spé of light did not depend on
the motion of the source. This was very counterintuitive!
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Figure 15.2: Experimental setup of Alvageret al. (1964), who used the decay of high energy
neutral pions to test the source velocity dependence of themeed of light.

The history of the development of special relativity is quite interesting, but we shall not have
time to dwell here on the many streams of scienti ¢ thought during those exciting times.
Su ce it to say that the Michelson-Morley experiment, while a landmark result, was not the
last word. It had been proposed that the ether could be dragge, either entirely or partially,
by moving bodies. If the earth dragged the ether along with it then there would be no
ground-level “ether wind' for the MM experiment to detect. Other experiments, however,
such as stellar aberration, in which the apparent position @ a distant star varies due to the
earth's orbital velocity, rendered the \ether drag" theory untenable { the notional “ether
bubble' dragged by the earth could not reasonably be expectkto extend to the distant
stars.

A more recent test of the e ect of a moving source on the speedfdight was performed

by T. Alager et al.,, Phys. Lett. 12, 260 (1964), who measured the velocity of -rays

(photons) emitted from the decay of highly energetic neutrd pions ( °). The pion energies
were in excess of 6 GeV, which translates to a velocity of = 0:99975¢c, according to special
relativity. Thus, photons emitted in the direction of the pi ons should be traveling at close
to 2c, if the source and photon velocities were to add. Instead, tke velocity of the photons

was found to bec=2:9977 0:0004 10'° cm=s, which is within experimental error of the

best accepted value.

15.1.2 Einsteinian and Galilean relativity

The Principle of Relativity states that the laws of nature are the same when expressed in
any inertial frame. This principle can further be re ned int o two classes, depending on
whether one takes the velocity of the propagation of interations to be nite or in nite.
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Figure 15.3: Two reference frames.

Typically, one has two-body interactions in which case one wites U = i<i u(r;; r| ). These
interactions are thus assumed to be instantaneous, which isinphysical. The interaction of
particles is mediated by the exchange of gauge bosons, sucls ¢he photon (for electro-
magnetic interactions), gluons (for the strong interaction, at least on scales much smaller
than the “con nement length'), or the graviton (for gravity ). Their velocity of propagation,
according to the principle of relativity, is the same in all reference frames, and is given by

the speed of light,c=2:998 10° m=s.

Sincec is so large in comparison with terrestrial velocities, and sce d=cis much shorter
than all other relevant time scales for typical interparticle separationsd, the assumption
of an instantaneous interaction is usually quite accurate.The combination of the principle
of relativity with niteness of c is known as Einsteinian relativity. When ¢ = 1 , the
combination comprises Galilean relativity:

c<1 : Einsteinian relativity
c=1 : Galilean relativity :

Consider a train moving at speedu. In the rest frame of the train track, the speed of
the light beam emanating from the train's headlight is ¢+ u. This would contradict the
principle of relativity. This leads to some very peculiar cansequences, foremost among them
being the fact that events which are simultaneous in one indral frame will not in general
be simultaneous in another. In Newtonian mechanics, on the ther hand, time is absolute,
and is independent of the frame of reference. If two events ar simultaneous in one frame
then they are simultaneous in all frames. This is not the casen Einsteinian relativity!

We can begin to apprehend this curious feature of simultanay by the following Gedanken-
experiment (a long German word meaning \thought experiment")%. Consider the case in
g. 15.3 in which frame K “moves with velocity u® with respect to frame K . Let a source
at S emit a signal (a light pulse) att = 0. In the frame K °the signal's arrival at equidistant

locations A and B is simultaneous. In frameK , however, A moves toward left-propagating

LUnfortunately, many important physicists were German and w e have to put up with a legacy of long
German words like Gedankenexperiment, Zitterbewegung, Brehmsstrahlung, Stosszahlansatz Karto elsalat ,
etc.
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emitted wavefront, and B moves away from the right-propagaing wavefront. For classical
sound, the speed of the left-moving and right-moving wavefonts isc u, taking into account
the motion of the source, and thus the relative velocities ofthe signal and the detectors
remain at c. But according to the principle of relativity, the speed of light is cin all frames,
and is so in frameK for both the left-propagating and right-propagating signals. Therefore,
the relative velocity of A and the left-moving signal is ¢+ u and the relative velocity of B
and the right-moving signal is ¢ u. Therefore, A “closes in' on the signal and receives it
before B, which is moving away from the signal. We might expetthe arrival times to be
t, = d=c+ u) and t; = d5c u), whered is the distance between the source S and either
detector A or B in the K ®frame. Later on we shall analyze this problem and show that

r r
c u d . _c+u d.
o

= — ; t, =
A c+t+u c B cC u

(15.12)

Our nawve analysis has omitted an important detail { the Lorentz contraction of the distance
d as seen by an observer in th& frame.

15.2 Intervals

Now let us express mathematically the constancy ot in all frames. An eventis speci ed
by the time and place where it occurs. Thus, an event is speced by four coordinates,
(t;x;y;z). The four-dimensional space spanned by these coordinates called spacetime
The interval between two events in spacetime at{;; X;;Y;;2;) and (t,;X,;Y,; Z,) is de ned
to be q

S, = C(ty )2 (Xg X202 (Y; Yo)? (zy Zp)?: (15.13)

For two events separated by an in nitesimal amount, the interval ds is in nitesimal, with

ds? = ?dt? dx?> dy? dz?: (15.14)

Now when the two events denote the emission and reception ofnaelectromagnetic signal,
we haveds? = 0. This must be true in any frame, owing to the invariance of c, hence since
ds and ds? are di erentials of the same order, we must haveds® = ds2. This last result
requires homogeneity and isotropy of space as well. Finallyif in nitesimal intervals are
invariant, then integrating we obtain s = s® and we conclude thatthe interval between two
space-time events is the same in all inertial frames

When s2, > 0, the interval is said to be time-like. For timelike intervals, we can always
nd a reference frame in which the two events occur at the samdocations. As an example,
consider a passenger sitting on a train. Event #1 is the passeger yawning at time t,. Event

#2 is the passenger yawning again at some later time,. To an observer sitting in the train

station, the two events take place at di erent locations, but in the frame of the passenger,
they occur at the same location.

. . . , P .5
When s2, < 0, the interval is said to be space-like Note that s;, = = s%, 2 iR is pure
imaginary, so one says that imaginary intervals are spacele. As an example, at this
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Figure 15.4: A (1 + 1){dimensional light cone. The forward light cone consists of timelike
events with t> 0. The backward light cone consists of timelike events with t< 0. The
causally disconnected regions are time-like, and interval connecting the origin to any point
on the light cone itself are light-like.

moment, in the frame of the reader, the North and South poles bthe earth are separated
by a space-like interval. If the interval between two eventsis space-like, a reference frame
can always be found in which the events are simultaneous.

An interval with s;, =0 is said to be light-like.

This leads to the concept of thelight cone, depicted in g. 15.4. Consider an event E. In the
frame of an inertial observer, all events withs?> 0and t> 0 are in E's forward light cone
and are part of his absolute future Events with s?> 0 and t< O lie in E's backward light
cone are are part of hisabsolute past Events with spacelike separationss? < 0 are causally
disconnectedfrom E. Two events which are causally disconnected can not pgsible in uence
each other. Uniform rectilinear motion is represented by aine t = x=v with constant slope.
If v <c, this line is contained within E's light cone. E is potentially in uenced by all events
in its backward light cone, i.e. its absolute past. It is impossible to nd a frame of referene@
which will transform past into future, or spacelike into tim elike intervals.
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15.2.1 Proper time

Proper time is the time read on a clock traveling with a moving observer. Consider two
observers, one at rest and one in motion. Ifdt is the di erential time elapsed in the rest
frame, then

ds’ = ¢dt® dx* dy* dz® (15.15)
= 2dt®; (15.16)
where dt®is the di erential time elapsed on the moving clock. Thus,
r
w=a 1 L, 15.17
- ? ' ( . )
and the time elapsed on the moving observer's clock is

Ao F

2
9 9= dt 1 cht)

: (15.18)

Thus, moving clocks run slower This is an essential feature which is key to understanding
many important aspects of particle physics. A particle with a brief lifetime can, by moving
at speeds close ta, appear to an observer in our frame to be long-lived. It is cuvmary to
de ne two dimensionless measures of a particle's velocity:

\% 1

— : : 15.19

c pﬁ ( )
Asv! c,wehave ! land !1

Suppose we wish to compare the elapsed time on two clocks. Weép one clock at rest in
an inertial frame, while the other executes a closed path in gace, returning to its initial
location after some interval of time. When the clocks are corpared, the moving clock will
show a smaller elapsed time. This is often stated as the \twinparadox." The total elapsed
time on a moving clock is given by

ds; (15.20)

where the integral is taken over theworld line of the moving clock. The elapsed time
takes on a minimum value when the path froma to bis a straight line. To see this, one can
express x(t) as a functional of the path x (t) and extremize. This results inx = 0.

15.2.2 Irreverent problem from Spring 2002 nal exam

Flowers for Algernon { Bob's beloved hamster, Algernon, is very ill. He has only ttree hours
to live. The veterinarian tells Bob that Algernon can be saved only through a gallbadder
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transplant. A suitable donor gallbladder is available from a hamster recently pronounced
brain dead after a blender accident in New York (miraculousy, the gallbladder was un-
scathed), but it will take Life Flight ve hours to bring the p recious rodent organ to San
Diego.

Bob embarks on a bold plan to save Algernon's life. He placesiim in a cage, ties the cage to
the end of a strong meter-long rope, and whirls the cage aboveis head while the Life Flight
team is en route. Bob reasons thatif he can make time pass more slowly for Algernonthe
gallbladder will arrive in time to save his life.

(a) At how many revolutions per second must Bob rotate the cage inorder that the gall-
bladder arrive in time for the life-saving surgery? What is Algernon's speedv,?

Solution : We have (t) = ! jR=cis constant, therefore, from eqn. 15.18,
t= 9 (15.21)

: . . Pp—
Setting t'=3hrand t=5hr, we have = 3 which entails = 1 2 = %‘. Thus,
Vg = ‘g"c, which requires a rotation frequency of! ;=2 = 38:2MHz.

(b) Bob nds that he cannot keep up the pace! Assume Algernon's sped is given by
r

vit)= vy 1 % (15.22)
wherev,, is the speed from part(a) , and T =5h. As the plane lands at the pet hospital's
emergency runway, Bob peers into the cage to discover that Ajernon is dead! In order to
[l out his death report, the veterinarian needs to know: when did Algernon die? Assuming
he died after his own hamster watch registered three hours, erive an expression for the
elapsed time on the veterinarian's clock at the moment of Algrnon's death.

Solution : hSnie i. We have (t)= g 1 + =2 We set
z p
TO= dt 1 2(%t) (15.23)

where T? = 3hr and T is the time of death in Bob's frame. We write 0 = ‘g‘ and
0=(1 5) 1=2 — % Note that TET = 1 02: 01_

Rescaling by writing = t=T, we have

TO TZ:T q
T° ot= d 1 3+ 8
0 n 3_2 #
2 T _
- 32 1 g+ Cz)? @ ¥
0 mn 3_2 #
2 1 T ¥
= = 1+( 2 1) — 1 : 15.24
3, 2 1 (o 1 T ( )
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Solving for T =T we have

-
— = ; 15.25
- (15.25)

With ;= 2 we obtain

h i
T -
==5% 37 1 =077502:: (15.26)

Thus, T =3:875hr =3 hr 52 min 50.5 sec after Bob starts swinging.
(c) Identify at least three practical problems with Bob's scheme.

Solution : As you can imagine, student responses to this part were vaeid and generally
sarcastic. E.g. \the atmosphere would ignite," or \Bob's arm would fall 0 ," or \Algernon's

remains would be found on the inside of the far wall of the cagesquashed atter than a
coat of semi-gloss paint,”etc.

15.3 Four-Vectors and Lorentz Transformations

We have spoken thus far about di erent reference frames. Sodw precisely do the coordi-
nates (t; x;y; z) transform between framesk and K % In classical mechanics, we have= t°
and x = x%+ ut, according to g. 15.3. This yields the Galilean transformation,

0 1
0 1 1 00000l
x§ ue 1 0 i%);g%
= : 15.27
%‘y %uy 01 (15.27)
z uu 0 0 1 2°

Such a transformation does not leave intervals invariant.

Let us de ne the four-vector x as
0 1
X = %X§ ct . (15.28)
y X
z

Thus, x° = ct, x! = x, x2 = y, and x3 = z. In order for intervals to be invariant, the
transformation between x in frame K and x° in frame K ®must be linear:

x =L x°: (15.29)

where we are using the Einstein convention of summing over peated indices. We de ne
the Minkowski metric tensor g as follows:

0 1
1. 0 0 O
~ _Bo 1 0 0§
g =g = o 1 oA ° (15.30)
0 0 0 1
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Clearly g = ¢! is a symmetric matrix.

Note that the matrix L has one raised index and one lowered index. For the notation &
are about to develop, it is very important to distinguish rai sed from lowered indices. To
raise or lower an index, we use the metric tensor. For example

0 1
ct
X
x:gx:% g: (15.31)
y
z
The act of summing over an identical raised and lowered indexs called index contraction.
Note that 0 1
1 000
_ _ _Bo 1o § ,
g =g g = = 0 1 : (15.32)
0 001

Now let's investigate the invariance of the interval. We mug have x° x% = x x . Note
that

0 x0 (15.33)

1
-
«Q
-
x

from which we conclude
L gL =g : (15.34)

This result also may be written in other ways:
L gL =g : L'glL =g (15.35)

Another way to write this equation is L'gL = g. A rank-4 matrix which satis es this
constraint, with g = diag(+; ; ; ) is an element of the group O(31), known as the
Lorentz group.

Let us now count the freedoms inL. As a 4 4 real matrix, it contains 16 elements. The
matrix L' gL is a symmetric 4 4 matrix, which contains 10 independent elements: 4 along
the diagonal and 6 above the diagonal. Thus, there are 10 cofrsints on 16 elements ofL,
and we conclude that the group O(31) is 6-dimensional. This is also the dimension of the
four-dimensional orthogonal group O(4), by the way. Three d these six parameters may
be taken to be the Euler angles. That is, the group O(3) constiutes a three-dimensional
subgroupof the Lorentz group O(3; 1), with elements

0 1
1 0 0 0
_BO Ryy Rpp Ry
Ra Raa Ry
0 Rz Rz Rgg

L (15.36)
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whereR!R = M1 , i.e. R 2 O(3) is a rank-3 orthogonal matrix, parameterized by the three

Euler angles (; ; ). The remaining three parameters form a vector =( x; y; z) and
de ne a second class of Lorentz transformations, called bais:?
0 1
X y z
N N N N N N
. :% DA B S A GUBCIE IR LR T)
y ( 1) /\X /\y 1+( 1/2 X y ( 1) y/\ Z/\
z ( 1) x 2 ( 1)y ' 1+( 1)°;
where
b- . =1 2 ¥ (15.38)
)
IMPORTANT . Since the components of are not the spatial components of a four

vector, we will only write these components with a lowered imex, as ;, with i =1;2;3. We

will not write ' with a raised index, but if we did, we'd mean the same thing,ie. '= .

Note that for the spatial components of a 4-vector likex , we havex; = x'.
Let's look at a simple example, where x = and y= ;=0. Then
0 1
00
L = % 0 (§ : (15.39)
@0 o0 1 ' '
0O 0 01
The e ect of this Lorentz transformation x = L x9 is thus
ct= ct%+ x O (15.40)
x= ct %+ x©: (15.41)
How fast is the origin of K ®moving in the K frame? We havedx®= 0 and thus
1 dx cdt ©
2 = 15.42
c dt cdt?© ( )

Thus,u= c,i.e. = u=c

" is aprojection operator, which

Itis convenient to take advantage of the fact that P; P

2

satises P “=P . The action of P; on any vector is to project that vector onto the "
direction:
P =(" )" (15.43)
We may now write the general Lorentz boost, with = u=c¢ as
t
L = 1+ ( )P : (15.44)

2Unlike rotations, the boosts do not themselves de ne a subgroup of O(3; 1).
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where | is the 3 3 unit matrix, and where we write column and row vectors
0 1

:Epi& : =,y (15.45)

as a mnemonic to help with matrix multiplications. We now have

t 0 0 0
Y I+( 1P 0 = e x 01( Xl) pxo i (1549
Thus,
ct= ct%+  x° (15.47)
x=  ct%+ x%+( 1" xH": (15.48)
If we resolvex and x%into components parallel and perpendicular to , writing
x,="x 5 x,=x ("x)"; (15.49)

with corresponding de nitions for x‘lj and xg , the general Lorentz boost may be written as

ct= ct%+ x ? (15.50)
X, = ct %+ xp (15.51)
X, = x3: (15.52)

Thus, the components ofx and x° which are parallel to  enter into a one-dimensional
Lorentz boost along with t and t° as described by eqn. 15.41. The components af and
x®which are perpendicular to are una ected by the boost.

Finally, the Lorentz group O(3; 1) is a group under multiplication, which means that if L4
and L, are elements, then so is the product 4L, . Explicitly, we have

(Laly)tglal, = Lh(LigLlyL, = LigL, = g: (15.53)

15.3.1 Covariance and contravariance

Note that
0 10 10 1
00 1 0 0 00
o<£ 0 0§% 0<§
t —
L g L ‘%o 0 1 0 0o 0 1
0O 0 01 O 0 1 0 0 01
0 1
10 0 O
_Bo 1 0 o _
= 0 1 o0K=9 (15.54)
0 0 0 1
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since 2(1  ?)=1. Thisis in fact the general way that tensors transform under a Lorentz
transformation:

covariant vectors : x =L x° (15.55)

covarianttensors : F =L L F° =L FO ! (15.56)

Note how index contractions always involve one raised indexand one lowered index. Raised
indices are calledcontravariant indices and lowered indiced are calledcovariant indices.
The transformation rules for contravariant vectors and tensors are

contravariant vectors : x =L x° (15.57)

contravarianttensors : F =L L F° =L FO Lt (15.58)

A Lorentz scalar has no indices at all. For example,
ds?=g dx dx ; (15.59)

is a Lorentz scalar. In this case, we have contracted a tensowith two four-vectors. The
dot product of two four-vectors is also a Lorentz scalar:

ab ab=g ahb
%y’ albt a&a’r ab?
a’’ a b: (15.60)

Note that the dot product a b of four-vectors is invariant under a simultaneous Lorentz
transformation of both a and b, i.e. a b= a° B’ Indeed, this invariance is the very
de nition of what it means for something to be a Lorentz scalar. Derivatives with respect
to covariant vectors yield contravariant vectors:

@f @A @B

- f : - = @A B ; — = B C

@x @ @x @ @x @
et cetera. Note that di erentiation with respect to the covariant vector x is expressed by
the contravariant di erential operator @:

@ _ 1@ @ @ @

@x @= c@t @X @y @z (1561)
@ _ l@e e e e .

> @= 5 B @ G (15.62)

The contraction [1 @ @ is a Lorentz scalar di erential operator, called the D'Alembertian :

16 6 ¢ G
c@t @ @y @2
The Helmholtz equation for scalar waves propagating with sgedc can thus be written in
compact form as[1 =0.

O= (15.63)
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15.3.2 What to do if you hate raised and lowered indices

Admittedly, this covariant and contravariant business tak es some getting used to. Ulti-
mately, it helps to keep straight which indices transform acording to L (covariantly) and
which transform according to L! (contravariantly). If you nd all this irksome, the raising
and lowering can be safely ignored. We de ne the position fortvector as before, but with no
di erence between raised and lowered indices. In fact, we cajust represent all vectors and
tensors with lowered indices exclusively, writinge.g.x = (ct;X;y;z). The metric tensor is
g=diag(+; ; ; ) as before. The dot product of two four-vectors is

X y=g XY : (15.64)
The Lorentz transformation is
x =L x°: (15.65)

Since this preserves intervals, we must have

= L''g L xy: (15.66)

which entails
L'' 9 L =g (15.67)

In terms of the quantity L de ned above, we have L = L . Inthis convention, we could

completely avoid raised indices, or we could simply make noidtinction, taking x = x
andL =L =L |, etc.

15.3.3 Comparing frames

Suppose in theK frame we have a measuring rod which is at rest. What is its lenth as
measured in theK °frame? RecallK °moves with velocity u = u® with respect to K . From
the Lorentz transformation in eqn. 15.41, we have

x,= (xX¥+ ct?) (15.68)
X,= (x3+ ctd); (15.69)

where x,., are the positions of the ends of the rod in frameK. The rod's length in any
frame is the instantaneous spatial separation of its ends. Tus, we sett? = tg and compute
the separation x%= x9 x%:

1=2
x= x% =9 x0= x= 1 ?

X : (15.70)
The proper length *, of a rod is its instantaneous end-to-end separation in its rst frame.
We see that

()=1 27; (15.71)
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so the length is always greatest in the rest frame. This is anxample of aLorentz-Fitzgerald
contraction. Note that the transverse dimensions do not contract:

Y= y 2= z: (15.72)
Thus, the volume contraction of a bulk object is given by its length contraction: V= 1V,

A striking example of relativistic issues of length, time, and simultaneity is the famous
“pole and the barn' paradox, described in the Appendix (sedbn ). Here we illustrate some
essential features via two examples.

15.3.4 Example |

Next, let's analyze the situation depicted in g. 15.3. In the K °frame, we'll denote the
following spacetime points:

ct®
+d !

AO= Ct;) . BO0=

0
Co 80 Soi (573
Note that the origin in K %is given by O°= (ct®0). Here we are settingy = y°= z= z°=0
and dealing only with one spatial dimension. The pointsS® denote the left-moving (S°)
and right-moving (S?) wavefronts. We see that the arrival of the signal SP at A° requires
S9 = A% hencect®= d. The same result holds when we se89 = B for the arrival of the
right-moving wavefront at B

We now use the Lorentz transformation
L = (15.74)

to transform to the K frame. Thus,

_ oty _ 0_ 1 d _ 1
A= N LAC= 1 g = @ Hd (15.75)
B = Ml LB °= 1 4gq = @+ d o (15.76)

Thus, t, = (1 )d=candtg = (1+ )d=c Thus, the two events arenot simultaneous
in K. The arrival at A is rst.

15.3.5 Example II

Consider a rod of length ", extending from the origin to the point ";% at rest in frame K .
In the frame K, the two ends of the rod are located at spacetime coordinates

ct
A= % and B= & (15.77)
0 0
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Figure 15.5: A rectangular plate moving at velocity V = V %.

respectively. Now consider the origin in frameK © Its spacetime coordinates are

ct?

cP= g - (15.78)
To an observer in theK frame, we have
B ct®  ct?
C= 0~ ot 0 (15.79)

Now consider two events. The rst event is the coincidence ofA with C, i.e. the origin of
K ?instantaneously coincides with the origin of K. Setting A = C we obtaint = t°= 0.
The second event is the coincidence d with C. Setting B = C we obtaint = I,=c and
t0= o= €. Note that t = ( )=c, i.e. due to the Lorentz-Fitzgerald contraction of the

rod as seen in theK °frame, where™( ) = "= .

15.3.6 Deformation of a rectangular plate

Problem: A rectangular plate of dimensionsa b moves at relativistic velocity V. = VX
as shown in g. 15.5. In the rest frame of the rectangle, thea side makes an angle with
respect to the X axis. Describe in detail and sketch the shape of the plate as easured by

an observer in the laboratory frame. Indicate the lengths ofall sides aad_the values of all
1

interior angles. Evaluate your expressions for the case = 3 andV = %c.

Solution: An observer in the laboratory frame will measure lengths paallel to ® to be
Lorentz contracted by a factor 1, where =(1  2) ¥ and = V=c Lengths perpen-
dicular to ® remain una ected. Thus, we have the situation depicted in g. 15.6. Simple
trigonometry then says

tan = tan ; tan~= ltan



304 CHAPTER 15. SPECIAL RELATIVITY

Figure 15.6: Relativistic deformation of the rectangular plate.

as well as

q p
a 2co® +sin? = a
q q
= b 2sin2 +cos2 =b 1  2sin? :

al=

The plate deforms to a parallelogram, with internal angles

+tan I( tan ) tan ( ‘ltan )
tan *( tan )+tan I ‘ltan ):

Nl NI

Note that the area of the plate as measured in the laboratory fame is

0= a%’sin = a®FPcos( )

- 1

where = abis the proper area. The area contraction factor is ! and not 2 (or 3
in a three-dimensional system) because only the parallel diension gets contracted.
qa- _
SettingV =  Zcgives = p3, andwith =i wehave =% and ~= { . The interior
— q

b.

wIN |

angles are then = 2 and ~= % . The side lengths area®=  Zaand b=

Wl



15.3. FOUR-VECTORS AND LORENTZ TRANSFORMATIONS 305

15.3.7 Transformation of velocities

Let K ®move at velocity u = ¢ relative to K. The transformation from K °to K is given
by the Lorentz boost,

0 1
X y z
1+ DN DAY DNy E
L = % X y : (15.80)
o DRG0 DAY O DY
z ( 1) 'x 2 ( 1)y ;2 1+( 1)z -
Applying this, we have
dx =L dx° : (15.81)
This yields
dx%= dx %+ dx © (15.82)
dx = dx®+ dx%+( 1) " " dx©: (15.83)
We then have
vocX o dx®+ cak %+ c( 1) " " dx©
© Tdx0 dx 00 + dx 0
_u+ lvoa Hhaa vo
= EATRVL= : (15.84)

The second line is obtained by dividing both numerator and deominator by dx®°, and then
writing V %= dx%dx®. There are two special limiting cases:

. 0. _ _ (u+V9e
velocities parallel & V°=1) =) V = 1+ uvee (15.85)
velocities perpendicular @ ¥°=0) =) Vv =u+ VO (15.86)

Note that if either u or V9is equal to c, the resultant expression hasjV j = ¢ as well. One
can't boost the speed of light!

Let's revisit brie y the example in section 15.3.4. For an observer, in the K frame, the
relative velocity of S and A is ¢+ u, because even though we must boost the velocity
cX of the left-moving light wave by u®, the result is still cX, according to our velocity
addition formula. The distance between the emission and deiction points isd( ) = d= .

Thus,

d ) d 1 d 1 d
ty = = — = — = (@ - 15.87
AT c+u ctu ¢ 1 2 ( )% ( )
This result is exactly as found in section 15.3.4 by other meas. A corresponding analysis
yieldstg = (1+ )d=c again in agreement with the earlier result. Here, it is crudal to

account for the Lorentz contraction of the distance betweenthe sourceS and the observers
A and B as measured in theK frame.
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15.3.8 Four-velocity and four-acceleration
In nonrelativistic mechanics, the velocity V = ‘(’j—ﬁ is locally tangent to a particle's trajectory.

In relativistic mechanics, one de nes thefour-velocity,

dx dx
u — = p—= : 15.88
ds 1 2cdt ( )

which is locally tangent to the world line of a particle. Note that

g uu =1: (15.89)
The four-acceleration is de ned as
du d
— = 15.90
ds ds? ( )

Note that u w = 0, so the 4-velocity and 4-acceleration are orthogonal wih respect to the
Minkowski metric.

15.4 Three Kinds of Relativistic Rockets

15.4.1 Constant acceleration model

Consider a rocket which undergoes constant acceleration @hg ®. Clearly the rocket has
no rest frame per se because its velocity is changing. However, this poses no risus
obstacle to discussing its relativistic motion. We conside a frame K °in which the rocket
is instantaneously at rest. In such a frame, the rocket's 4-acceleration iav® = (O;a:c?),
where we suppress the transverse coordinatgsand z. In an inertial frame K, we have

d —_— -
w = ds =t : (15.91)
Transforming w® into the K frame, we have
B 0 _ a=c?
w = =@ = a=c2 (15.92)
Taking the upper component, we obtain the equation
!
-2 5 d , -2, (15.93)
- ¢ B d "1 2 ¢’ '
the solution of which, with (0) =0, is
S 2
M= p—2 . = 1+ X (15.94)
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The proper time for an observer moving with the rocket is thus

7t

For large timest  c=a the proper time grows logarithmically in t, which is parametrically
slower. To nd the position of the rocket, we integrate x = ¢ , and obtain, with x(0) =0,

t

act,dt, _c P

C —_—
= c2 + a?t? c 15.95
2+ a2tz a ( )

x(t) =

It is interesting to consider the situation in the frame K % We then have

()=tanh(a=c) ; ( )=cosh(a =c) : (15.96)
For an observer in the frameK © the distance he has traveled is x{ )= x( )= (), as
we found in egn. 15.70. Nowx( ) = ( ¢?=a) cosh@ =c) 1, hence
2
xq )= — 1 sech@ =c) : (15.97)
For c=a we expand sechg =c) 1 %(a=c)?and nd xX )= 3a 2, which clearly is

the nonrelativistic limit. For !'1 , however, we have x{ )! c?=ais nite ! Thus, while
the entire Universe is falling behind the accelerating obsever, it all piles up at a horizon a
distance c?=a behind it, in the frame of the observer. The light from these receding objects
is increasingly red-shifted (see section 15.6 below), udtit is no longer visible. Thus, as
John Baez describes it, the horizon is \a dark plane that appars to be swallowing the
entire Universe!" In the frame of the inertial observer, however, nothing strange appears to
be happening at all!

15.4.2 Constant force with decreasing mass

Suppose instead the rocket is subjected to a constant forc& in its instantaneous rest

frame, and furthermore that the rocket's mass satis esm( ) = mg(1 ), where is the
proper time for an observer moving with the rocket. Then fromegn. 15.93, we have
Fo  _dC)_ .00 )
mo(1 ) dt d
_ 1 d _ d; 1+ _
=1 24 " d 51n 1 ; (15.98)
after using the chain rule, and with d =dt = 1. Integrating, we nd
+ r
n 1 - %o In 1 =) ()= L @ ) (15.99)

1 m oC 1+ )
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with r = 2Fp3=m ,c. As ! 1 the rocket loses all its mass, and it asymptotically
approaches the speed of light.
It is convenient to write " #
r 1
=tanh = 1In : 15.100
) 5N 7 (15.100)
in which case
" #
dt 1
= —= h -1 15.101
g cos n 1 ( )
" #
1 dx r 1
——=sinh = In 15.102
ca oM o2 g ( )
Integrating the rst of these from =0to = Ywendt t = 1 s
8h F, 2 1 F
L2 3 7 = it > e
t = d =24 72 = . (15.103)
0 : - Fo .
1 if e
Since ( = 1)=1, thisis the time in the K frame when the rocket reaches the speed of

light.

15.4.3 Constant ejecta velocity

Our third relativistic rocket model is a generalization of what is commonly known as the
rocket equation in classical physics. The model is one of a rocket which is ctinually
ejecting burnt fuel at a velocity u in the instantaneous rest frame of the rocket. The
nonrelativistic rocket equation follows from overall momentum conservation:

dprocket + dpfuel = d(mV) + ( \Y U)( dm) = 0 ; (15104)

since ifdm < 0 is the di erential change in rocket mass, the di erential ejecta mass is dm.
This immediately gives

mdv+udm=0 =) v=uln % : (15.105)

where the rocket is assumed to begin at rest, and wherm,, is the initial mass of the rocket.
Note that as m ! 0 the rocket's speed increases without bound, which of couesviolates
special relativity.

In relativistic mechanics, as we shall see in section 15.5he rocket's momentum, as described
by an inertial observer, isp= mv, and its energy is mc2. We now write two equations
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for overall conservation of momentum and energy:
dimv)+ vedmg=0 (15.106)
d(mc?)+ dm,c?)=0 ; (15.107)

where ve is the velocity of the ejecta in the inertial frame, dme is the di erential mass of

the ejecta, and = 1 g—é 2 From the second of these equations, we have

cdmg= d(m); (15.108)
which we can plug into the rst equation to obtain
(v. vg)d(m)+ mdv =0: (15.109)

Before solving this, we remark that eqn. 15.108 implies thatdme < jdmj { the di erential
mass of theejecta is less than the mass lost by the rocket! This is Einstein's fenous equation
E = mc? at work { more on this later.

To proceed, we need to use the parallel velocity addition famula of eqgn. 15.85 to nd ve:

_vou _ul &
Ve = 1w =) Vo V= W (15.110)
We now de ne = u=c, in which case eqgn, 15.109 becomes
J@ 0 Hd(m)+(@ ) md =0: (15.111)
Usingd = 3 d , we observe a felicitous cancellation of terms, leaving
udﬁm+ld =0 (15.112)
Integrating, we obtain
=tanh ,In % : (15.113)

Note that this agrees with the result of eqn. 15.100, if we tak y = Fyp=mc.

15.5 Relativistic Mechanics

Relativistic particle dynamics follows from an appropriately extended version of Hamilton's
principle S =0. The action S must be a Lorentz scalar. The action for a free particle is

7Zb Zo T
Sx(t) = mc ds= mc® dt 1

a

2
Vg : (15.114)

ta
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Thus, the free particle Lagrangian is

2 v2 2 12, 12 V2P
L= mc® 1 @ = meTEgmvi4 gmet o+ (15.115)
Thus, L can be written as an expansion in powers of?=c?. Note that L(v =0) = mc?.

We interpret this as Uy, whereU, = mc? is the rest energy of the particle. As a constant,
it has no consequence for the equations of motion. The next ten in L is the familiar
nonrelativistic kinetic energy, %mvz. Higher order terms are smaller by increasing factors
of 2= v2=C.

We can add a potential U(x;t) to obtain

Loxoct= m 1 = ut) (15.116)

The momentum of the particle is

@L
= —=mx: 15.117
=3 X ( )
The force isF = r U as usual, and Newton's Second Law still readp = F . Note that
b= m v+ V?V— 2 (15.118)

Thus, the force F is not necessarily in the direction of the accelerationa = v. The
Hamiltonian, recall, is a function of coordinates and momeirta, and is given by

P
H=p x L= m2c+ p2c2+ U(x;t) : (15.119)

Since @L=@x O for our case, H is conserved by the motion of the particle. There are two
limits of note:

2
mc? + ;’—m + U+ O@p'=m*c)  (15.120)

jpj  mc (non-relativistic) . H

jpj  mc (ultra-relativistic) . H=cpj+ U+ O(mc=p) : (15.121)
Expressed in terms of the coordinates and velocities, we haH = E, the total energy, with

E= mc?+ U : (15.122)
In particle physics applications, one often de nes the kingic energy T as

T=E U mc®=( 1)mc?: (15.123)

When electromagnetic elds are included,

L(x;x;t)= mc

= mc? gA dx (15.124)
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where the electromagnetic4-potential isA =( ; A). Recal A = g A has the sign of
its spatial components reversed. One the has

L
p= %_= m x_+ gA ; (15.125)
and the Hamiltonian is r
2
H= m2cd+ p gA v q (15.126)
15.5.1 Relativistic harmonic oscillator
From E = mc?+ U, we have
" #
2 2
2_ @249 M . 15.127
X ) ( )

Consider the one-dimensional harmonic oscillator potentil U(x) = 3kx2. We de ne the
turning points as x = b, satisfying

E mc®= U( b= Jkp?: (15.128)

Now de ne the angle via x bcos , and further de ne the dimensionless parameter
= kib?=4mc?. Then, after some manipulations, one obtains
1+ sin?
=y —— 15.129
0 1+2 sin? ( )
: P— o .
with I ;= k=m as in the nonrelativistic case. Hence, the problem is reduckto quadra-
tures (a quaint way of saying “doing an an integral'):
z
1+2 sin’#
t() to="!ot d#f P (15.130)
1+ sin’#
0
While the result can be expressed in terms of elliptic integals, such an expression is not
particularly illuminating. Here we will content ourselves with computing the period T( ):

Zz

+ in2
T()= 2 g 97172 s (15.131)
!00 1+ sin#
427
= — d# 1+ 3 sin*# 3 Zsin®#+
Mo
0
2 "5 5o °
:E 1+3 = St (15.132)

Thus, for the relativistic harmonic oscillator, the period does depend on the amplitude,
unlike the nonrelativistic case.
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15.5.2 Energy-momentum 4-vector
Let's focus on the case wheréJ(x) = 0. This is in fact a realistic assumption for subatomic
particles, which propagate freely between collision everst

The di erential proper time for a particle is given by

_ ds_
===

d Lat; (15.133)

wherex =(ct;x) are coordinates for the particle in an inertial frame. Thus,

d E dx°
p= m><_=md—X ; - = me =m—dx ; (15.134)
with x° = ct. Thus, we can write the energy-momentum 4-vectoras
0 1
E=c
dx % p*
=m-—= : 15.135

Note that p = mcu , whereu is the 4-velocity of eqn. 15.88. The four-momentum satis es

the relation )

E
PP =5 p?= m?c : (15.136)
The relativistic generalization of force is

f o= Oc'ji = Fuv=; F (15.137)
where F = dp=dt as usual.

The energy-momentum four-vector transforms covariantly under a Lorentz transformation.
This means

p =L p°: (15.138)
If frame K ©moves with velocity u = ¢ % relative to frame K , then
E 1E0+ X XK 4 1E0
e 0—91772 ;opt= p—plciz s opP=pY ; pP=p¥: (15.139)

In general, from egns. 15.50, 15.51, and 15.52, we have

0
%: '% + p? (15.140)
E 0
P = E+ Pk (15.141)
P, = P (15.142)

wherep, = "pandp, =p ("p "
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15.5.3 4-momentum for massless particles

For a massless particle, such as a photon, we haye p =0, which meansE? = p2c®. The

4-momentum may then be written p = jpj; p . We de ne the 4-wavevectork by the
relation p = ~k , where~= h=2 and h is Planck's constant. We also write! = ck, with
E=~

15.6 Relativistic Doppler E ect

The 4-wavevectork = !=c; k for electromagnetic radiation satises k k = 0. The
energy-momentum 4-vector isp = ~k . Thephase (x )= k x =k x !t ofaplane
wave is a Lorentz scalar. This means that the total number of vave crests (e. =2n)

emitted by a source will be the total number observed by a detetor.

Suppose a moving source emits radiation of angular frequegd %in its rest frame. Then

K2 =L ( )k
0
X y C
_% C1+C DA O DAY 1)x E%
- N N N N
y ( 1)AxAy 1+( 1/2/)( y 1" y "
z ( 1) 'x 2 ( 1)y 2 1"‘( )%
(15.143)
This gives
! 0— ! k = ! 1 ; 15.144
S = E( cos ) ; (15.144)
where =cos (" K)is the angle measured inK between " and K. Solving for! , we have
p 1 5
| = — 1 .
= o (15.145)

where! ;= ! Ojs the angular frequency in the rest frame of the moving soure. Thus,

s
. 1+

=0 ) source approaching ) I = 1 "o (15.146)

-1 ; _P 2
=3 ) source perpendicular ) = 1 'o (15.147)

S
= ) source receding ) I = 1+ Iyt (15.148)
Recall the non-relativistic Doppler e ect:
!

l= — 0 (15.149)

1 (V=gcos
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Figure 15.7: Alice's big adventure.

We see that approaching sources have their frequencies stafl higher; this is called the
blue shift, since blue light is on the high frequency (short wavelength end of the optical
spectrum. By the same token, receding sources amed-shifted to lower frequencies.

15.6.1 Romantic example

Alice and Bob have a \May-December" thang going on. Bob is Mayand Alice December,
if you get my drift. The social stigma is too much to bear! To rectify this, they decide
that Alice should take a ride in a space ship. Alice's itineray takes her along a sector of
a circle of radius R and angular span of = 1 radian, as depicted in g. 15.7. De ne
O (r=0,P ((r=R; = % ),and Q (r=R; =3 ). Alice's speed along the
rst leg (straight from O to P) is vj = gc. Her speed along the second leg (an arc from
PtoQ)is vy = %c. The nal leg (straight from Q to O) she travels at speed v; = ‘g‘c.
Remember that the length of an circular arc of radiusR and angular spread (radians) is
"= R.

(a) Alice and Bob synchronize watches at the moment of Alice's dearture. What is the
elapsed time on Bob's watch when Alice returns? What is the epsed time on Alice's
watch? What must R be in order for them to erase their initial 30 year age di erence?

Solution : In Bob's frame, Alice's trip takes a time

R R R
t= —+ —+ —
Ca Cp Cg
R 4R
= §+1—§+% = (15.150)
c c
The elapsed time on Alice's watch is
0 R R R
t’= + +
Caa Cpb Ccec
_R 5 4,13 5 5 3 _5R,
_E§5+EE+‘_‘§_E' (15.151)
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Thus, T = t t= 3R=2c and setting T =30yr, we nd R =201ly. So Bob will
have aged 80 years and Alice 50 years upon her return. (Maybénis isn't such a good plan
after all.)

(b) As a signal of her undying love for Bob, Alice continually shihes a beacon throughout
her trip. The beacon produces monochromatic light at wavelagth , = 6000A (frequency

fo= c=,=5 10“ Hz). Every night, Bob peers into the sky (with a radiotelescqpe),
hopefully looking for Alice's signal. What frequenciesf 4, f,, and f does Bob see?

Solution : Using the relativistic Doppler formula, we have

S
fa= L_Z fo= 3fo
q
fb= 1 § fo=g5fg
S
fo= ?E fo=3f: (15.152)

(c) Show that the total number of wave crests counted by Bob is thesame as the number
emitted by Alice, over the entire trip.

Solution : Consider rst the O{P leg of Alice's trip. The proper time el apsed on Alice's
watch during thislegis t2 = R=c 4 a, hence she emitdN2 = Rf ;=c 5 a wavefronts during
this leg. Similar considerations hold for the P{Q and Q{O legs, soNS: Rf ,=c, ,and
N2= Rf,=c ¢ .

Although the duration of the O{P segment of Alice's trip take s atime t; = R=c 5in Bob's
frame, he keeps receiving the signal at the Doppler-shiftedrequencyf 5 until the wavefront
emitted when Alice arrives at P makes its way back to Bob. Thattakes an extra time R=c,
hence the number of crests emitted for Alice's O{P leg is

S

T fo= = N2; (15.153)

R
N,= —+
a Ca

since the source is receding from the observer.

During the P{Q leg, we have = % , and Alice's velocity is orthogonal to the wavevectork,
which is directed radially inward. Bob's rst signal at freq uencyf arrives a time R=c after
Alice passes P, and his last signal at this frequency arrivea time R=c after Alice passes Q.
Thus, the total time during which Bob receives the signal at the Doppler-shifted frequency
f,is t,=R=c,and

1 2 fo= = NY: (15.154)
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Finally, during the Q{O home stretch, Bob rst starts to rece ive the signal at the Doppler-

shifted frequencyf . a time R=c after Alice passes Q, and he continues to receive the signal

until the moment Alice rushes into his open and very abby old arms when she makes it

back to O. Thus, Bob receives the frequencyf; signal for a duration t. R=c, where
tc = R=c ¢. Thus,

R OR o Lv

N.= _
¢ ¢. ¢ 1 ¢

fo= = NJ; (15.155)

since the source is approaching.

Therefore, the number of wavelengths emitted by Alice will be precisely equal to the number
received by Bob { none of the waves gets lost.

15.7 Relativistic Kinematics of Particle Collisions

As should be expected, special relativity is essential towal the understanding of subatomic
particle collisions, where the particles themselves are mang at close to the speed of light. In
our analysis of the kinematics of collisions, we shall nd itconvenient to adopt the standard
convention on units, where we setc 1. Energies will typically be given in GeV, where
1GeV =10%eV = 1:602 10 19R,. Momenta will then be in units of GeV=c, and masses
in units of GeV=. With ¢ 1, it is then customary to quote masses in energy units. For
example, the mass of the proton in these units isnp = 938 MeV, and m = 140 MeV.

For a particle of massM , its 4-momentum satisesP P = M? (rememberc = 1). Consider
now an observer with 4-velocity U . The energy of the particle, in the rest frame of the
observeris = P U . Forexample, ifP = (M; 0;0;0) isits rest frame, andU =( ; ),
then E = M , as we have already seen.

Consider next the emission of a photon of 4-momentunP = (~!=c; ~k) from an object
with 4-velocity V , and detected in a frame with 4-velocity U . In the frame of the detector,
the photon energy isE = P U , while in the frame of the emitter its energy isE®= P V .
If U =(1;0,0000andV =( : ) thenE =~ and E%= ~10=~(I k) =

~1 (1 cos),where =cos ! “ K .Thus,! = 1 %1 cos). This recapitulates
our earlier derivation in egn. 15.144.

Consider next the interaction of several particles. If in a gven frame the 4-momenta of the
reactants areP; , wheren labels the reactant “species’, and the 4-momenta of the pragtts
are Qj , then if the collision is elastic, we have that total 4-momerium is conserved,i.e.

P= Q; (15.156)

where there areN reactants and N products. For massive particles, we can write

Pp=m Lvy) 5 Q= ;m 1iv); (15.157)
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Figure 15.8: Spontaneous decay of a single reactant into twproducts.

while for massless particles,

Po=—k ;R ; Q =-k 1,k : (15.158)

i j -

15.7.1 Spontaneous particle decay into two products

Consider rst the decay of a particle of massM into two particles. We have P = Q; + Q,,

hence in the rest frame of the (sole) reactant, which is also alled the “center of mass'
(CM) frame since the total 3-momentum vanishes therein, we ave M = E; + E,. Since
E” = ““m,,and ; 1, clearly we must haveM >m ; + m,, or else the decay cannot
possibly conserve energy. To analyze further, writeP Q, = Q,. Squaring, we obtain

M2+ m? 2P Q, =m3: (15.159)

The dot-product P Q, is a Lorentz scalar, and hence may be evaluated in any frame.

Let us rst consider the CM frame, where P = M (1;0;0;0), and P Q; = ME{", where
Ef" is the energy ofn = 1 product in the rest frame of the reactant. Thus,

2+ m2 m2 2. m2 m2
M7+ mi m; | M7+ m3 mi.

By = 2M RS 2M !

(15.160)

where the second result follows merely from switching the pwduct labels. We may now
write Q; = (Ef";p“™)and Q, = (E5"; p*), with

(p™)2=(ES")2 mZ=(ES")? m}

_ M2 m} mj? mym, %
= M : (15.161)
In the laboratory frame, we haveP = M (1;V)and Q; = ;m;(1;V,). Energy and

momentum conservation then provide four equations for the & unknowns V, and V,. Thus,
there is a two-parameter family of solutions, assuming we rgard the reactant velocity V ¥ as
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xed, corresponding to the freedom to choosg®“" in the CM frame solution above. Clearly
the three vectors vV, V,, and V, must lie in the same plane, and withV xed, only one
additional parameter is required to x this plane. The other free parameter may be taken
to be the relative angle ; =cos * ¥ V, (see g. 15.8). The angle , as well as the speed

V, are then completely determined. We can use eqn. 15.159 to @k ; and V;:
MZ2+mf m3=2Mm, ;1 VV,cos, : (15.162)

It is convenient to express both ; and V; in terms of the energyE;:

B‘rn
[

) _ 2 _ m$
Coov = 1 %= 1 7 (15.163)

This results in a quadratic equation for E;, which may be expressed as
p
(1 V?cod )E? 2 1 V2ZEME,+(1 VEM)>+ miV2cod ;=0 ; (15.164)

the solutions of which are
q
1 VZE{™ Vcos, (1 V2)(EM)2 (1 V2co2 ,)m?
E, = ! ! ! v (15.165)
1 VZ2co¥ ,

The discriminant is positive provided

Ef" 21 VZcod

; (15.166)
2
m, 1V
which means
" vV 2 o1 o
sin® ; < W sin® ¢ ; (15.167)
where s
m. 2
v =1 EC; (15.168)
1

is the speed of product 1 in the CM frame. Thus, forV <V < 1, the scattering angle ;
may take on any value, while for larger reactant speedd/ <V < 1 the quantity sin? ;
cannot exceed a critical value.

15.7.2 Miscellaneous examples of particle decays
Let us now consider some applications of the formulae in eqnl5.160:
Consider the decay °! , for which m; = m, = 0. We then have E{M = ESM =

M. Thus, with M = m , = 135MeV, we have E{" = ES" = 67:5MeV for the
photon energies in the CM frame.
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For the reaction K* ! *+ wehaeM =m ., =494MeVand m;=m =

106 MeV. The neutrino mass ism, 0, henceE5" = 236 MeV is the emitted neu-
trino's energy in the CM frame.

A 0 hyperon with a massM = m , = 1116 MeV decays into a proton (Mm;=mp=

938MeV) and a pionm, = m = 140MeV). The CM energy of the emitted proton
is Ef™ =943 MeV and that of the emitted pion is E5" =173 MeV.

15.7.3 Threshold particle production with a stationary tar get

Consider now a particle of massM,; moving with velocity V, = V; %, incident upon a
stationary target particle of mass M, as indicated in g. 15.9. Let the product masses be
m,, My, ..., Myo. The 4-momenta of the reactants and products are

P,= E;sPy ; Pp=M, 1,0 5 Q= "p - (15.169)

Note that E? Pf:Mfand"j2 pjzzmjz,withjZfl;Z;:::;NOg.

Conservation of momentum means that

on
P, +P, = Q : (15.170)
j=1
In particular, taking the =0 component, we have
XIO
Ei+ M, = " (15.171)
j=1
which certainly entails
XIO
E, m; M, (15.172)
j=1
since"j = ;m; m;. Butcan the equality ever be achieved? This would only be thecase
if j =1 for all j, i.e. the nal velocities are all zero. But this itself is quite imp ossible,

since the initial state momentum is P .

To determine the threshold energyE{", we compare the length of the total momentum
vector in the LAB and CM frames:

(Py+ Py)%2= M2+ MZ+2E, M, (LAB) (15.173)
|
0 - 2

= " (CM) : (15.174)

i=1
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Figure 15.9: A two-particle initial state, with a stationar y target in the LAB frame, and an
N Cparticle nal state.

Thus,
et w2 omg
E,= M, (15.175)
and we conclude P . )
E, EM = =M Mi M2 (15.176)
1 1 = M, :
Note that in the CM frame it is possible for each"{™ = m; .
Finally, we must have E™® i JN=01 m;  M,. This then requires
%0
M, + M, m; : (15.177)

j=1

15.7.4 Transformation between frames

Consider a particle with 4-velocity u in frame K and consider a Lorentz transformation
between this frame and a frameK ° moving relative to K with velocity V. We may write
u= ;vecos;vsinn, ; u = 9% % os?% X%in N9 : (15.178)

According to the general transformation rules of egns. 158, 15.51, and 15.52, we may
write

= % v QOos© (15.179)
vecos = V %  QOs O (15.180)
vsin = 40%in © (15.181)

n, =19 ; (15.182)

where the ® axis is taken to beV, and where (L V? 2. Note that the last two of
these equations may be written as a single vector equation fahe transverse components.
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Dividing the egn. 15.181 by eqn. 15.180, we obtain the result

sin ©
tan = — . (15.183)
¥ +cos ©

We can then use eqgn. 15.179 to relate® and cos &
p__
0l-"17 v®=_ 1+V\cos? : (15.184)

Squaring both sides, we obtain a quadratic equation whose s are

p
2V cos © 4221 V2co2 9
0_ .
Vo= P v : (15.185)

CM frame mass and velocity

To nd the velocity of the CM frame, simply write

X X X
Po = P = im;; m; v, (15.186)
i=1 i=1 i=1
M (1;V): (15.187)
Then | |
X 2N $2
M2 = ;m, m, v, (15.188)
i=1 i=1
and
Pn o ooy
V= p— (15.189)
izt i M;

15.7.5 Compton scattering

An extremely important example of relativistic scattering occurs when a photon scatters
0 anelectron: e + | e + (see g. 15.10). Let us work in the rest frame of the
reactant electron. Then we have

P, = m.(1;0) : B, =mg(; V) (15.190)

e
for the initial and nal 4-momenta of the electron. For the ph oton, we have

P =(!; k) : B =(g R); (15.191)
where we've set~ =1 as well. Conservation of 4-momentum entails

P B =B P,: (15.192)
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Figure 15.10: Compton scattering of a photon and an electron

Thus,
I E k K =mg 1,V : (15.193)

Squaring each side, we obtain
I =2 Kk kK?%=21~(cos 1)

=mg ( 1* *V?

=2mgl )
=2mg + 1): (15.194)
Here we have usedkj = ! for photons, and also ( 1)me="! *, from eqgn. 15.193.

Restoring the units ~ and ¢, we nd the Compton formula

1 1 ~
E T ma 1 cos : (15.195)

This is often expressed in terms of the photon wavelengths, &

= sin® 1, (15.196)

eC
showing that the wavelength of the scattered light increase with the scattering angle in the
rest frame of the target electron.

15.8 Covariant Electrodynamics

We begin with the following expression for the Lagrangian desity of charged particles
coupled to an electromagnetic eld, and then show that the Eler-Lagrange equations re-
capitulate Maxwell's equations. The Lagrangian density is

1 1.
L= -—F F Zi A 15.197
16 o) ( )
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Here, A = ( ; A) is the electromagnetic 4-potential which combines the scalar eld
and the vector eld A into a single 4-vector. The quantity F is the electromagnetic eld
strength tensor and is given by

F = @A @A : (15.198)
Note that as dened F = F is antisymmetric. Note that, if i = 1;2;3 is a spatial
index, then
_ 1@A @R _
Foi = c@ a@x- b (15.199)
@A @A .

Here we have usedd =(A%; A)and A =(A°; A),aswellas@ =(c '@;r ).

IMPORTANT : Since the electric and magnetic eldsE and B are not part of a 4-vector,
we do not use covariant / contravariant notation for their co mponents. Thus, E; is the it
component of the vector E. We will not write E' with a raised index, but if we did, we'd
mean the same thing: E' = E;. By contrast, for the spatial components of a four-vector

like A , we haveA, = Al

Explicitly, then, we have

0 1
0 EX Ey EZ O EX Ey EZ

0

F_%EX 0 B, By - _%EX 0 B, By§_
Ey B 0 Bx ' Ey B: 0 ByA '

E; By Bx 0 E; By Bx 0
(15.201)
whereF =g g F . Note that when comparing F and F , the components with
one space and one time index di er by a minus sign. Thus,
1 _E? B?

—F F

i = = (15.202)

which is the electromagnetic Lagrangian density. Thg A term accounts for the interaction
between matter and electromagnetic degrees of freedom. Weahe

%j A =% %j A (15.203)

where

c% . _ .
: A= (15.204)

where %is the charge density andj is the current density. Charge conservation requires

. @% .
@j = @t+r j=0: (15.205)
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We shall have more to say about this further on below.

Let us now derive the Euler-Lagrange equations for the actia functional,
Z
S= ¢! dk %F F +ctj A (15.206)

We rst vary with respectto A . Clearly
F = @A @A : (15.207)

We then have 1
A @ 4—F A (15.208)

Ignoring the boundary term, we obtain Maxwell's equations,

1
L= —@F ¢
4@

@F =4c 1j (15.209)
The = k component of these equations yields
@F%+ @F = @E, @B =4c 'j*; (15.210)
which is the k component of the Maxwell-Ampgere law,

4 . 1@

T oB= it ey (15.211)

The =0 component reads
0 4 .
@F'O=?jo ) r E=4% ; (15.212)

which is Gauss's law. The remaining two Maxwell equations cme “for free' from the very
de nitions of E and B :

1@

- o &
E rA c @t (15.213)
B=r A ; (15.214)

which imply
_ 1@

r E = ¢ @t (15.215)
r B=0 : (15.216)

15.8.1 Lorentz force law

This has already been worked out in chapter 7. Here we reitetta our earlier derivation.
The 4-current may be written as
i x;t)y=c q, d ®x X): (15.217)

n

Z
X dXn
d
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Thus, writing X, = ct; X n(t) , we have

X
%)= goc o x X (1) (15.218)

X
JGD = G Xa() X X,() (15.219)

n

The Lagrangian for the matter- eld interaction term is then
z

L= ¢t dk jo°%A° j A
X

B (Xpi) TAKG0 Xy (15.220)

n

where = A°. For each chargeq,, this is equivalent to a particle with velocity-dependent
potential energy
Ui = g (G SAMD X (15.221)

wherex = X q.

Let's work out the equations of motion. We assume a kinetic errgy T = %mx_2 for the
charge. We then have

d @L _ @L
i & & (15.222)
with L = T U, which gives
qdA _ q .
mx + cdi qr + (—:r (A x); (15.223)
or, in component notation,
1, 4@A; d@A_ @ qQ@A ;.
mx+C@kx_+C = q@k+C R (15.224)
which is to say _ _ _
mx= & 4@A g @A @A ;. (15.225)

—_— - — . - X
9% c@t ¢ @ @ *
It is convenient to express the cross product in terms of the empletely antisymmetric tensor
of rank three,  :

Y-
Bi= i @x (15.226)
and using the result
ik imn = jm kn  jn km > (15.227)
we have j B; = @Ak @A, and
. @ @A .
mxl = q@( (—q:@t"l' (—q: ijk X_J Bk ) (15228)
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Figure 15.11: Homer celebrates the manifest gauge invariae of classical electromagnetic
theory.

or, in vector notation,

I
o
m
+
I
X

; (15.229)

which is, of course, the Lorentz force law.

15.8.2 Gauge invariance

R
The action S = ¢ ! d% L admits a gauge invariance Let A | A + @ , where (x;t)
is an arbitrary scalar function of spacetime coordinates. @arly

F!'F + @2 @@ =F ; (15.230)

and hence the eldsE and B remaininvariant under the gauge transformation, even though
the 4-potential itself changes. What about the matter term? Clearly

cli Al ¢l A clj @
= cljA+ct@j @ctj (15.231)

Once again we ignore the boundary term. We may now invoke chaye conservation to write
@j =0, and we conclude that the action is invariant! Woo hoo! Note also the very deep
connection

gauge invariance ! charge conservation: (15.232)
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15.8.3 Transformations of elds

One last detail remains, and that is to exhibit explicitly th e Lorentz transformation prop-
erties of the electromagnetic eld. For the case of vectorsike A , we have

A =L A°: (15.233)

The E and B elds, however, appear as elements in the eld strength tensr F . Clearly
this must transform as a tensor:

F =L L FO =L FO Lt : (15.234)

We can write a general Lorentz transformation as a product ofa rotation L, and a boost

Lpoost- LEL'S rst see how rotations act on the eld strength tensor. We take
!
L="L, = iy O ; (15.235)
031 Rz
whereR!R = 1, i.e. R 2 O(3) is an orthogonal matrix. We must compute
! !
1 0 0 EQ
L FO L' = 0 <0 : ?
0 EQRY
= (15.236)
R; Ejo ikm Ry Ry BM
Thus, we conclude
E, = R, Ep (15.237)
- 0 .
in Bn = jkm Rj R Bm : (15.238)
Now for any 3 3 matrix R we have
iks Rij Rix Rys = det(R) y, ; (15.239)
and therefore
0 — 0
ikm Rij R Bm = jm Rj Ry Rom Rps Bs
=det(R) ;, RnsBY; (15.240)
Therefore,
E;=R; E’ ;  B;=det(R) R;B/: (15.241)

For any orthogonal matrix, R'R = | gives that det(R) = 1. The extra factor of det(R)
in the transformation properties of B is due to the fact that the electric eld transforms as
a vector, while the magnetic eld transforms as a pseudovector Under space inversion, for
example, whereR = 1, the electric eld is odd under this transformation (E ! E) while
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the magnetic eld is even(B ! +B). Similar considerations hold in particle mechanics for
the linear momentum, p (a vector) and the angular momentumL = r p (a pseudovector).
The analogy is not complete, however, because while botlp and L are odd under the
operation of time-reversal, E is even whileB is odd.

OK, so how about boosts? We can write the general boost, fromagn. 15.37, as

N

L= . (1P (15.242)

where P = Ai '\J is the projector onto the direction of . We now compute
!

t 0 E Ot t
L EO [t = +( P EO . B s 1P (15.243)
Carrying out the matrix multiplications, we obtain
E= (E° BY ( 1" E9Q” (15.244)
B= (B% E9 ( 1" BY": (15.245)

Expressed in terms of the component€&,, E, , B,, and B, , one has

E, = E} ; E,= EJ B2 (15.246)
B, = B} ; B,= BJ+ ES : (15.247)
Recall that for any vector , we write
= (15.248)
, = " )" (15.249)

sothat * , =0.

15.8.4 Invariance versuscovariance

We saw that the laws of electromagnetism weregaugein variant. That is, the solutions to

the eld equations did not change under a gauge transformatbon A ! A + @ . With

respect to Lorentz transformations, however, the theory isLorentz covariant. This means
that Maxwell's equations in di erent inertial frames take t he exact same form,@F =

4c 1 , butthat both the elds and the sources transform appropriately under a change
in reference frames. The sources are described by the curted-vector j = (c%3j ) and
transform as

c%= c+ j (15.250)
i = c%’+ jQ (15.251)

i, =109 (15.252)
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The elds transform according to egns. 15.246 and 15.247.

Consider, for example, a static point chargeq located at the origin in the frame K ¢ which
moves with velocity uX with respect to K. An observer in K ® measures a charge density
WMx%tY = q (x9. The electric and magnetic elds in the K %frame are thenE 0= qrr02
and B %= 0. For an observer in the K frame, the coordinates transform as

ct= ct%+ x © ct®= ¢t «x (15.253)

x= ct % x© x°= ot + x; (15.254)

as well asy = y®and z = z®% The observer in the K frame sees instead a charge at
x =(ct; ut; 0; 0) and both a charge density as well as a current density:

%x;t)= %x%t)=q (x ut) (y) (2) (15.255)

jx:t)= c%(x%tYr=uq (x ut) (y) (2)%: (15.256)

OK, so much for the sources. How about the elds? Expressed inerms of Cartesian
coordinates, the electric eld in K %is given by

xR + y§ + 2%

3=2 -
X02 4 02 4 702

Eqx%t9 = q (15.257)

From egns. 15.246 and 15.247, we havgx = E2 and By = B? = 0. Furthermore, we have
Ey= E)(,’,Ezz ESBy= E 2 andB;= E)(,).Thus,

(x ut)r +yp+ z2

E(x;t)= g — (15.258)
2
B(x;t) = iq y 2y = (15.259)
Let us de ne
Rt)=(x ut)r+yyp+2z2: (15.260)
We further de ne the angle cos! " R . We may then write
qR 1 2
E(xt)= —
N
q” R 1 2
B(x;t) = : 15.261
(0= " T ( )

The elds are therefore enhanced in the transverse directios: E, =E, = 3.
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Figure 15.12: A relativistic runner carries a pole of properlength * and runs into a barn of
proper length ".

15.9 Appendix | : The Pole, the Barn, and Rashoman

Akira Kurosawa's 1950 cinematic masterpieceRashoman describes a rape, murder, and
battle from four di erent and often contradictory points of view. It poses deep questions
regarding the nature of truth. Psychologists sometimes refr to problems of subjective
perception as theRashoman e ect. In literature, William Faulkner's 1929 novel, The Sound
and the Fury, which describes the tormented incestuous life of a Missigspi family, also is
told from four points of view. Perhaps Faulkner would be a moe apt comparison with
Einstein, since time plays an essential role in his novel. Foexample, Quentin's watch,
given to him by his father, represents time and the sweep of fé's arc (\Quentin, | give you
the mausoleum of all hope and desire..)! By breaking the watch, Quentin symbolically
attempts to escape time and fate. One could draw an analogy t&instein, inheriting a watch
from those who came before him, which he too broke { and refasbned. Did Faulkner know
of Einstein? But | digress.

Consider a relativistic runner carrying a pole of proper lergth °, as depicted in g. 15.12.
He runs toward a barn of proper length ™ at velocity u = ¢ . Let the frame of the barn
be K and the frame of the runner beK °. Recall that the Lorentz transformations between
framesK and K %are given by
ct= ct%+ x?© ct®= ct  x (15.262)
x= ct % x© x°= ot + x: (15.263)

We de ne the following points. Let A denote the left door of the barn and B the right
door. Furthermore, let P denote the left end of the pole andQ its right end. The spacetime
coordinates for these points in the two frames are clearly .

A =(ct; 0) P%=(ct% 0) (15.264)
B =(ct;") Q%= (ct%; ) (15.265)
We now compute A°and B%in frame K © as well asP and Q in frame K :
AP=(ct; ct) BO=(ct ct + ) (15.266)
(ct®% ct9 (ct% ct%+ 1): (15.267)
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Similarly,
P=(ct?% ctH Q=(ct% “; ct % ) (15.268)
(ct; ct) (ct; ct + 1) (15.269)

We now de ne four events, by the coincidences oA and B with P and Q:

Event | : The right end of the pole enters the left door of the ban. This is described
by Q = A in frame K and by Q%= A%in frame K°

Event Il : The right end of the pole exits the right door of the barn. This is described
by Q = B in frame K and by Q%= B9in frame K°

Event Il : The left end of the pole enters the left door of the barn. This is described
by P = A in frame K and by P°= Alin frame K ©

Event IV : The left end of the pole exits the right door of the barn. This is described
by P = B in frame K and by P°= B%in frame K °

Mathematically, we have in frame K that

I Q=A ) t, = _ (15.270)

u
l: Q=B ) t, = ( 1)\T (15.271)
n: P=A ) t, =0 (15.272)
IV: P=B ) ty = = (15.273)

In frame K 9 however

I: QY= A ) t0= G (15.274)
IN: Q% BO ) 9= ¢ 1)\T (15.275)
nm: pPO=A° ) 2 =0 (15.276)
Iv: P%=B° ) t0 = m (15.277)
Thus, to an observer in frameK , the order of events is I, Ill, I, and 1V, because
t, <t, <t, <ty: (15.278)

Fort, <t<t ,, he observes thatthe pole is entirely in the barn. Indeed, the right door can
start shut and the left door open, and sensors can automatiddy and, for the purposes of
argument, instantaneously trigger the closing of the left dbor immediately following event
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Figure 15.13: An object of proper length™ and moving with velocity u, when photographed
from an angle , appears to have a length™

Il and the opening of the right door immediately prior to event Il. So the pole can be
inside the barn with both doors shut!

But now for the Rashoman e ect: according to the runner, the order of events is I, Il, IlI,
and 1V, because

9<t? <t <t (15.279)

At no time does the runner observe the pole to be entirely withn the barn. Indeed, for
t9 <t%<t 0 both ends of the pole are sticking outside of the barn!

15.10 Appendix Il : Photographing a Moving Pole

What is the length ~ of a moving pole of proper length”; as measured by an observer at
rest? The answer would appear to be 1", as we computed in egn. 15.71. However, we
should be more precise when we we speak of ‘length. The relah *( ) = ', tells us
the instantaneous end-to-end distance as measured in the obser's rest frame K. But an
actual experiment might not measure this quantity.

For example, suppose a relativistic runner carrying a pole bproper length ", runs past a
measuring rod which is at rest in the rest frameK of an observer. The observettakes a
photograph of the moving pole as it passes by. Suppose further that the agle between the
observer's line of sight and the velocityu of the pole is , as shown in g. 15.13. What is
the apparent length “(;u ) of the pole as observed in the photograph? I(e. the pole will
appear to cover a portion of the measuring rod which is of lentp ".)
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The point here is that the shutter of the camera is very fast (dherwise the image will appear
blurry). In our analysis we will assume the shutter opens andcloses instantaneously. Let's
de ne two events:

Event 1 : photon , is emitted by the rear end of the pole.

Event 2 : photon , is emitted by the front end of the pole.

Both photons must arrive at the camera's lens simultaneousl. Since, as shown in the gure,
the path of photon #1 is longer by a distance " cos , where " is the apparent length of the
pole, , must be emitted atime t=c ! cos after ;. Now if we Lorentz transform from
frame K to frame K © we have

x°=  x t: (15.280)
But x°= ", is the proper length of the pole, and x = " is the apparent length. With
c t= "cos ,then, we have
1 N
- 0o .
= — 15.281
1 cos ( )
When =90 , we recover the familiar Lorentz-Fitzgerald contraction “( )=  1°,. This

is because the photons ; and , are then emitted simultaneously, and the photograph
measures the instantaneous end-to-end distance of the poks measured in the observer's
rest frame K. When cos 6 0, however, the two photons are not emitted simultaneously

and the apparent length is given by eqn. 15.281.
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Chapter 16

Hamiltonian Mechanics

16.1 The Hamiltonian

Recall that L = L(qg;q;t), and
o - OL.

16.1
@l (16.1)
The Hamiltonian, H(q; p) is obtained by a Legendre transformation,
xXo
H(a;p = pa L: (16.2)
=1
Note that
X aL aL @L
dH = dg +q d —d —d —dt
. p dag +4g ap @q q aL aq @t
= X q dp @‘dq QLdt : (16.3)
:1 @q @t '
Thus, we obtain Hamilton's equations of motion,
@H @H @L
= = == == 16.4
@ ¢ ' @1 @q (164
and dH @H @L

Some remarks:

As an example, consider a particle moving in three dimensios, described by spherical
polar coordinates ; ; ). Then

L=3m r?2+r22+r%sin® 2 U(;; ): (16.6)

335
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We have
P = QL: mr ; p = QL: mr2 -5 p = @LZ mr2 sin2 - (16.7)
@ @ @
and thus

I
I

ppr+p —+p — L

7, P P

+
2m  2mr2  2mr2sin?

+Un; ) (16.8)

Note that H is time-independent, hence% = 9 =0, and therefore H is a constant

of the motion.

In order to obtain H (q;p we must invert the relation p = % = p (g;q) to obtain
d (g;p. This is possible if the Hessian,

@p__@ (16.9)

@ @@

is nonsingular. This is the content of the “inverse functiontheorem' of multivariable
calculus.

De ne the rank 2n vector, , by its components,
ifl i n

i~ h : , (16.10)
B, ifn<i 2n:

Then we may write Hamilton's equations compactly as

SR g_,H (16.11)

where |
3= Onn Tnn (16.12)

In n On 1
is a rank 2n matrix. Note that J! = J, i.e. J is antisymmetric, and that J2 =

l,n 2n- We shall utilize this “symplectic structure’ to Hamilton' s equations shortly.
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16.2 Modi ed Hamilton's Principle

We have that

2o 2o
0= dtL = dt pg H (16.13)
ta ta
Zb
@H @H
= dt + hal =
t p 4+g p @q q @p P
Zb ( @H @H ) .
b
= dt + — + —_— + :
R @q q a @p p P q ta

assuming q (ta) = q (t,) = 0. Setting the coe cients of g and p to zero, we recover
Hamilton's equations.

16.3 Phase Flow is Incompressible

A ow for which r v =0 is incompressible{ we shall see why in a moment. Let's check
that the divergence of the phase space velocity does indeednish:

, @q @p
Xn @ X @H

= —_— = Jii =0: 16.14
i @ '@ @ ( )

Now let ( ;t) be a distribution on phase space. Continuity implies

@

— + =0 : 16.15
ot " (9 (16.15)
Invoking r —=0, we have that
D @
—_— = — 4+ _ = : .
Dt ot r 0; (16.16)

whereD =Dt is sometimes called theconvective derivative{ it is the total derivative of the
function (t);t , evaluated at a point (t) in phase space which moves according to the
dynamics. This says that the density in the \comoving frame" is locally constant.
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16.4 Poincae Recurrence Theorem

Let g be the * -advance mapping' which evolves points in phase space acaiing to Hamil-
ton's equations

@H @H
=+ — ; = — 16.17
4 @p 2 @q ( )
for a time interval t = . Consider a region in phase space. De neg" to be the

n" image of under the mapping g . Clearly g is invertible; the inverse is obtained by
integrating the equations of motion backward in time. We derote the inverse ofg by g *.
By Liouville's theorem, g is volume preserving when acting on regions in phase spacenese
the evolution of any given point is Hamiltonian. This follow s from the continuity equation

for the phase space density,
@0/3 r (u®»=0 (16.18)
@t B '
whereu = fq;pg is the velocity vector in phase space, and Hamilton's equatns, which

say that the phase ow is incompressible,i.e.r u =0:

X0 . .
A A
- @A O )
X" @ eH @ @H
— = + = —_— =0: 16.19
., @ @ @ @q (16:49)
Thus, we have that the convective derivative vanishesyiz.
D% @% e ) -
5t @t V" %= 0 ; (16.20)

which guarantees that the density remains constant in a frane moving with the ow.

The proof of the recurrence theorem is simple. Assume thag is invertible and volume-
preserving, as is the case for Hamiltonian ow. Further assune that phase space volume
is nite. Since the energy is preserved in the case of time-idependent Hamiltonians, we
simply ask that the volume of phase spacet xed total energy E be nite, i.e.

z

d E H(p) <1 ; (16.21)

whered = dqdp is the phase space uniform integration measure.

Theorem: In any nite neighborhood of phase space there exists a poirt ' ; which will
return to after n applications of g , wheren is nite.

Proof: Assume the theorem fails; we will show this assumption rests in a contradiction.
Consider the set formed from the union of all sets g™ for all m:

= g" (16.22)
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We assume that the setfg™ jm 2 Z;m 0Ogis disjoint. The volume of a union of disjoint
sets is the sum of the individual volumes. Thus,

3
vol() = vol(g™ )
m=0
S
= vol() 1=1 ; (16.23)
m=1

since vol(@" ) = vol() from volume preservation. But clearly is a subse t of the entire
phase space, hence we have a contradiction, because by asgiion phase space is of nite
volume.

Thus, the assumption that the setfg™ jm 2 Z ;m 0Ogis disjoint fails. This means that
there exists some pair of integersk and |, with k 6 |, such that g \ ¢ 6 ;. Without
loss of generality we may assumé > | . Apply the inverse g ! to this relation | times to get
g€ ' \ 6 ;.Nowchoose any point 2 g" \ ,where n=k | ,anddene' ;=g "' .

Then by construction both * ; and g""'  lie within and the theorem is proven.

Each of the two central assumptions { invertibility and volu me preservation { is crucial.
Without either of them, the proof fails. Consider, for example, a volume-preserving map
which is not invertible. An example might be a mapping f : R! R which takes any real
number to its fractional part. Thus, f( ) = 0:14159265::. Let us restrict our attention
to intervals of width less than unity. Clearly f is then volume preserving. The action off
on the interval [2;3) is to map it to the interval [0;1). But [0;1) remains xed under the
action of f , so no point within the interval [2;3) will ever return under repeated iterations
of f. Thus, f does not exhibit Poincae recurrence.

Consider next the case of the damped harmonic oscillator. Ithis case, phase space volumes
contract. For a one-dimensional oscillator obeyingks+2 x+ 2x =0onehasr u= 2 <
0 ( > O0fordamping). Thus the convective derivative obeysD{%= (r u)%=+2 % which
says that the density increases exponentially in the comovig frame, as%t) = €2t %0).
Thus, phase space volumes collapse, and are not preserved tye dynamics. In this case, it
is possible for the set to be of nite volume, even if it is the union of an in nite number of
setsg” , because the volumes of these component sets themselves @ase exponentially,
asvol@ )= e 2 wvol( ). Adamped pendulum, released from rest at some small angle
o» Will not return arbitrarily close to these initial conditi ons.

16.5 Poisson Brackets

The time evolution of any function F (q; p) over phase space is given by
X

@F X @F | @F

@t @q @p

@F

6t+ F:H ; (16.24)

9 qup)it =

at B

=1
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where the Poisson bracketf ; g is given by

X @A@E @A@E

A;B —_— —_— 16.25
_, @i@p @p@q (16.29)

X @A@B
= Jj == (16.26)

i @ @

Properties of the Poisson bracket:
Antisymmetry:

f,g = o;f (16.27)

Bilinearity: if  is a constant, andf , g, and h are functions on phase space, then
f+ gh = f;h + fg;h : (16.28)
Linearity in the second argument follows from this and the artisymmetry condition.

Associativity:
fg;h =f g;h +g f;h (16.29)

Jacobi identity:
f; fg;hg + g;fh;fg + h;ff,gg =0: (16.30)

Some other useful properties:

If fA;Hg=0and 98=0, then ¢ =0, i.e. A(g;p is a constant of the motion.

If fA;Hg=0and fB;Hg=0, then fA;Bg;H =0. If in addition A and B have
no explicit time dependence, we conclude thaf A; B g is a constant of the motion.

It is easily established that

fg;09=0 ; fp;pg=0 ; fg;pg= ; (16.31)

16.6 Canonical Transformations

16.6.1 Point transformations in Lagrangian mechanics

In Lagrangian mechanics, we are free to rede ne our generaéed coordinates,viz.

Q =Q (gy:::50yt) (16.32)
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This is called a \point transformation.” The transformatio n is invertible if

@Q
det —= 60 : 16.33
et @q ( )

The transformed Lagrangian, T, written as a function of the new coordinatesQ and veloc-
ities Q, is
C Q&)=L q(Q:t);alQ;xt) (16.34)
Finally, Hamilton's principle,
2o
dtC(Q; t)=0 (16.35)

ta

with Q (ta) = Q (t)) = O, still holds, and the form of the Euler-Lagrange equations
remains unchanged:

a da _,. (16.36)

@Q d @

The invariance of the equations of motion under a point trangormation may be veri ed
explicitly. We rst evaluate

d @ _d @eL@ _ d @L@q
@ @@ & @ eqQ (1637
where the relation a @
q
—_— = — 16.38
@  @Q (16.38)
follows from @ @
_ @q @q |
(l_@QQ_+ at’ (16.39)
Now we compute
@ _@Leq, eLa
@Q @q@Q @ @Q
_@L@q, @. @q , , @
@1@Q @ @Q@Q °° @Qa@t
_d @L @i, @Ld @g
dt @ @Q @ dt @Q
_d @L@q _d @ .
= 5 @@—Q == a : (16.40)

where the last equality is what we obtained earlier in eqn. 1637.
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16.6.2 Canonical transformations in Hamiltonian mechanic S

In Hamiltonian mechanics, we will deal with a much broader chss of transformations { ones
which mix all the g% and p%. The general form for a canonical transformation (CT) is

g =09 Qp;ii;Qn Py Pyt (16.41)
P =p Quii;QniPyiiiiPit (16.42)

= i ot (16.43)

What sorts of transformations are allowed? Well, if Hamilton's equations are to remain
invariant, then

_er ., o
Q=ap ' * @0 (16.44)
which gives
@ @ _ . _ @,
a5t ap -0 e (16.45)

l.e. the ow remains incompressible in the new Q;P) variables. We will also require that
phase space volumes are preserved by the transformationg.

det @i - QAP) _, . (16.46)

@ @q;p

Additional conditions will be discussed below.

16.6.3 Hamiltonian evolution

Hamiltonian evolution itself de nes a canonical transformation. Let , = (t) and 2=
i(t + dt). Then from the dynamics += J; g—jH, we have

@H

(t+dt)y= () + @jdH O dt® : (16.47)
Thus,
@ @ @H 2
—Y=_— +J, —dt+ O dt
@ @ ' k@
@H .
= i + Jik Mdt"‘ (@) dtz . (1648)

Now, using the result
det 1+ M =1+ TrM + O(?); (16.49)
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we have
@? @H 2
ZUo2143, = dt+ O dt 16.50
@; k@ @ ( )
=1+ O dt? : (16.51)

16.6.4 Symplectic structure

We have that

@H
ij @J :
Suppose we make a time-independent canonical transformain to new phase space coordi-
nates, a= a( ). We then have

-3 (16.52)

-+

_@a. _ @a

e T e

@H

(16.53)

But if the transformation is canonical, then the equations of motion are preserved, and we
also have

@t @¢ @H
=J,—=J,— =" 16.54
" Th@, @, @ ( )
Equating these two expressions, we have
@H _ 1 @H
My Jik @ JpoMyp @ (16.55)
where
@ a
M (16.56)
a4 @

is the Jacobian of the transformation. Since the equality mwst hold for all , we conclude

MI=J MY Y =) MIMt=J: (16.57)

A matrix M satisfying MM t = | is of course anorthogonal matrix. A matrix M satisfying
MJIM ' = J is called symplectic. We write M 2 Sp(2n), i.e. M is an element of the group
of symplectic matrices' of rank 2n.

The symplectic property of M guarantees that the Poisson brackets are preserved under a

!Note that the rank of a symplectic matrix is always even. Note also MJM ' = J implies M'JM = J.
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canonical transformation:

@nes
I @ @
 @A@a. @B@y
'@, @ @p @

A @B
oA@s
ab@a@b
A;B :

AB =1

=J

16.6.5 Generating functions for canonical transformation S

For a transformation to be canonical, we require

2o n 0 2o

n (6}
dt pa H(gpY) =0= dt P Q H(QPt) :

ta ta

This is satis ed provided

" ° dF
Pa H@py) = PQ HQPO+ &

where is a constant. For canonical transformations, = 1.2 Thus,

@F Q@F

H(Q:P;t)= H(q;p)+ P Q p g + @qﬁ @—QQ
+@:E+QZP_+QF:
@p @P @t
Thus, we require
@F_ . @F_ . OF_, . @F_,.
@ P " eq”- P e er ¥
The transformed Hamiltonian is
D) — e @F
H(Q;P;t)= H(qg;p;t + @t'

(16.58)

(16.59)

(16.60)

(16.61)

(16.62)

(16.63)

2Solutions of eqn. 16.60 with 6 1 are known as extended canonical transformations. We can always

rescale coordinates and/or momenta to achieve =1.
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There are four possibilities, corresponding to the freedonto make Legendre transformations
with respect to each of the arguments ofF (g; Q) :

8
gl(q;Q;t) ;P =+g% ; P = G& (ypel
Fa(q;P;t) P Q ;P =+ g2 Q =+8E (typell)
F(q;Q;t) =
%Fs(p;Q;thq , q = g—g ;P = g—g (type 111)
CFapPitrpg PQ ; g= 8B Q =+&E (ypelv)
In each case ( =1;2;3;4), we have
AQPIY = H@PY+ o (16.64)
Let's work out some examples:
Consider the type-ll transformation generated by
Fo(a;P)= A (P ; (16.65)
where A (q) is an arbitrary function of the fqg g. We then have
@Ff @F _ @A
= —=A ; =—=—P 16.66
Q =gp-A WO P = G @q (16.66)
Thus,
@q
= A : P = — : 16.67
Q (a) @qP ( )
This is a general point transformation of the kind discussedn eqn. 16.32. For a general
linear point transformation, Q = M q, we haveP = p M ! ie. Q = Mq,
P=pM L iIifM = , this is the identity transformation. F, = q,P; + zP;
interchanges labels 1 and 3etc.
Consider the type-l transformation generated by
Fi(@;Q=A (@Q : (16.68)
We then have
@F _ @A
= ——= —— 16.69
P~ @4 @q (16.69)
@k
P = == A : 16.70
@0 (a) ( )
Note that A (g) = g generates the transformation
q P (16.71)

p +Q
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A mixed transformation is also permitted. For example,

F(;Q = Q;+(% Q)P+ (q Q3)P; (16.72)
is of type-l with respect to index =1 and type-Il with respect to indices =2;3.
The transformation e ected is

Q1= p Q=0 Q=g (16.73)
Pi= o P, = p; Py=p,: (16.74)

Consider the harmonic oscillator,
NP1
H(g;p = om + 5kg° ! (16.75)
If we could nd a time-independent canonical transformation such that

.
p= P 2mf (P) cosQ ; q= @ sinQ ; (16.76)

wheref (P) is some function of P, then we'd have H(Q;P) = f (P), which is cyclic in
Q. To nd this transformation, we take the ratio of p and g to obtain

p= P mkqctnQ ; (16.77)
which suggests the type-I transformation
Fi(9;Q) = %p mkg? ctn Q : (16.78)
This leads to
p= %: qu ctnQ ; P = %}: Z%Ezq(; ; (16.79)
Thus, pﬁ r -
q= ﬁﬁ sinQ =) f(P)= o P=1pP; (16.80)

where! = P k=m is the oscillation frequency. We therefore have
H(Q;P)= P ; (16.81)
whenceP = E=! . The equations of motion are

@
Q

which yields r

Qy=1t +'y ; q(t)= % sin It +' 4 : (16.83)
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16.7 Hamilton-Jacobi Theory

We've stressed the great freedom involved in making canona transformations. Coordi-
nates and momenta, for example, may be interchanged { the diinction between them is
purely a matter of convention! We now ask: is there any speci#y preferred canonical trans-
formation? In this regard, one obvious goal is to make the Haritonian H(Q;P;t) and the
corresponding equations of motion as simple as possible.

Recall the general form of the canonical transformation:

@F

H(Q;P)=H(g;p + @t (16.84)
with
@F _ O@F_
@q P op 0 (16.85)
QF _ @F_.
@0 P @p 0: (16.86)

We now demand that this transformation result in the simplest Hamiltonian possible, that
is, H(Q;P;t) =0. This requires we nd a function F such that

@F: H : @:: p
@t @q
The remaining functional dependence may be taken to be eithreon Q (type I) or on P

(type I). As it turns out, the generating function F we seek is in fact the action,S, which
is the integral of L with respect to time, expressed as a function of its endpointvalues.

(16.87)

16.7.1 The action as a function of coordinates and time

We have seen how the actiorS[ ( )] is a functional of the path ( ) and a function of the
endpoint valuesf ga; tag and fg,;t,g. Let us de ne the action function S(q;t) as

7t
S(;)= dL ;5 ); (16.88)

ta

where () starts at (05;t5) and ends at (q;t). We also require that ( ) satisfy the Euler-
Lagrange equations,

oL 4 oL

e 1 @ °° (16.89)

Let us now consider a new path, ¢ ), also starting at (0s;ta), but ending at (q+ dqg;t+ dt),
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and also satisfying the equations of motion. The di erential of S is

as=s~«) S ()

7 dt 7t
= dL(z%) dL ;) (16.90)
ta ta
z h i h i)
—td @ () ()+@_ =() _() +L ~Ht)t)t dt
_Tg @ d e’
—td @ d @ () ()
) @L D i

+ R ~ (1) (1) + L ~t); =t);t dt

0o+ () (t)+L (t); (t);t dt+ O(q dt); (16.91)

where we have de ned

@L
= = 16.92
a ( )
and
() ~-(O) (): (16.93)
Note that the di erential dqg is given by
dg =~ (t+ dt) (t) (16.94)
=~ (t+dt) ~(t)+~ (t) (1)
= = (t)dt+ (1)
=q (t)dt+ )+ O(qg dt): (16.95)
Thus, with ~ (t) p , we have
dS=pdg+ L pq dt
=pdg Hdt: (16.96)
We therefore obtain @S @S ds
@:p ; @t: H ; E:L: (16.97)

What about the lower limit at t,? Clearly there aren + 1 constants associated with this
limit:  q,(ta);:::;on(ta); ta . Thus, we may write

S=S(0;: 0 it Dt e (16.98)
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Figure 16.1: A one-parameter family of pathsq(s; ).

where ourn + 1 constants aref ;:::; ,,;0. If we regard S as a mixed generator, which
is type-l in some variables and type-Il in others, then each  for 1 n may be chosen
to be either Q or P . We will de ne
(
@S +Q ff P

"2 ° 5 i =0 (16.99)

For each , the two possibilities =Q or = P are of course rendered equivalent by
a canonical transformation Q ;P )! (P ; Q).

16.7.2 The Hamilton-Jacobi equation

Since the actionS(q; ;t ) has been shown to generate a canonical transformation for kich
H(Q;P) = 0. This requirement may be written as
@S @S @S
H POy — i, —t + —=0: 16.100
This is the Hamilton-Jacobi equation (HJE). It is a rst order partial di erential equation
in n +1 variables, and in general is nonlinear (since kinetic enegy is generally a quadratic
function of momenta). SinceH (Q;P;t) = 0, the equations of motion are trivial, and

Q (t)=const: ; P (t) =const: (16.101)

Once the HJE is solved, one must invert the relations = @%q; ;t )=@ to obtain
q(Q; P;t). This is possible only if

@s

dt @q@

60 ; (16.102)
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which is known as theHessian condition.

It is worth noting that the HJE may have several solutions. For example, consider the case
of the free particle, with H(q;p) = p?=2m. The HJE is

2
1 @s?, @s_,

m @q @t (16.103)
One solution of the HJE is )
S(q; ;t)= % : (16.104)
For this we nd @s n
= @ = T(q ) ) q(t) = Et: (16.105)
Here = q(0) is the initial value of g, and = pis minus the momentum.
Another equally valid solution to the HIJE is
p___
S(g; ;t)=q 2m t: (16.106)
This yields r r
_ @S_ 2m a _
@ q — t ) q(t) = %(t+ ) : (16.107)
FCH this solution, is the energy and may be related to the initial value of q(t) =
= 2m.

16.7.3 Time-independent Hamiltonians

When H has no explicit time dependence, we may reduce the order of hHJE by one,
writing

S(a; ;t)= W(q; )+ T(;t): (16.108)

The HIE becomes QW ot
H g— = —: 16.109
a @q @t ( )

Note that the LHS of the above equation is independent oft, and the RHS is independent
of g. Therefore, each side must only depend on the constants, which is to say that each
side must be a constant, which, without loss of generality, v take to be ;. Therefore

S(a; ;t)= W(g; )t (16.110)
The function W(q; ) is called Hamilton's characteristic function . The HJE now takes the
form QW QW
H IO — L —— = : 16.111
W %ge @ ! ( )
Note that adding an arbitrary constant C to S generates the same equation, and simply
shifts the last constant ., ! ,,; + C. This is equivalent to replacingt by t t, with

ty= C= ,, i.e. it just rede nes the zero of the time variable.
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16.7.4 Example: one-dimensional motion

As an example of the method, consider the one-dimensional stem,

p2

H(g;p = om + U(Q) : (16.112)
The HIE is )
1 @S o
m @q +U(Q = : (16.113)
which may be recast as
@s_ ; 2m U ; (16.114)
@q ’ '
with solution
p_ S p
S(q;;t)= 2m dd U@ t: (16.115)
We now have q
p= @S- 2m u(g ; (16.116)
@q ’ '
as well as r 7 gy
@S m -~ at dc?
=== = p———— t: 16.117
@ 2 U(dd ( :
Thus, the motion q(t) is given by quadrature:
r__ @
+t= TZ(pL- (16.118)
2 U(@ '

where and are constants. The lower limit on the integral is arbitrary and merely shifts
t by another constant. Note that is the total energy.

16.7.5 Separation of variables

It is convenient to rst work an example before discussing the general theory. Consider the
following Hamiltonian, written in spherical polar coordin ates:

potential} ur; )
S O B(), C()

+ o+ T+ AN+ _
r2  r2sin? (r) r2 r2sin?

(16.119)

We seek a solution with the characteristic function

W )= W+ W )+ W (): (16.120)
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The HJE is then

1 @W2+ 1 @W2+ 1 @wW 2
2m  @r 2mr2 @ 2mr2sin? @
B(), C()
+ + + = ,=E: ,
AN+ = pp = E (16.121)

Multiply through by r2sin® to obtain
( )

1 @wW? ., 1 @w ?
m @ +C()= sin %—m@ +B() )
o, 1 @W ? .
r<sin m @r + A(r) 1 - (16.122)

The LHS is independent of ¢; ), and the RHS is independent of . Therefore, we may set

1 @W ? o
m @ +C()= ,: (16.123)

Proceeding, we replace the LHS in eqn. 16.122 with ,, arriving at

(
1 @W 2 2 _ o, 1 @w? .
o @ +B()+ s - r >m @ + A(r) I (16.124)

The LHS of this equation is independent ofr, and the RHS is independent of . Therefore,

1 @W 2 s
m @ BO* g7 = #° (16.125)
We're left with ,
1 ow 3 _ .
m @r + A(r) + PR (16.126)

The full solution is therefore

D 7" r
S(g; ;t)="2m dr® | A(r9

(16.127)

Tf%| w

p_ 2 [
+ 2m d°% 5 B(9

_2

sin? 0

p_? d—

+ 2m d°% , C(9 t: (16.128)
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We then have
Z r(t) p TFTd 0
@S_ ' — dr

1= g.= @ t (16.129)
1 A(r9 ro ?
1 3
@as 2O Pargo Z Py o
2= g, - q 2 + g (16.130)
2 sif © 5, B(9 ,cs@ 0 , C(9
T dr ) my 0
3= @QS: g 2 + g 2 (16.131)
8 r® . A9 ,r02 s B(9 ,cs@?©

The game plan here is as follows. The rst of the above trio of guations is inverted to yield
r(t) in terms of t and constants. This solution is then invoked in the last equaion (the upper
limit on the rst integral on the RHS) in order to obtain an imp licit equation for (t), which
is invoked in the second equation to yield an implicit equaton for (t). The net result is
the motion of the system in terms of time t and the six constants ( 1; 5, 3 15 21 3). A
seventh constant, associated with an overall shift of the ze of t, arises due to the arbitrary
lower limits of the integrals.

In general, the separation of variables method begins with

X0
W(g; )= W(@Q; ): (16.132)
=1

EachW (g ; ) may be regarded as a function of the single variable) , and is obtained by
satisfying an ODE of the form*

dw
H ¢ W = : (16.133)
We then have @w @w
= - = —+ . .t: 16.134
@q @ = ( )

Note that while each W depends on only a singley , it may depend on several of the

16.7.6 Example #2 : point charge plus electric eld

Consider a potential of the form
U(r) = F Fz; (16.135)

which corresponds to a charge in the presence of an externabmt charge plus an external
electric eld. This problem is amenable to separation in pambolic coordinates, (; ;' ):

p— p—
= sin' 5z = §( ) (16.136)

X = cos' ; vy

®Here we assumecomplete separability. A given system may only be partially separable.
“H (q :;p ) may also depend on several of the . Seee.g. eqn. 16.126, which is of the form
Hr r;@Wr; 3 = 1
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Note that

p___
X2+ y2 = (16.137)
[
r= 2+22=1( + ): (16.138)

The kinetic energy is

2 2
- %m( + ) 4+ = + %m '_2, (16139)
and hence the Lagrangian is
!
— 1 —2 _2 1 v 2 2k 1 .
L=gm( + ) —+ = +3 e - + 5F ( ) : (16.140)
Thus, the conjugate momenta are
p=8 1+ (16.141)
@
p = %L: am( + )= (16.142)
@L
= —=m ' 16.143
PE=a ( )
and the Hamiltonian is
H=p —+p +p '_ (16.144)
!
2 p*+ p? P? &k _
= " + > *— 5F ( ) : (16.145)

Notice that @H=@+ 0, which means dH=dt = 0, i.e. H = E ;1 Is a constant of the
motion. Also, ' is cyclic in H, so its conjugate momentump is a constant of the motion.

We write

S(g; )= W(qg; ) Et (16.146)

W(; )*W{(; )+W(; ) Et: (16.147)

with E = ;. Clearly we may take

W. (; )=P'; (16.148)
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whereP- = ,. Multiplying the Hamilton-Jacobi equation by %m( + ) then gives
dw 2 P2
ot tmk iF 2 ImE
dw 2 P2
= g T IF 2+ imE ; (16.149)
where = ;is the third constant: = (E;P:; ). Thus,
Z S
2ff mk P2
i 0 1 1 o
SR T 90 dmer e
s
z 0 1 1 P2
0
+ d- smE  — 3zmF 1
+P ' Et: (16.150)

16.7.7 Example #3 : Charged Particle in a Magnetic Field

The Hamiltonian is

1 e 2
H=_— -A 16.151
m PG ( )
We choose the gaugéh = Bx ¥, and we write
S(X;y; P Po) = Wy (X Py P) + Wy (y; Py Py) Pyt (16.152)
Note that here we will consider S to be a function of fq gand fP g.
The Hamilton-Jacobi equation is then
@wW *, @W eBx ’
— + —= — =2mP,: 16.153
@x @y c T ( )
We solve by writing
dw, 2 eBx 2
W, = P,y ) dXX t Py =~ =2mPy: (16.154)
This equation suggests the substitution
chPy ch .
= —— 4+ — :
X B © oB 2mPq sin (16.155)

in which case @ D
X C
@  eB 2mP; cos (16.156)
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and

with solution

We then have

and

where
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@W_@w @_ eB 1 @w.
@x @ @x c 2mP, cos @
Substitution this into eqn. 16.154, we have
@W _ 2mcP; )
& - oB cog ;
_ mcP; mcP; . .
W, = B + eB sin(2 ) :
@wW _ @W @x_
= 2mP; cos
““Tex”T @ @ !
ew._, .
=gy e
The type-Il generator we seek is then
5. _ McPyq mcPy .
S(q; P;t) = B + 6B sin(2 )+ P,y Pt
= % gp1x P2
c 2mPy eB

Note that, from eqgn. 16.155, we may write

from which we derive

and

c mc c Pbh—
= + .
dx oB dpP, + °B pz— sin dP oB 2mP, cos d ;
@ _ tan @ _ 1
@F 2P, ’ @R " 2mP; cos
These results are useful in the calculation 0fQ; and Q,:
_ @s
%= @r
mc mcP; @ mc mc
= — + + +
5 " o8 @p " o8 SN@)* 5 (2)@
eB
_ @s
%= @p
mcPy @
= y+ 1+cos(2) —
2) @b

2mP cos :

R

t

(16.157)

(16.158)

(16.159)

(16.160)

(16.161)

(16.162)

(16.163)

(16.164)

(16.165)

(16.166)

(16.167)
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Now sinceH (P; Q) = 0, we have that Q =0, which means that eachQ is a constant. We
therefore have the following solution:

X(t) = Xg+ Asin(! t+ ) (16.168)
y(t) = yo+ Acosl .t+ ); (16.169)
where! . = eB=mc is the “cyclotron frequency', and

cP. cP—
XO:e—82 ; Yo=Q, 'eQq Az@ 2mPq : (16.170)

16.8 Action-Angle Variables

16.8.1 Circular Phase Orbits: Librations and Rotations

In a completely integrable system, the Hamilton-Jacobi eqation may be solved by separa-
tion of variables. Each momentump is a function of only its corresponding coordinateq
plus constants { no other coordinates enter:

QW
= —— = : : 16.171
@q p(@; ) ( )
The motion satis es
H(q;p)= : (16.172)

The level sets ofH are curvesC . In general, these curves each depend on all of the
constants , so we writeC = C ( ). The curves C are the projections of the full motion
onto the (q ;p ) plane. In general we will assume the motion, and hence the cues C ,
is bounded In this case, two types of projected motion are possible: krations and rota-
tions. Librations are periodic oscillations about an equilbrium position. Rotations involve
the advancement of an angular variable by 2 during a cycle. This is most conveniently
illustrated in the case of the simple pendulum, for which

2
H(pp: )= 2—|+ Iz 1 cos (16.173)
When E < |! 2, the momentum p vanishes at = cos Y(2E=I! 2). The system

executes librations between these extreme values of the aleg .
When E > |! 2 the kinetic energy is always positive, and the angle advares mono-
tonically, executing rotations.

In a completely integrable system, eactC is either a libration or a rotation °. Both librations
and rotations are closed curves. Thus, eaclC is in general homotopic to (= \can be

5C may correspond to a separatrix, but this is a nongeneric state of a airs.
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Figure 16.2: Phase curves for the simple pendulum, showingbrations (in blue), rotations
(in green), and the separatrix (in red). This phase ow is mog correctly viewed as taking
place on a cylinder, obtained from the above sketch by idenfying the lines = and

continuously distorted to yield") a circle, S'. For n freedoms, the motion is therefore
con ned to an n-torus, T":

e

n
™ =g g st (16.174)

These are calledinvariant tori (or invariant manifolds). There are many such tori, as there
are many C curves in each of then two-dimensional submanifolds.

Invariant tori never intersect! This is ruled out by the uniqueness of the solution to the
dynamical system, expressed as a set of coupled ordinary dérential equations.

Note also that phase space is of dimensionr2 while the invariant tori are of dimension n.
Phase space is “covered' by the invariant tori, but it is in geeral di cult to conceive of how
this happens. Perhaps the most accessible analogy is the= 1 case, where the “1-tori' are
just circles. Two-dimensional phase space is covered non@racting circular orbits. (The
orbits are topologically equivalent to circles, although geometrically they may be distorted.)

It is challenging to think about the n = 2 case, where a four-dimensional phase space is
lled by nonintersecting 2-tori.

16.8.2 Action-Angle Variables

For a completely integrable system, one can transform candnally from (q;p to new co-
ordinates (;J ) which specify a particular n-torus T" as well as the location on the torus,
which is speci ed by n angle variables. ThefJ g are ‘'momentum' variables which specify
the torus itself; they are constants of the motion since the ori are invariant. They are
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called action variables. SinceJd- = 0, we must have

L= %zo =) H=HQ@): (16.175)

The f g are the angle variables

The coordinate  describes the projected motion alongC , and is normalized by
I

d =2 (once aroundC) : (16.176)
c

The dynamics of the angle variables are given by

_ @H .
- @ J): (16.177)
Thus,
t= @O+ @I)t: (16.178)

The (J) are frequencies describing the rate at which the C are traversed; T (J) =
2= (J) is the period.

16.8.3 Canonical Transformation to Action-Angle Variable S

The fJ g determine the fC g; eachq determines a point onC . This suggests a type-I|
transformation, with generator F,(q;J):

@F @F
= — = — 16.179
P = @q @J ( )
Note that®
I I I I
@F @F> @
2 = d = —_— = dg = — dq ; 16.180
@] @i@qd " @y P ( )
c C c c
which suggests the de nition |
1
J = > p dg : (16.181)
C
l.e. J is (2 ) ! times the area enclosed byC .
If, separating variables, X
W(g; )= Wi(a; ) (16.182)
8In general, we should write d g—? = @S@?F@ﬁq dg with a sum over . However, in eqn. 16.180 all
coordinates and momenta other than q and p are held xed. Thus, = s the only term in the sum

which contributes.
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is Hamilton's characteristic function for the transformation (q;p ! (Q;P), then

|
-1 ew . _
N T dg =J () (16.183)

C

is a function only of the f g and not the f g. We then invert this relation to obtain
(J), to nally obtain

X
Fa(q; )= W q; (J) = W q; ) : (16.184)

Thus, the recipe for canonically transforming to action-argle variable is as follows:

P
(1) Separate and solve the Hamilton-Jacobi equation folW(q; ) = W (q; ).
(2) Find the orbits C { the level sets of satisfyingH (q ;p ) =

. H _
(3) Invert the relation J ()= 2+ %—ngq to obtain  (J).
C
P . .
(4) Fy(q;J) = W q; (J) isthe desired type-1l generator.

16.8.4 Example : Harmonic Oscillator

The Hamiltonian is

H = o + %m! 2 ; (16.185)
hence the Hamilton-Jacobi equation is
dw 2 2] 22 .
d—q +mel g =2m : (16.186)
Thus,
daw 5
p= a9 = 2m m2! §¢? : (16.187)
We now de ne
2 1=2
q 2 sin ) p= 2m cos ; (16.188)
in which case
1 ! 1 2 Z
J=— pdg= — = d cod¥ = —: (16.189)
2 2 1y !

-0
0

"Note that F,(g;J) is time-independent. l.e. we are not transforming to H = 0, but rather to  H = H(J).
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Solving the HJE, we write

dw = @q dw
— = —'—=2Jco : 16.190
d ~ @ dq (16190
Integrating,
W=J +31Jsin2; (16.191)
up to an irrelevant constant. We then have
_ew _ @ |
—@q— + 5sin2 +J 1+cos2 @‘]q- (16.192)
To nd ( @ =@)J, we di erentiate q= P 2J=m! ¢ sin :
r—
sin 2J @ 1
dg= p—dJ+ ——cosd — = —tan : 16.193
4= Pomred ml o ) @, (16.193)
Plugging this result into eqn. 16.192, we obtain = . Thus, the full transformation is
2 = pP—
q= — sin ; p= 2m!J cos : (16.194)
m! o
The Hamiltonian is
H=1,J; (16.195)

hence -= &=1,and 1= &F=0, with solution (t)= (0)+ !yt and J(t) = J(0).

16.8.5 Example : Particle in a Box

Consider a particle in an open box of dimensiond y Ly, moving under the in uence of
gravity. The bottom of the box lies at z = 0. The Hamiltonian is

2

LA .
= 2+ 2+ =+ : )
H 2m  2m 2m Mgz (16.196)

Step one is to solve the Hamilton-Jacobi equation via sepat#n of variables. The Hamilton-
Jacobi equation is written

1 @W?’ 1 @W?, 1 @w? _ .
M @x +% By +% @z +mgz=E S (16.197)

We can solve forWy,y by inspection:

W)= | am ax ;W)= Zm yy: (16.198)
We then havée®
WIz) = ) 2m , x y mgz (16.199)
P32 sz
W,(z) = §pﬁ—g z V y Mgz : (16.200)

#0ur choice of signs in taking the square roots for W, W, and W7 is discussed below.
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Figure 16.3: The librations G, and G;. Not shown is G, which is of the same shape as§.

Step two is to nd the C . Clearly pxy = P 2m yy. For xed px, the x motion proceeds
from x =0 to x = Ly and back, with corresponding motion fory. For x, we have

q
p(2)=WXz)= 2m , « y mgz ; (16.201)

and thus G is a truncated parabola, with z,, = ( y y)=mg.

Step three is to computeJ( ) and invert to obtain  (J). We have

I Zx
1 1 P—— LyP
W= 5 pdx= = dx 2m ,= =X 2m , (16.202)
G 0
I Zy
1 1 — L
Iy =5 pydy= = dyIO 2m = LyPom y (16.203)
o 0
and
.| B> g
J, = > p,dz= - dx 2m , X y Mgz
G 0
Zﬁﬁ 3=
= 3—pm—g z X y (16.204)
We now invert to obtain
2 2 2 2
¥ = —2m|_2 'JX X y = —2m|_2 ,Jy (16205)
X y
P_—  2=3 2 2
_ 3. _mg 2=3 2 2.
7= _Zpi— N ML Je+ oML Jy: (16.206)
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2=341=3., 3=2
Fo Xy:2;35:3y;d, = L_X‘Jx + Lly‘Jy + J22=3 2”(13 )92:3 : : (16.207)
We now nd @ @
_ X E_y
= —Z<=_ = =<2= 21 16.208
@) Ly Y@y Ly ( )
and S r
@F 2m?=3g1=3z .z
- €7 _ 1 g “ - 1 : 16.209
‘@94 (3J,)*° Zinex ( )
where
_ @I
Zrex (32) = 52373 (16.210)
The momenta are @ @
_ @F _ J« _@F _ Jy
and |
P_— 23 " 1=2
_@F _ P— 3 mg 2=3 )
p, = @z 2m —Zpi— J; mgz : (16.212)

We note that the angle variables .., seem to be restricted to the range [0 ], which
seems to be at odds with eqn. 16.180. Similarly, the momentpy.,:, all seem to be positive,
whereas we know the momenta reverse sign when the particle baces o a wall. The origin
of the apparent discrepancy is that when we solved for the fuations Wy.y:z , we had to take
a square root B‘n each case, and we chose a particular branch tife square root. So rather

than Wx(x) = = 2m X, we should have taken
Cp 2 if 0
>
W, (x)= pom xX " (16.213)
2m 4 (2Lx x) if px<0:
The relation Jx = (Lx= )p 2m  is unchanged, hence
= i >
W, ()= R Tpx >0 (16.214)
2Jx (x=L x)Jx ifpx<O:
and (
=L if py >0
= ox " Px (16.215)

(2Lx Xx)=Lx if px<O0:

Now the angle variable y advances by 2 during the cycle G;. Similar considerations apply
to the y and z sectors.
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16.8.6 Kepler Problem in Action-Angle Variables

This is discussed in detail in standard texts, such as Goldsin. The potential is V(r) =

k=r, and the problem is separable. We writ&

Wt )= Wi+ W )+ W () ;

hence
2 2 2
W
i_@W_,_ ! @W+ 1_2 @. +V(r)=E
2m  @r 2mrz @ 2mr 2 sin @
Separating, we have
[
1 dw ? Cdwe
ﬁ d—' - ) J - d —|—2 2m
C
Next we deal with the coordinate:
1 dw ? )
2m d B sin?
Zo q
J =4 2m d 1 = csé
p po
=2 Pom " P
where ¢=sin ( - = ). Finally, we havel®
1 dw, 2 k
- = + — -
2m dr E rr2 )
| S
Jy= dr 2m E + — Tz
G s
2m
= J +J)+ k =
( ) iE]
where we've assumedE < 0, i.e. bound motion.
Thus, we nd
2 2
H=E-= 2 mk”
J+J +J
Note that the frequencies are completely degenerate:
I._
. @H _ 4 ’2mk? _ ?mk?
T @y J+d +2 8 2E}3

®We denote the azimuthal angle by ' to distinguish it from the AA variable

0 The details of performing the integral around G are discussed ine.g. Goldstein.

(16.216)

(16.217)

(16.218)

(16.219)

(16.220)

(16.221)

(16.222)
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This threefold degeneracy may be removed by a transformatio to new AA variables,
n 0 n

(o}
(33 C53)(C033) ! (1592 (2325 ( 3:33) (16.223)

using the type-Il generator

Fol v 5 5353533 =( )1+ ( dot 1 J3; (16.224)
which results in
@k @k
1 = @—\i = Jr = @—r = J3 J2 (16225)
(@) @k
5 = @3 = ; J = @ =J, J (16.226)
= @ = = @ = .
37 @4 ; J. @. N (16.227)
The new Hamiltonian is oo
H(J1;J2;J3) = 2 JTk , (16.228)
3

whence ;= ,=0and ;=

16.8.7 Charged Particle in a Magnetic Field

For the case of the charged particle in a magnetic eld, studed above in section 16.7.7, we
found

_ ch, ch .
and p
p, = 2mP; cos ; py=P,: (16.230)

The action variable J is then
I

2
2mcP P
= = 1§ cog = M.

J= pydx= B (16.231)
0
We then have
W=J +3Jsin2 )+ Py; (16.232)
whereP  P,. Thus,
_ @w
= 33
= +1isin2)+J 1+cos(2) @
2 @J
tan
= + 1lgj + -
1sin(2 )+2J cos >3

- (16.233)
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The other canonical pair is (Q; P), where

_ @W_ 2c)
Q= P y oB cos (16.234)
Therefore, we have
] 2
c cJ .
= — 4+ R - = + R .
X B B sin ; y =Q B cos (16.235)
and r
Py = Ze(I:3J cos ; py=P: (16.236)
The Hamiltonian is
2 2
P 1 eBx
= 2 + -
H 2m  2m Py c
BJ
= S5 o2 + 2 gin2
=1.J; (16.237)
where! . = eB=mc. The equations of motion are
@H @H
— = J= —=0 16.238
@J C ’ @ ( )
and aH @H
=—=0 : P= —=0: 16.239
Thus, Q, P, and J are constants, and (t)= ,+ !¢t
16.8.8 Motion on Invariant Tori
The angle variables evolve as
= @At+ (0): (16.240)

Thus, they wind around the invariant torus, speci ed by fJ g at constant rates. In general,

while each  executed periodic motion around a circle, the motion of the gstem as a whole
is not periodic, since the frequencies (J) are not, in general, commensurate. In order for
the motion to be periodic, there must exist a set of integersfl g, such that

X
| (J)=0: (16.241)
=1
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This means that the ratio of any two frequencies = must be a rational number. On a
given torus, there are several possible orbits, dependingnanitial conditions (0). However,
since the frequencies are determined by the action variabte which specify the tori, on a
given torus either all orbits are periodic, or none are.

In terms of the original coordinates q, there are two possibilities:

R R . )
q (t) = A§1?2 \n el 1 1(t) e' n n(t)
A. € ®  (libration) (16.242)
o X
q=q @®+ B O (otation) : (16.243)

For rotations, the variable g (t) increased by g =2 g . R

16.9 Canonical Perturbation Theory

16.9.1 Canonical Transformations and Perturbation Theory

Suppose we have a Hamiltonian
H(;t)= Ho(;t)+ H(:t); (16.244)

where is a small dimensionless parameter. Let's implement a typeé} transformation,
generated byS(q; P;t):11

H(Q;P;t) = H(a;p; 9 + @@tS(Q;P;t) : (16.245)
Let's expand everything in powers of :
q=Q + gy + 2qp + 1 (16.246)
p =P + pyg + Zp, +:i (16.247)
H=Hy+ H + 2H,+ (16.248)
S= ﬂ{ZP_} + S+ 2S,+ 1 (16.249)
identity

transformation

Then
@S_,+ €%, 208, .

Q=%p=9" gp* ‘@b (16.250)
- Q% @s
=Q + o + @p + o + @p +

" Here; S(q; P;1) is not meant to signify Hamilton's principal function.
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and
_ @S_ @3 ,@%
=—=P —_— 16.251
PTeq " " @q’ @g (16.250)
=P + py + Zp, +iii: (16.252)
We therefore conclude, order by order in ,
O = % O =+g—§: (16.253)
Now let's expand the Hamiltonian:
@S
H(Q:P:t) = Ho(a;p: )+ Hy(a;pit)+ @t (16.254)
= o(QPt)+@Q(q Q)+ (p P)
+H QP+ @@t (Q;Pi)+ O( )
|
S HYQPI+ ez OR 2 CRen, w0
= Ho(Q;P;t)+ H;+ S;Hp + %S; +0(?): (16.255)

In the above expression, we evaluatdd, (q; p;f) and S, (q;P;f) at g= Q and p = P and
expand in the dierencesq Q andp P. Thus, we have derived the relation

H(Q;P;t) = Ho(Q Pty + H(QP;t)+ i (16.256)
with

Fo(Q;P;t) = Ho(Q; P;t) (16.257)
H(QiPit) = Hy+ SpiHg + %S; : (16.258)

The problem, though, is this: we have one equation, eqn, 1658, for the two unknowns H
and S;. Thus, the problem is underdetermined. Of course, we couldlmoseH; = 0, which
basically recapitulates standard Hamilton-Jacobi theory But we might just as well demand
that H; satisfy some other requirement, such as thatf, + H; being integrable.

Incidentally, this treatment is paralleled by one in quantum mechanics, where a unitary
transformation may be implemented to eliminate a perturbation to lowest order in a small
parameter. Consider the Schmedinger equation,

@

~gt=(Ho+ Hi (16.259)
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and dene by _
e€s= (16.260)
with
S= S,+ 2S,+ 1 (16.261)
As before, the transformation U  exp(iS=~) collapses to the identity in the ! 0 limit.
Now let's write the Schredinger equation for . Expanding in powers of , one nds
@ _ 1., @9 :
I~@t_ HO + H1+ : Sl’HO + @[ + I'T ’ (16262)

where [A;B]= AB  BA is the commutator. Note the classical-quantum correspondece,
fA;Bg ! i%[A;B] : (16.263)

Again, what should we choose forS;? Usually the choice is made to make theD( ) term
in K vanish. But this is not the only possible simplifying choice

16.9.2 Canonical Perturbation Theory for n=1 Systems

Henceforth we shall assuméd ( ;t) = H( ) is time-independent, and we write the perturbed
Hamiltonian as

H()=Ho( )+ H,(): (16.264)
Let ( ;Jy) be the action-angle variables forH,. Then
Ho( 0:90) = Ho d( 0:30)iP( 0:30) = Ho(Jo) : (16.265)
We de ne
H1( 0:d0) = Hy d( 0:30);P( 05d0) (16.266)

We assume thatH = Hy+ Hj is integrablelz, So it, too, possesses action-angle vari-
ables, which we denote by (J )3. Thus, there must be a canonical transformation taking
( »do) !t (;3), with

B o(;3):35(:3)  KQ@)= EQ): (16.267)
We solve via a type-Il canonical transformation:
SC :d)= od+ Sy gd)+ 2Sy( g d)+ it (16.268)

where ,J is the identity transformation. Then

- @S_,, @8, .05 ..
=g =it gt gt (16.269)
_es. | e% .05 ... (16.270)

Te) @ @

12This is always true, in fact, for n = 1.
BWe assume the motion is bounded, so action-angle variables nay be used.
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and

EQ)= E,(d)+ E,()+ 2E,(d)+ ::: (16.271)

Ho( 0:30) + H1( 0:J) : (16.272)

We now expandH ( 4;Jp) in powers ofJ, J:

H( 0:d0) = Ho( 03Jdo)+ H1( 0:30) (16.273)
@t @
= Ho(Jd) + @3(\]0 J)+ % @30 (3, J)%+
@t
+ H( 0ido)+ @3(30 J)+
= HO(J)+ I—Tl( 0;\Il0)+ %g—f | (16.274)
@, @8, 1@, @8 ° @1, 0% ,,
@QJ@y 2 @ @o @J @o
Equating terms, then,
Eo(J) = Hp(J) (16.275)
@i, @
E,(J)= Hy( o;J)+ @3@—5 (16.276)
2
E,(J) = @, @5+ 1 @, @% N @, @93 . (16.277)

@I@, 2 @F @o @J @o

How, one might ask, can we be sure that the LHS of each equatiom the above hierarchy
depends only onJ when each RHS seems to depend on, as well? The answer is that we
use the freedom to choose eacB, to make this so. We demand each RHS be independent
of ,, which means it must be equal to its averagehRHS( )i, where

f o = %f o (16.278)

0
The average is performedat xed J and not at xed J,. In this regard, we note that holding
J constant and increasing , by 2 also returns us to the same starting point. Therefore,

J is a periodic function of ;. We must then be able to write

x .
Sk( 0:d) = Si(J;m)em o (16.279)
m=1
for eachk > 0, in which case
or _ 1 S(2) S(0) =0: (16.280)

@o 2
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Let's see how this averaging works to the rst two orders of the hierarchy. SinceH(J) is
independent of  and since@$=@, is periodic, we have

thizs_vaﬂskis
E;(J)= Hy( J) + % g—f (16.281)

and henceS; must satisfy
H H
@_ =t 1. (16.282)
@o o(J)

N

where 4(J) = @7,=@J Clearly the RHS of eqn. 16.282 has zero average, and must be a
periodic function of . The solution is S; = S;( 4;J) + g(J), where g(J) is an arbitrary

function of J. However, g(J) a ects only the di erence o» changing it by a constant
value g4J). So there is no harm in taking g(J) = 0.

Next, let's go to second order in . We have

, thizs_vaﬂ‘sris
@Tl @$ 1@0 @5 @S
E,(J)= ——=— +35— — + 4(J) = 16.283
= gi@, "2e@) e o) @, (16.263)
The equation for S, is then
(
@3 _ 1 @, @, @, @,
@ 20 @ ' @' @ MM
)
l1@n o 2 _
t a3 B2 2H,“+2 H, B} (16.284)
The expansion for the energyE (J) is then
2 ( @t @
= - =1 1
E(‘]) |;rO(‘:I)-'- |;rjl_ + O(J) @J |;rl) @J |;rl
1@n o 2 _
t e "2 H +0(3: (16.285)
Note that we don't need S to nd E(J)! The perturbed frequencies are
_ @E,
J)= @i’ (16.286)

Sometimes the frequencies are all that is desired. Howevewe can of course obtain the full
motion of the system via the succession of canonical transfmations,

(;3)! (pd! (@p: (16.287)
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Figure 16.4: Action-angle variables for the harmonic osclator.

16.9.3 Example : Nonlinear Oscillator

Consider the nonlinear oscillator with Hamiltonian

HO
2 Jf—{
H(g;p = ;—m+ Iméf+iag’: (16.288)

The action-angle variables for the harmonic oscillator Haniltonian H are

1

2
mvg=p ; Jo= P +Im (@7 (16.289)

= tan
0 2m o

and the relation between ( ,; J,) and (q; p) is further depicted in g. 16.4. Note Hy = ,J,.
For the full Hamiltonian, we have

r—
2o . *
H( 0;dg) = oJo+ & — sin
(0:do)= odot 3 m o 0
= oo+t WJ(% sin® o : (16.290)
0
We may now evaluate
2
J27do .4 32
0
The frequency, to order , is
3 J
J)= ot —=: (16.292)
4m2? 2

Now to lowest order in , we may replaceJ by J, = %m 0A2, where A is the amplitude of

the g motion. Thus,
3

8m0:

(A)= ot (16.293)
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This result agrees with that obtained via heavier lifting, using the Poincae-Lindstedt

method.

Next, let's evaluate the canonical transformation ( 4;Jg) ! (;J ). We have

@s_ J?

3 i
—== 3 sin
@y m2Z ® ° )
J 2
S( 0id)= oI+ 553 3+2sin? o sin 4 cos g+ O(?):
Thus,
S J . .
= %J: ot 773 3+2sin? o sin 4 cos o+ O( )
0
2
Jo = @S:J+% 4cos2, cos4, + O(?):
@o 8m 0

Again, to lowest order, we may replaceJ by J, in the above, whence

J 2
J=1J 8m208 4cos2, cos4, +O(?)
J o . ;
= ot g3 3+28in% o sn2 g+ 0(?):

(16.294)

(16.295)

(16.296)

(16.297)

(16.298)

To obtain (q;p in terms of (;J ) is not analytically tractable { the relations cannot be

analytically inverted.

16.9.4 n> 1 Systems : Degeneracies and Resonances

Generalizing the procedure we derived fom = 1, we obtain
gS: J + @_S + 2 @_S +
@, @, @,

@J @J @J

Joz

and

Eo(J): Ho(J)
E,(3) = Ho( o)+ ou)g—f

@, @5, 1@ @$Q@S, @S,
@@, 2@)@,@, '@

We now implement the averaging procedure, with

E,(J) =

(16.299)

(16.300)

(16.301)
(16.302)

(16.303)

(16.304)
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The equation for S is

X o0 .
. 8_5 = H, H, Ve (16.305)
0 N
where® = f'1;°2:::::°"g, with each > an integer, and with * 6 0. The solution is
. X 0 V‘ i
Si( pJd)=1i S e (16.306)
0
|
where” ,=1 . When two or more of the frequencies (J) are commensurate there

exists a set of integersl such that the denominator of D (l) vanishes. But even when the
frequencies are not rationally related, one can approximat the ratios = 00 by rational
numbers, and for large enough the denominator can become arbitrarily small.

Periodic time-dependent perturbations present a similar poblem. Consider the system

H( ;J;t)= Hy(J)+ V( ;J3;:1); (16.307)
whereV (t+ T) = V(t). This means we may write
X :
V(;3:0)= V(;d)e k! (16.308)
X " .
= V()€ ekt (16.309)
K
by Fourier transforming from both time and angle variables; here = 2 =T . Note that
V( ;J;t)isrealif V.. =V . |. The equations of motion are
H X o
1l = g— = | O (3)€ e *t (16.310)
k;®
@H @) .
_ =+ ——= ,(J)+ -5 4 ket 16.311
@~ oW gy ¢ ¢ (16.311)
We now expand in :
= o+ 1+ 2 .+ (16.312)
J =Jg+ I+ 20,4+ (16.313)

Toorder 93 =J,and o= ,t+ . Toorder 1,

X . N
L= i 1V @yl okite o (16.314)
k;l
and
T @t . @l

k;

el o KItg o (16.315)



16.9. CANONICAL PERTURBATION THEORY 375

where derivatives are evaluated at] = J,. The solution is:

X I Ok;‘(JO) ei(‘

Jy = —= 222 40 o kKt o (16.316)
Lk 0
' )
. a - - .
= Qo ! % (Jo) . o) 1 dC o K tg o (16.317)
@J (k 0) @J kK 0
When the resonance condition,
k =" 5(J9); (16.318)

holds, the denominators vanish, and the perturbation theol breaks down.

16.9.5 Particle-Wave Interaction

Consider a particle of chargee moving in the presence of a constant magnetic eld8 = B2
and a space- and time-varying electric eldE (x;t), described by the Hamiltonian

1 2

H=_— A
2m P

where is a dimensionless expansion parameter. Working in the gawA = Bx¥, from our

earlier discussions in section 16.7.7, we may write

+ eVycosk,x+ k,z t); (16.319)

r—
_ p2 ko, P 23 . .
=1J+ ﬁ + eV, cos k,z+ P +k, — sin 1t (16.320)
Here, ro ro
P 2] . 2]
X = + sin : =Q+ coS ; 16.321
m! ¢ m! ¢ y Q m! ¢ ( )

with ! . = eB=moc, the cyclotron frequency. We now make a mixed canonical tragformation,
generated by

F=J% k,z+ ‘;’IP It KO PQY; (16.322)
‘C
where the new sets of conjugate variables are( 2J9; (Q®P9Y; ( 2K 9 . We then have
o_ @F_ _@F_
= == J=—=1] 16.323
@F  koKO o @F
= == = 4 pl= = =p 16.324
Q @P m! ¢ Q @0 ( )
0 @:: + kO—P | = QFz 0.
g 2t - P 2= gy~ KK (16.325)
The transformed Hamiltonian is
@F
HO= H + =
@t

sin © : (16.326)

k2 @
=1.3% o KT K %+ eVycos %+ k,
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We will now drop primes and simply write H = Hy+ H ,, with

2

k
Ho=!cJ+ 22K? IK (16.327)
2m r

H,=eycos +Kk, sin (16.328)
“oml ¢

When =0, the frequencies associated with the and motion are

2
!o:%ﬂzuc : !0:—@@%:%: = kv, ! (16.329)
wherev,; = p;=m is the z-component of the particle's velocity. Now let us solve eqn.16.305:
1092, 10Q@%_ i, 16.330
@ @ ! ! ( )
This yields
r—
@3 k2K @9 J
le—+ I — = eA + Kk
° @ p @ eA, cos ?r !Clsm
R 23
= eA, Jy ko, —— cos( +n); (16.331)
° om!¢
n=1
where we have used the result
o b .
grsn = J (z)e" (16.332)
n=1
The solution for S, is
S |
X eVo 2J
S, = J, k [ + : 16.333
LT T e KK=Em " P mig sin(+1n) ( )
We then have new action variables and K , where
J=J+ %$+ o( ?) (16.334)
K=K+ @s, o(?): (16.335)
@
De ning the dimensionless variable
r—
2J
K, i (16.336)
we obtain the result
m2 ,_ mZ , X nd()cos( +n) 2
= + 0 ; 16.337
2eV0k?2 2eV0k?2 !_ n kZK ( ) ( )

n [ m! ¢
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Figure 16.5: Plot of versus for =0 (Poincae section) for ! =30:11! . Top panels are
nonresonant invariant curves calculated to rst order. Bottom panels are exact numerical
dynamics, with x symbols marking the initial conditions. Left panels: weak amplitude
(no trapping). Right panels: stronger amplitude (shows trapping). From Lichtenberg and
Lieberman (1983).

p
where =k, 2J=m! ..
We see that resonances occur whenever
2
! ksK

=N (16.338)
- C - C

for any integer n. Let us consider the casek; = 0, in which the resonance condition is
I = n! .. We then have

2 2 X nJp()ecos( +n)
e T , (16.339)
n i c
where £ "
- Eo Cko (16.340)
B e

1 Note that the argument of J, in eqn. 16.337 is and not . This arises because we are computing the
new action J in terms of the old variables ( ;J ) and ( ;K ).
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is a dimensionless measure of the strength of the perturbadn, with E,  k,V,. In Fig.
16.5 we plot the level sets for the RHS of the above equation( ) for =0, for two di erent
values of the dimensionless amplitude , for !=! ; =30:11 (i.e. 0 resonance). Thus, when
the amplitude is small, the level sets are far from a primary esonance, and the analytical and
numerical results are very similar (left panels). When the amplitude is larger, resonances
may occur which are not found in the lowest order perturbation treatment. However, as
is apparent from the plots, the gross features of the phase dgram are reproduced by
perturbation theory. What is missing is the existence of “claotic islands' which initially
emerge in the vicinity of the trapping regions.

16.10 Adiabatic Invariants

Adiabatic perturbations are slow, smooth, time-dependentperturbations to a dynamical
system. A classic example: a pendulum with a slowly varying éngth I(t). Suppose (t)
is the adiabatic parameter. We write H = H q;p (t) . All explicit time-dependence to
H comes through (t). Typically, a dimensionless parameter may be associated with the

perturbation:
1 din

T, d (16.341)
where! ; is the natural frequency of the system when is constant. We require 1 for
adiabaticity. In adiabatic processes, the action variable are conserved to a high degree of
accuracy. These are theadiabatic invariants. For example, for the harmonix oscillator, the
action isJ = E= . While E and may vary considerably during the adiabatic process,
their ratio is very nearly xed. As a consequence, assumingmall oscillations,

2]

E=J=32Imgl 5 ) o W; (16.342)

so o)/ | 34

Suppose that for xed the Hamiltonian is transformed to action-angle variables va the
generator S(q;J; ). The transformed Hamiltonian is

H(;3t)=H(:I ;5 )+ %Sz—t: (16.343)

where
HGI 5 )=H a3 spGds ) ) (16.344)

We assumen = 1 here. Hamilton's equations are now

il . @ d

_=+ —@J_ J; )+ @ @J_dt (16.345)
_ @ @s d

] = @- @ada (16.346)
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Figure 16.6: A mechanical mirror.

The second of these may be Fourier decomposed as

X @%0; ) gim

J= i— m ; 16.347
i @ ( )
hence
2
X - .
J=J@t=+1) Jt=1 )= i m dtwd—e'm ; (16.348)
@ dt
mo
Since —is small, we have (t) = t + , to lowest order. We must therefore evaluate
integrals such as
2
= g @R0 ) d gme (16.349)

'm @ dt
1
The term in curly brackets is a smooth, slowly varying function of t. Call it f (t). We
presumef (t) can be analytically continued o the real t axis, and that its closest singularity
in the complext plane lies att = i , in which casel behaves as exp{ mj ). Consider,
for example, the Lorentzian,

A
_ C imt _ imj .
f(t)= T+ (= )2 ) ditf (t) e = e ; (16.350)
which is exponentially small in the time scale . Because of this, onlym = 1 need be

considered. What this tells us is that the change J may be made arbitrarily small by a
su ciently slowly varying  (t).

16.10.1 Example: mechanical mirror

Consider a two-dimensional version of a mechanical mirrordepicted in g. 16.6. A particle
bounces between two curvesy = D (x), where jDYx)j << 1. The bounce time is by =
2D=vy. We assume L=vx, where vy, are the components of the particle's velocity, and
L is the total length of the system. There are, therefore, manybounces, which means the
particle gets to sample the curvature in D (x).



380 CHAPTER 16. HAMILTONIAN MECHANICS

The adiabatic invariant is the action,

1 2 1 o 2
J = > dymv, + > dym( vy)= —mv,D(x) : (16.351)
D D
Thus,
1 2.2 12 22
E=3sm v+ vy)= smvy+ m ; (16.352)
or X
2E J
V2= : (16.353)

m  2mD(x)
The patrticle is re ected in the throat of the device at horizontal coordinate x , where

D(x )= pJ: : (16.354)
8mE

16.10.2 Example: magnetic mirror

Consider a particle of chargee moving in the presence of a uniform magnetic eldB = B 2.
Recall the basic physics: velocity in the parallel directio v; is conserved, while in the plane
perpendicular to B the particle executes circular “cyclotron orbits', satisfying
mv: e mcv»
~=-v,B = —; 16.355
c’ ) eB ( )
where is the radial coordinate in the plane perpendicular toB . The period of the orbits
isT=2 v, =2 mc=eB, hence their frequency is the cyclotron frequency . = eB=mc.

Now assume that the magnetic eld is spatially dependent. Nde that a spatially varying
B - eld cannot be unidirectional:

@B
r B=r, B?+@=O: (16.356)
The non-collinear nature of B results in the drift of the cyclotron orbits. Nevertheless, if
the eld B felt by the particle varies slowly on the time scaleT =2 =! ., then the system

possesses an adiabatic invariant:
I

1 . 1 R
J = 5 P d = 5 mv+ SA d (16.357)
mF eCI
= — d+ — B nd : 16.358
2 Vv 2¢ ( )
c int( C)

The last two terms are of opposite sign, and one has
m eB;

e
J= — 2 +-— B 2 16.359
2  mc 2¢ ¢ ( )
eB, 2 e m2v2 c
= = — O = L 16.360
2c 2¢C s(0 2eB, ’ ( )
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Figure 16.7: B eld lines in a magnetic bottle.

where (C) is the magnetic ux enclosed by C.

The energy is

E=3mvi+ imvZ; (16.361)
hence we have ,
vV, = % E MB : (16.362)
where
M %J = erc > 8(0 (16.363)

is the magnetic moment Note that v, vanishes whenB = Bmnax = E=M. When this limit
is reached, the particle turns around. This is amagnetic mirror . A pair of magnetic mirrors
may be used to con ne charged patrticles in anagnetic bottle, depicted in g. 16.7.

Let Vicor V200 and B, ., be the longitudinal particle velocity, transverse particle velocity,
and Iongltudlnal component of the magnetic eld, respectively, at the point of injection.
Our two conservation laws (J and E) guarantee

VE(2) + V5(2) = Vig+ Vi (16.364)

V2 (2)? _ V3o
: = = (16.365)

Bk(z)  Byo

This leads to re ection at a longitudinal coordinate z , where
Y
2

B.(z)=B. [ 14 K0, 16.366
k(Z )_ k:0 m . ( . )

The physics is quite similar to that of the mechanical mirror.
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16.10.3 Resonances

When n > 1, we have

X Sy
L= i m %e‘m (16.367)

A
X @50 ) d jm tm .

m 1

Therefore, whenm  (J) = 0 we have a resonance, and the integral grows linearly with
time { a violation of the adiabatic invariance of J .

16.11 Appendix : Canonical Perturbation Theory

Consider the Hamiltonian

p 1 2. 2.1 2q3
H=_—+ 3s;m! +sml§—;
om 2 Oq 3 Oa

where is a small dimensionless parameter.

(a) Show that the oscillation frequency satises (J) = ! 5+ O( 2). That is, show that the
rst order (in ) frequency shift vanishes.

Solution : It is good to recall the basic formulae

q= % sin ; p= P 2m! gJg cos (16.369)
Mo
as well as the results
_ @s_ @s, .05, .
9 .70 @t telt (16.370)
:%?: ot %%+ 2@@%+:::; (16.371)
and
Eo(d) = Hy(d) (16.372)
@1, @3
E,(3)= Hy( o)+ @3@—0 (16.373)
_ @, @8 1@H, @3° @, @S,
E,(J)= = — 16.374
= gie, 2@ @ ' @ie, (16579
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Expressed in action-angle variables,
Ho( 0:J) = !?J
e 2 2o 323 .
H.i( sJd)= 3 @J sin®

Thus, O:%:!O:

Averaging the equation for E,(J) yields

r—
2 200 .3
Ei(0)= Hi( 0id) = 3 WJ“ sin® ; =0

(b) Compute the frequency shift (J) to second order in .

Solution : From the equation for E,, we also obtain

@%_ 1
=2- = H, #
@o 0 ! !

Inserting this into the equation for E,(J) and averaging then yields

— — H H = — H;,—=
0o @J ! ! o T @J
4 ¢J?

3ma?

E,(J) =

6
sin®

383

(16.375)

(16.376)

(16.377)

(16.378)

(16.379)

(16.380)

In computing the average of sitf o, it is good to recall the binomial theorem, or the Fi-
bonacci tree. The sixth order coe cents are easily found to ke f 1; 6; 15; 20; 15; 6; 1g, whence

. 1 i
S|n60=We'0 °

= & 2sin6 y+12sin4 ; 30sin2,+20

elo

Thus,
sin 5 = =
whence
JZ
EW)=10d £°
and @E 3
D= g7 0 & ma

(c) Find q(t) to order . Your result should be nite for all times.

Solution : From the equation for E;(J), we have
S

2J3
m! a2

@—$=
@o

2 .
3 sin® -

(16.381)

(16.382)

(16.383)

(16.384)

(16.385)

(16.386)
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Integrating, we obtain

S

2 233
Sl od)= 3 e

J 3=2

_ 1
= p——— COS 5Cc0s3
2m! paZ2 0 9 0

1
cos , icos

Thus, with
S( sd)= oJd+ Si( pd)+ o
we have
@ J1=2
@J P o oa
3=2
gos J pZJm!:Zoa sin , 3sin3

S

.3
0" 2

Jo

Inverting, we may write ; and J, in terms of and J:

3 J1=2 1
= + _p——— €083 COS

0 2" 2ml a2 °

J3:2 1

Jy=J+ p——— =sin3 sin
0 2m! a2 °

Thus,
' 2]
0 .
t)= ——= sin
q(t) ml o 0
r—
= 2) sin 1+ J +:::  sin + cos + :::
-~ 57t
r
= = sin 1+1icos2 +0 2 ;
m! ¢ m! ca
with

M= O+ )t:

1
cos , 3Co0s3,

(16.387)

(16.388)

(16.389)

(16.390)

(16.391)

(16.392)

(16.393)

(16.394)

(16.395)

(16.396)

(16.397)



Chapter 17

Physics 110A-B Exams

The following pages contain problems and solutions from miterm and nal exams in Physics
110A-B.

385
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17.1 FO5 Physics 110A Midterm #1

[1] A particle of mass m moves in the one-dimensional potential

V) = U e xa (17.1)
- 0? . .

(a) Sketch U(x). Identify the location(s) of any local minima and/or maxim a, and be sure
that your sketch shows the proper behavior as< ! 1

(b) Sketch a representative set of phase curves. Identify amhclassify any and all xed points.
Find the energy of each and every separatrix.

(c) Sketch all the phase curves for motions with total energyE = %UO. Do the same for
E = U,. (Recall that e=2:71828::: )

(d) Derive and expression for the periodT of the motion when jxj a.

Solution:

(@) Clearly U(x) diverges to +1 for x I 1 ,and U(x) ! O forx ! +1 . Setting
Uqx) = 0, we obtain the equation

u 2
U= 3 2x % eXa=0; (17.2)

with ( nite x) solutions at x =0 and x = 2a. Clearly x =0 is a local minimum and x = 2a
a local maximum. Note U(0) =0 and U(2a) =4 e 2U, 0:541U,.

Figure 17.1. The potential U(x). Distances are here measured in units ofa, and the
potential in units of Up.

(b) Local minima of a potential U(x) give rise to centers in the ;v) plane, while local
maxima give rise to saddles. In Fig. 17.2 we sketch the phasaioses. There is a center at
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Figure 17.2: Phase curves for the potentialU(x). The red curves show phase curves for
E = %Uo (interior, disconnected red curves,jvj < 1) and E = Ug (outlying red curve). The
separatrix is the dark blue curve which forms a saddle at X;v) = (2;0), and corresponds
to an energyE =4 e 2Up.

(0;0) and a saddle at (2;0). There is one separatrix, at energyE = U(2a) =4 e ? U
0:541U,.

(c) Even without a calculator, it is easy to verify that 4 e 2 > % One simple way is to
multiply both sides by 3 €* to obtain 10 > e2, which is true sincee® < (2:71828:::)% < 10.
Thus, the energyE = % U, lies below the local maximum value ofU(2a), which means that
there are two phase curves withE = 2 U,

It is also quite obvious that the second energy value givenE = U, lies aboveU (2a), which
means that there is a single phase curve for this energy. Onends bound motions only for
x< 2and 0 E < U (2a). The phase curves corresponding to total energye = %UO and

E = U, are shown in Fig. 17.2.

(d) Expanding U(x) in a Taylor series aboutx = 0, we have

U o, x® x4
U(x) = 2 X §+ 222 (17.3)

The leading order term is su cient for jxj a. The potential energy is then equivalent to
that of a spring, with spring constant k = 2Up=a?. The period is

r p)
m ma?
k

T=2 =2 -
2Up

(17.4)
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[2] A forced, damped oscillator obeys the equation
Xx+2 x+!&x="f,cos( o) : (17.5)
You may assume the oscillator is underdamped.

(a) Write down the most general solution of this di erential equation.

(b) Your solution should involve two constants. Derive two equations relating these con-
stants to the initial position x(0) and the initial velocity x(0). You do not have to solve
these equations.

(c) Suppose! ,=5:0s 1, =4:0s ! andf,=8cms 2. Suppose further you are told that
X(0)=0and x(T) =0, where T = 5 s. Derive an expression for the initial velocity x(0).

Solution: (a) The general solution with forcing f (t) = f, cos(t ) is

X(t) = x,(t)+ A( )fycos t () ; (17.6)
with h i
= 2
A( )= (12 2244 2 2 © ()=tan ! a— (17.7)
0
and
x,(t)= Ce ' cos(t)+ De ' sin(t); (17.8)
with = g 'z 2
In our case, = !, in which caseA = (2! ;) land = % . Thus, the most general
solution is
x(t)= Ce ' cos(t)+ De ! sin(t)+ 2f|° sin(l ot) |: (17.9)
0

(b) We determine the constants C and D by the boundary conditions on x(0) and x(0):

\ x(0)= C \ : x(0)= C + D +;_° : (17.10)
Thus,
C=x(0) : D= —x(0)+ x(0) 2f_o : (17.11)

(c) From x(0) = 0 we obtain C = 0. The constant D is then determined by the condition
attme t=T =% .

p .
Note that = 13 2=3:0s ! Thus,with T=% ,wehave T = } , and

x(T)= De ' + 2f|0 sin(! ,T) : (17.12)
o
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This determinesD:

fo T . .
D = Toe sin(! ,T) :
We now can write
fo
x(0)= D + —
(0) 5
_ fo T o
=— 1 —e’ sin(!,T)
2
= 1 3e73 cms=s

Numerically, the value is x(0) 0:145cn¥s .

389

(17.13)

(17.14)

(17.15)

(17.16)
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17.2 FO5 Physics 110A Midterm #2

[1] Two blocks connected by a spring of spring constank are free to slide frictionlessly
along a horizontal surface, as shown in Fig. 17.3. The unsttehed length of the spring isa.

Figure 17.3: Two masses connected by a spring sliding horintally along a frictionless
surface.

(a) Identify a set of generalized coordinates and write the lagrangian.
[15 points]

Solution : As generalized coordinates | choos&X and u, where X is the position of the
right edge of the block of massM, and X + u + a is the position of the left edge of the
block of massm, where a is the unstretched length of the spring. Thus, the extensionof
the spring is u. The Lagrangian is then

L= IMX2+ Im(X+ w? Iku?

= (M + m)XZ+ Imu?+ mxu  Llku?: (17.17)

(b) Find the equations of motion.

[15 points]
Solution : The canonical momenta are
@L_ . @L_ .
Px @7_—(!\/! +m)X+mu ;o py @ m(X-+u) : (17.18)

The corresponding equations of motion are then
_ oL

Py = Fy = ax ) M+mX+me=0 (17.19)
_r _ QL _ :
p,=F, = @u ) mX +u)= Kku: (17.20)

(c) Find all conserved quantities.
[10 points]

Solution : There are two conserved quantities. One i, itself, as is evident from the
fact that L is cyclic in X . This is the conserved "charge' associated with the contiruous
symmetry X ! X + . ie. = py. The other conserved quantity is the Hamiltonian H,
since L is cyclic in t. Furthermore, because the kinetic energy is homogeneous degree
two in the generalized velocities, we have thatH = E, with

E=T+U= (M +m)X?+ Imu?+ mXu+ 1ku®: (17.21)
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It is possible to eliminate X, using the conservation of :

mu

= ; 17.22
M m (17.22)

This allows us to write

2 Mm U_2 1

E = + + 1
2M +m) 2(M+m) 2

ku? : (17.23)

(d) Find a complete solution to the equations of motion. As there are two degrees of
freedom, your solution should involve 4 constants of integation. You need not match initial
conditions, and you need not choose the quantities in part (¥ to be among the constants.
[10 points]

Solution : Using conservation of , we may write X in terms of x, in which case

Mm

M+ m g= ku ) u(t)= Acos(t )+ Bsin(t ) ; (17.24)
where r -
. (M +mk

= uMm (17.25)

For the X motion, we integrate egn. 17.22 above, obtaining

t

= X+
X (1= Xo M+m M+m

Acos(t) A+Bsin(t) : (17.26)

There are thus four constants: X, , A, and B. Note that conservation of energy says

2

e — 1 2 + 2 : i
E M+ m) 5k(A°+ B9) (17.27)
Alternate solution : We could chooseX as the position of the left block and x as the
position of the right block. In this case,
L=IMX2+ Imx? Ik(x X D?: (17.28)

Here, b includes the unstretched lengtha of the spring, but may also include the size of
the blocks if, say, X and x are measured relative to the blocks' midpoints. The canonial
momenta are

_ oL : @L

pX — &_ = M X ; px = @_ = mx_: (1729)

The equations of motion are then
Py = Fy = % ) MX =k(x X b (17.30)
F, = oL ) mx= k(x X b: (17.31)

Py = X_@X
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The one-parameter family which leavesL invariantis X ! X + andx ! x+ |, ie.
simultaneous and identical displacement of both of the genmlized coordinates. Then

= MX.+ mx; (17.32)
which is simply the x-component of the total momentum. Again, the energy is conseved:

E=3IMX2+ Imx?+ k(x X D?: (17.33)

We can combine the equations of motion to yield

2
Mm%x X b= kM+m)x X b ; (17.34)

which yields
x(t) X (t)= b+ Acos(t )+ Bsin(t ) ; (17.35)

From the conservation of , we have
MX (t)+ mx(t)= t+ C; (17.36)

were C is another constant. Thus, we have the motion of the system interms of four
constants: A, B, ,and C:

X(t)= g5 b+ Acos(t )+ Bsin(t) +

17.37
M m (17.37)

t+C
M+m’

X(t) = - b+ Acos(t )+ Bsin(t ) + (17.38)
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[2] A uniformly dense ladder of massm and length 2° leans against a block of masiv ,
as shown in Fig. 17.4. Choose as generalized coordinates therizontal position X of the
right end of the block, the angle the ladder makes with respect to the oor, and the
coordinates ;y) of the ladder's center-of-mass. These four generalized oodinates are not
all independent, but instead are related by a certain set of onstraints.

Recall that the kinetic energy of the ladder can be written asa sum Ty, + T, Where
Tow = sm(x2 + y?) is the kinetic energy of the center-of-mass motion, andT,,, = 31 2,
where| is the moment of inertial. For a uniformly dense ladder of lergth 27, | = im'2.

Figure 17.4: A ladder of length 2 leaning against a massive block. All surfaces are fric-
tionless..

(a) Write down the Lagrangian for this system in terms of the coordinates X, , X, y, and
their time derivatives.
[10 points]

Solution : We haveL = T U, hence

L=IMX2+ Im(x?+y?)+ 31 2 mgy: (17.39)
(b) Write down all the equations of constraint.
[10 points]

Solution : There are two constraints, corresponding to contact betwen the ladder and the
block, and contact between the ladder and the horizontal suface:
Gi(X;;xy)=x ‘cos X =0 (17.40)
G,(X;;xy )=y “sin =0: (17.41)

(c) Write down all the equations of motion.
[10 points]

Solution : Two Lagrange multipliers, ; and ,, are introduced to e ect the constraints.
We have for each generalized coordinatq ,

d oL aeL_* @

i @ @ ., '@ °° 742
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where there arek = 2 constraints. We therefore have

MX = (17.43)
mx =+ , (17.44)
my= mg+ , (17.45)

[*="sin , “cos ,: (17.46)

These four equations of motion are supplemented by the two atstraint equations, yielding
six equations in the six unknownsf X; ;x;y; 1; 0.

(d) Find all conserved guantities.
[10 points]

Solution : The Lagrangian and all the constraints are invariant under the transformation
X1 X+ poxbox+ oyl oy I (17.47)
The associated conserved “charge' is

oL@

= MX_+ mx.: (17.48)
@ @ .
Using the rst constraint to eliminate x in terms of X and , we may write this as
=(M+m)X. msin _ (17.49)

The second conserved quantity is the total energye. This follows because the Lagrangian
and all the constraints are independent oft, and because the kinetic energy is homogeneous
of degree two in the generalized velocities. Thus,

E=31iM X2+ %m()&z + y?) + 1 2+ mgy (17.50)

2

=+ l+m
2(M + m) ?

where the second line is obtained by using the constraint ecations to eliminate x and y in
terms of X and

2 - mZsin® 2+ mg'sin ; (17.51)

(e) What is the condition that the ladder detaches from the block? You do not have to solve
for the angle of detachment! Express the detachment conditin in terms of any quantities
you nd convenient.

[10 points]

Solution : The condition for detachment from the block is simply ; =0, i.e. the normal
force vanishes.

Further analysis : It is instructive to work this out in detail (though this lev el of analysis
was not required for the exam). If we eliminatex and y in terms of X and , we nd
X = X + " cos y = “sin (17.52)

X=X "sin _

<
I

(@]

o}

2}

|

(17.53)
“cos 2 y="cos * ‘“sin 2: (17.54)

x=X Tsin
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Figure 17.5: Plot of  versus ¢ for the ladder-block problem (egn. 17.64). Allowed
solutions, shown in blue, have 1, and thus o. Unphysical solutions, with < 1,
are shown in magenta. The line = ¢ is shown in red.

We can now write

;=mx=mX msin ®* mcos 2= MX; (17.55)
which gives
(M +m)X =m sin ®*+cos -2 ; (17.56)
and hence
Mm . . .
Q= 1= - sin “+cos 2 (17.57)
We also have
Q = ,=mg+my
=mg+m cos * sin 2 : (17.58)

We now need an equation relating® and —. This comes from the last of the equations of
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motion:

N .
|*="sin , ~cos ,

= Mm_~2 gin? *+sin cos 2 mgcos m?cos * sin cos 2
— N ~2 m in2 ° m ~2 i 2.
= mg cos m<°1 g sin + yrem M “sin cos = (17.59)
Collecting terms proportional to °, we obtain
l+m?2 M sin? *= " -—m?sin cos 2 mg" cos : (17.60)
We are now ready to demandQx = ; =0, which entails
cos
= = 2. (17.61)
sin
Substituting this into egn. 17.60, we obtain
| +m'2 2=mg sin : (17.62)

Finally, we substitute this into egn. 17.51 to obtain an equaion for the detachment angle,

2 m m: 2 ,

—— =3 sin
2(M + m) M+m | +m?2

smg’ sin (17.63)

If our initial conditions are that the system starts from rest® with an angle of inclination
o» then the detachment condition becomes

. . ~2 .
sin o= 3sin L ogns o sin®
=3sin 3 tsin® (17.64)
where
1+ M 1+ ! : (17.65)
m m2 ’
Note that 1, and that when M=m = 1 2, we recover =sin ! Zsin ;. For nite
, the ladder detaches at a larger value of . A sketch of versus  is provided in Fig.
17.5. Note that, provided 1, detachment always occurs for some unique value for
each .

I*Rest' means that the initial velocities are X_=0 and —=0, and hence =0 as well.
2| must satisfy |  m’2,
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17.3 FO05 Physics 110A Final Exam

[1] Two blocks and three springs are con gured as in Fig. 17.6. Almotion is horizontal.
When the blocks are at rest, all springs are unstretched.

Figure 17.6: A system of masses and springs.

(a) Choose as generalized coordinates the displacement adah block from its equilibrium
position, and write the Lagrangian.
[5 points]

(b) Find the T and V matrices.
[5 points]

(c) Suppose
m;=2m ; my,=m ; k;=4k ; k,=k ; k;=2k;
Find the frequencies of small oscillations.
[5 points]
(d) Find the normal modes of oscillation.
[5 points]

(e) Attime t =0, mass #1 is displaced by a distanceb relative to its equilibrium position.
l.e. x4(0) = b. The other initial conditions are x,(0) =0, x;(0) =0, and x,(0) = 0.
Find t , the next time at which X, vanishes.

[5 points]

Solution

(a) The Lagrangian is

(b) The T and V matrices are

. @r _ m 0 _ @u ky + ks, kzl
@y @ 0 m,
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(c) We have m; =2m, m, = m, k; = 4K, k,
where! k=m. Then

121 v=k 22 1

The determinant is
det(! 2T V)=(2 ? 11 +14)Kk?
=@2 7 2)k°:

There are two roots: =2and , =
fF——— fF——
- X . WL
m ’ o 2m

(d) The normal modes are determined from { 2T V) ~® =0. Plugging in

for the normal mode ~¢ )

1l 11 %; =0 ) T=c i
Plugging in = % we have for the normal mode ™"

2 11 (1+) -0 ) ~0 = C 1

13 7 T2

The standard normalization (¥ T, = gives

1 1
C = p— ; = p—":
3m < 6m

(e) The general solution is

X1 a Locost peB L ocost,t)+C T osing t)+ D
X5 1 2 1
The initial conditions x,(0) = b, x,(0) = x,(0) = x,(0) = 0 yield
— 2 . — . — . — .
A=%b ; B=3%b ; C=0 ; D=0:
Thus,

2cos( t)+cos(!,t)

o

Xq(t) =

X,(t) =

winN Wik

cos( t) cos(,t)

o

k, and k; = 2k. Let us write 1 2 1 2,

2
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= % corresponding to the eigenfrequencies

= 2 we have

(17.66)

sin(! . t) :
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Setting x,(t ) =0, we nd

cos( t)=cos(!, t) ) t=1.t ) t =

[2] Two point particles of massesm,; and m, interact via the central potential
r2

u(r)= Uy ln i R ;
where b is a constant with dimensions of length.

(a) For what values of the relative angular momentum ™~ does a circular orbit exist? Find
the radius r, of the circular orbit. Is it stable or unstable?
[7 points]

(c) For the case where a circular orbit exists, sketch the phae curves for the radial motion
in the (r; r) half-plane. Identify the energy ranges for bound and unbownd orbits.
[5 points]

(c) Suppose the orbit is nearly circular, withr = ry+ , wherej j  r,. Find the equation
for the shape ( ) of the perturbation.
[8 points]

(d) What is the angle through which periapsis changes each cycle? For which val(g
of * does the perturbed orbit not precess?
[5 points]
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Solution

(a) The e ective potential is

N2

U, (r)= + U(r
o (= 55+ U
~2 r2
=—+UyIn ——35
2rz 07 r24 2
where = mym,=(m; + m;) is the reduced mass. For a circular orbit, we must have

ul(ry=0, or
|2 _ _ 2I’U0b2 .
737 ur) = 22+ ) -

The solution is

b2‘2

rd= ———
07 2b2y, 2

Sincerg > 0, the condition on " is

N T
< ¢ 2b2U0

For large r, we have
2
— 1 4y .
U, (r)= > VN r—2+O(r )

Thus, for * < ; the e ective potential is negative for su ciently large val ues ofr. Thus,
over the range” < " ¢, we must haveU, ., < 0, which must be a global minimum, since

U, (0")=1 and U, (1 )=0. Therefore, the circular orbit is stable whenever it exists.

(b) Let * = " .. The e ective potential is then
U, (r)= U,f(r=b) ;

where the dimensionless e ective potential is

f(s) = S—z Inl+ s ?):

The phase curves are plotted in Fig. 17.7.

(c) The energy is
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Figure 17.7: Phase curves for the scaled e ective potentiaf (s)= s 2 In(1+ s 2), with
= 191—é Here, = "=".. The dimensionless time variable is =t Ug=mk?.

where we've usedr = r %along with ~ = r 2_ Writing r = ry+ and dierentiating E
with respectto , we nd

00 2 2_ T8 00
- - = LU

! ~2

For our potential, we have

The solution is

()=Acos( + ) (17.67)

where A and are constants.

(d) The change of periapsis per cycle is
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If > 1 then < 0 and periapsisadvanceseach cycle (.e.it comes sooner v¥jth every
cycle). If < 1then > 0 and periapsisrecedes For =1, which means™ = b 2U,,
there is no precession and =0.

[3] A patrticle of charge e moves in three dimensions in the presence of a uniform magnet
eld B = By 2 and a uniform electric eld E = EyX. The potential energy is

U(r;r)= eEpx gBOXL;
where we have chosen the gaugé = Byx ¥
(a) Find the canonical momenta py, py, and p;.
[7 points]

(b) Identify all conserved quantities.
[8 points]

(c) Find a complete, general solution for the motion of the sytem x(t);y(t);x(t) .
[10 points]

Solution
(a) The Lagrangian is
e
L= Im(x®+y?+z9)+ cBoxy+ eEox:

The canonical momenta are

mx

_ et
pX @_

@L e
=g ™ P

= mz

_ et
pX @_

(b) There are three conserved quantities. First is the mometum py, sinceFy = % =0.

Second is the momentump,, since Fy = %‘5 = 0. The third conserved quantity is the

Hamiltonian, since %‘;z 0. We have

H=pox+py+pz L

) H=Imx?+y?+ 2% eEyx
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(c) The equations of motion are

e
x ley=—E,

m
y+!cx=0
z=0:

The second equation can be integrated once to yielgt = ! ¢(X,
Substituting this into the rst equation gives

e
2= 12 :
X+1Ex=15xy+ —Eq:

403

X), where X, is a constant.

This is the equation of a constantly forced harmonic oscilléor. We can therefore write the

general solution as

ekEg
m! 2

X(t) = Xo+ + Acos ! t+

E :
y(t) = Yo ::ﬂot A sin !t+

* C

z(t) = z5+ Zyt

Note that there are six constants, A; ; X o Yo, Zo; Zg , are are required for the general

solution of three coupled second order ODEs.

[4] An N =1 dynamical system obeys the equation

du _ ru+2bl? ud;:
dt

wherer is a control parameter, and whereb > 0 is a constant.

(@) Find and classify all bifurcations for this system.

[7 points]

(b) Sketch the xed points u versusr.
[6 points]
Now let b= 3. Attime t =0, the initial value of uis u(0) = 1. The control parameter
r is then increasedvery slowly from r = 20 to r = +20, and then decreased very
slowly back down tor =  20.

(c) What is the value of u whenr = 5 on the increasing part of the cycle?

[3 points]
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(d) What is the value of u whenr = +16 on the increasing part of the cycle?
[3 points]

(e) What is the value of u whenr = +16 on the decreasingpart of the cycle?
[3 points]

(f) What is the value of u whenr = 5 on the decreasing part of the cycle?
[3 points]

Solution

(a) Setting u =0 we obtain
(U> 2bu r)u=0

The roots are

p
u=0 ; u=bhb +r:

Therootsatu=u =bhb P b2+ r are only present whenr > % At r = I there
is a saddle-node bifurcation The xed point u = u crosses the xed point atu = 0 at
r =0, at which the two xed points exchange stability. This cor responds to atranscritical
bifurcation. In Fig. 17.8 we plot u=b? versus u=b for several representative values of=b?.
Note that, de ning + = u=h r= r=b?, and t= bt that our N = 1 system may be written

du

= F+24 ® o]
dr

which shows that it is only the dimensionless combinationr~= r=pb? which enters into the
location and classi cation of the bifurcations.

(b) A sketch of the xed points u versusr is shown in Fig. 17.9. Note the two bifurcations
atr = b? (saddle-node) andr = 0 (transcritical).

(c)Forr= 20< P = 9, the initial condition u(0) =1 ows directly toward the stable
xed point at u = 0. Since the approach to the FP is asymptotic, u remains slightly positive
even after a long time. Whenr = 5, the FP at u = 0 is still stable. Answer: u=0.

(d) As soon asr becomes positive, the FP atu =0 becomes unstable, andu ows to the
upper branchu,. Whenr =16, we haveu=3+ 32+ 16=8. Answer: u=8.

(e) Coming back down from largerr, the upper FP branch remains stable, thus,u = 8 at
r = 16 on the way down as well. Answer: u = 8.

(f) Now when r rst becomes negative on the way down, the upper branchu, remains
stable. Indeed it remains stable all the way down tor = 2, the location of the saddle-
node bifurcation, at which point the solution u = u, simply vanishes and the ow is toward
u =0 again. Thus, forﬁ = 5 on the way down, the system remains on the upper branch,
in which caseu=3+ 32 5=5 Answer:u=5.



17.4. FO7 PHYSICS 110A MIDTERM #1 405

Figure 17.8: Plot of dimensionless velocity'u=b® versus dimensionless “coordinateu=b for
several values of the dimensionless control parameter = r=b?.

17.4 FO7 Physics 110A Midterm #1

[1] A particle of massm moves in the one-dimensional potential

(17.68)

(a) Sketch U(x). Identify the location(s) of any local minima and/or maxim a, and be sure
that your sketch shows the proper behavior asx ! 1
[15 points]

Solution : Clearly the minima lie at x = a and there is a local maximum atx = 0.

(b) Sketch a representative set of phase curves. Be sure to sfch any separatrices which
exist, and identify their energies. Also sketch all the phas curves for motions with total
energyE = 1 U,. Do the same forE =2 U

2 Yo" 0
[15 points]

Solution : See Fig. 17.10 for the phase curves. Clearly( a) = 0 is the minimum of the
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Figure 17.9: Fixed points and their stability versuscontrol parameter for the N = 1 system
u=ru+2b? ud Solid lines indicate stable xed points; dashed lines indcate unstable
xed points. There is a saddle-node bifurcation atr = b and a transcritical bifurcation
at r = 0. The hysteresis loop in the upper half planeu > 0 is shown. Foru < 0 variations
of the control parameter r are reversible and there is no hysteresis.

potential, and U(0) = U, is the local maximum and the energy of the separatrix. Thus,
E = % U, cuts through the potential in both wells, and the phase curves at this energy form
two disjoint sets. For E < U , there are four turning points, at

S S

I p— I p—
— E . — E
X1« = a 1+ Us X1> = a1 Uo
and s s
I p— I p—
—_— E . —_— E
Xpe =@ 1 Us Xy =@ 1+ Uo

For E = 2 U,, the energy is above that of the separatrix, and there are oyl two turning
points, x;.. and X,., . The phase curve is then connected.
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Figure 17.10: Sketch of the double well potentialU(x) = (Up=a*)(x? a?)?, here with
distances in units of a, and associated phase curves. The separatrix is the phase ree
which runs through the origin. Shown in red is the phase curvefor U = %Uo, consisting
of two deformed ellipses. ForU = 2 Up, the phase curve is connected, lying outside the
separatrix.

(c) The phase space dynamics are written as_= V (' ), where' = i . Find the upper
and lower components of the vector eldV . B
[10 points]
Solution
d x _ X _ X
@ ox T AUt T My @) (17.69)

(d) Derive and expression for the periodT of the motion when the system exhibits small
oscillations about a potential minimum.
[10 points]
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Solution : Setx = a+ and Taylor expand:

U( a+ )= % 2+ 0( % : (17.70)

Equating this with %k 2, we have the e ective spring constantk = 8U0=a2, and the small
oscillation frequency

k
lg= —= — 17.71
0% (17.71)
The period is 2=! .
[2] An R-L-C circuit is shown in g. 17.11. The resistive element is a ligh bulb. The
inductance isL = 400 H; the capacitance isC =1 F; the resistance isR =32 . The
voltage V (t) oscillates sinusoidally, with V (t) = V, cos(t ), whereV, = 4 V. Inthis problem,

you may neglect all transients; we are interested in the latetime, steady state operation of
this circuit. Recall the relevant MKS units:

1 =1V s=C ; 1F=1C=V ; 1H=1V &=C:

Figure 17.11: AnR-L-C circuit in which the resistive element is a light bulb.

(a) Is this circuit underdamped or overdamped?
[10 points]

Solution : We have
l,=(LC) ¥2=5 10¢fs?! ; =

Thus, ! 2> 2 and the circuit is underdamped
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(b) Suppose the bulb will only emit light when the average pover dissipated by the bulb is
greater than a thresholdP,, = %W. For xed V, =4V, nd the frequency range for ! over
which the bulb emits light. Recall that the instantaneous power dissipated by a resistor is
Pr(t) =1 2(t)R. (Average this over a cycle to get the average power dissipatl.)

[20 points]

Solution : The charge on the capacitor plate obeys the ODE

LQ+RQ+ gz V(1) :
The solution is

Q(t) = Qpem () + A(! )% cos It ")
with h - '
AC)= (15 1H2+4 22 ()=tan !

1 2 |1 2
. 0 .
Thus, ignoring the transients, the power dissipated by the llb is
Pr(t) = Q*(HR
2

VAR
— 1 2p2 0N 2
=1 A(!)?sm It ")

Averaging over a period, we havehsin®('t )i = 3, so

b i 2az) ER _ VE 422 .
RISVAMI 5225 17 To2va 212

Now V@=2R = 1W. So P, = V Z=2R, with = §. We then settP;i = P, whence
@ ) 4ar2= (1§ 13

The solutions are

1 1 pP- P

l=  — 4+ ——— 2412= 33 2 1000s':

(c) Compare the expressions for the instantaneous power digpated by the voltage source,
P, (t), and the power dissipated by the resistorP(t) = 12(t)R. If P, (t) 6 Pg(t), where
does the power extra power go or come from? What can you say ahbthe averages ofP,,

and P (t) over a cycle? Explain your answer.
[20 points]

Solution : The instantaneous power dissipated by the voltage sourcesi

P, ()= V(I = IA % sin('t ) cos(t )

Vo . :
=1 — |
TA oL sin sin(2!t )
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As we have seen, the power dissipated by the bulb is
V@R
Pg(t) = ! 2A2 % sinqlt ) :

These two quantities are not identical, but they do have idenical time averages over one
cycle:

V2

hP, (t)i = hPs(t)i = -2 4 212A%(1):

2R

Energy conservation means

Py (t) = Pr (t)+ E(1) ;
where
Le?,
2 2C
is the energy in the inductor and capacitor. SinceQ(t) is periodic, the average ofE-over a
cycle must vanish, which guaranteeshP,, (t) i = hPg(t)i.

E(t) =

What was not asked:

(d) What is the maximum charge Q,__. on the capacitor plate if ! =3000s 1?
[10 points]

Solution : Kircho 's law gives for this circuit the equation

Q+2 Q+13Q= {2 coslt);

with the solution v
QD) = Quom(®+ A(l) T cos it (1)

where Q, ., (t) is the homogeneous solutionj.e. the transient which we ignore, and
h S 2!

AC)= (1§ 122+4 27 T ()=tan

2 12
121

Then v
Quax = A() T ¢
Plugging in ! =3000s 1, we have

A(l)= (52 422+4 42 2 72

1
10 3¢ = p— 10 35
8 13
SinceV,=L = 104 C=¢?, we have

5
Qmax = Zpﬁ Coul :
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17.5 FO7 Physics 110A Midterm #2

[1] A point mass m slides frictionlessly, under the in uence of gravity, along a massive ring
of radius a and massM. The ring is axed by horizontal springs to two xed vertical
surfaces, as depicted in g. 17.12. All motion is within the plane of the gure.

Figure 17.12: A point massm slides frictionlessly along a massive ring of radiug and mass
M, which is a xed by horizontal springs to two xed vertical su rfaces.

(a) Choose as generalized coordinates the horizontal displatent X of the center of the
ring with respect to equilibrium, and the angle a radius to the massm makes with respect
to the vertical (see g. 17.12). You may assume that at X = 0 the springs are both
unstretched. Find the Lagrangian L(X; ; X; ;t).

[15 points]

The coordinates of the mass point are
Xx=X+asin ; y = acos:
The kinetic energy is
T=1IMX2+ Im X+ acos —°+ Ima?sin® 2
= (M + m)X2+ Ima® 2+ macos X

The potential energy is
U= kX? mgacos :
Thus, the Lagrangian is

L=3(M+ m)X2+ Ima? 2+ macos X- kX?+ mgacos :

(b) Find the generalized momentap, and p , and the generalized forces=, and F
[10 points]

We have
@L @L

Py = — =(M + m)X_+ macos —; p = — = ma’_+ macos X:
e @
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For the forces,

_ @L_

F,L = — =
X @X

kX ; F = %Lz masin X-_— mgasin :

(c) Derive the equations of motion.
[15 points]

The equations of motion are
d eL _ eL.

dt @ @q’
for each generalized coordinatey . For X we have

(M + m)X + macos * masin 2= 2kX:

ma’?*®+ macos X = mgasin :

(d) Find expressions for all conserved quantities.

[10 points]

Horizontal and vertical translational symmetries are broken by the springs and by gravity,
respective&y. The remaining symmetry is that of time translation. From O('j—':' = %';, we have
that H = p g L isconserved. For this problem, the kinetic energy is a homogneous
function of degree 2 in the generalized velocities, and the giential is velocity-independent.
Thus,

H=T+U= M+ m)X?+ ima?2+ macos X+ kX? mgacos :
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[2] A point particle of mass m moves in three dimensions in a helical potential
2z
U(;;z )= U, cos e

We call b the pitch of the helix.

(a) Write down the Lagrangian, choosing (; ;z ) as generalized coordinates.
[10 points]

The Lagrangian is

L =

Nl

2z
m %+ 22422 U, cos -

(b) Find the equations of motion.

[20 points]
Clearly
p=m_; p =m?_; p,=mz;
and
2z ) . 2z . _ 2Uo
F=m 2 U,cos - ¢ F U sin 5= 5 FpE = sin 5o

Thus, the equation of motion are

: 2
m?2*+2m __=U, sin —

(c) Show that there exists a continuous one-parameter famit of coordinate transformations
which leaves L invariant. Find the associated conserved quantity, . Is anything else
conserved?
[20 points]

Due to the helical symmetry, we have that

! + 'z!z+£
2

is such a continuous one-parameter family of coordinate trasformations. Since it leaves
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the combination ZTZ unchanged, we have that‘(’j—'- =0, and
@ @ @z
= - + = + =
p @ o p @ -0 pZ @ 0
3 b
=p t z_pz
=m?_+ —z

is the conserved Noether “charge’. The other conserved qutity is the Hamiltonian,

22
H=1im 2+ 22422 +U, cos -
Note that H = T + U, becauseT is homogeneous of degree 2 and is homogeneous of

degree 0 in the generalized velocities.
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17.6 FO7 Physics 110A Final Exam

[1] Two masses and two springs are con gured linearly and exterally driven to rotate with
angular velocity ! about a xed point on a horizontal surface, as shown in g. 1713. The
unstretched length of each spring isa.

Figure 17.13: Two masses and two springs rotate with angulawelocity ! .

(@) Choose as generalized coordinates the radial distances., from the origin. Find the

Lagrangian L(r;r,;rq;rot).
[5 points]

The Lagrangian is

L=ImrZ+r3+12rf+12r3  Ik(r, a? k(, r, a?: (17.72)

(b) Derive expressions for all conserved quantities.
[5 points]

The Hamiltonian is conserved. Since the kinetic energy is nohomogeneous of degree 2 in
the generalized velocitiesH 6 T + U. Rather,

X
H= pag L (17.73)

=Im2+12  Im2rZ+0d)+ Tk(r; @)?+ Ik(r, r; a)?: (17.74)

We could de ne an e ective potential
U, (rsrp) = gml 2 rf+rd)+ Jk(ry @)+ 3k(r, r; a): (17.75)

Note the rst term, which comes from the kinetic energy, has an interpretation of a ctitious
potential which generates acentrifugal force.
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(c) What equations determine the equilibrium radii r? and r9? (You do not have to solve
these equations.)
[5 points]

The equations of equilibrium areF = 0. Thus,

@L
0=F, = o =m %, k(r, a)+k(, r, a) (17.76)
0= FZ = g_EL: m! 2r2 k(rZ rl a) : (1777)

(d) Suppose now that the system is not externally driven, and tha the angular coordinate
is a dynamical variable liker, and r,. Find the Lagrangian L(r;r,; ; ;0o + ).
[5 points]

Now we have

L=3Imuf+r3+r22+052 Ik, a2 k@, r, a&?2: (17.78)

i
2

(e) For the system described in part(d) , nd expressions for all conserved quantities.
[5 points]

There are two conserved quantities. One igp , owing to the fact the is cyclic in the
Lagrangian. l.e. ! + is a continuous one-parameter coordinate transformation wiich
leavesL invariant. We have

@L
p = 6_: mri+rs _: (17.79)

The second conserved quantity is the Hamiltonian, which isow H = T + U, sinceT is
homogeneous of degree 2 in the generalized velocities. Ugitonservation of momentum,
we can write

2
2 2 P

1 1 2.1 2.
sMri+r;3 +m+ Ek(rl a) +§k(r2 ry a“: (17.80)

Once again, we can de ne an e ective potential,

p2

1 2,1 2.
m+ sk(ry @)+ szk(r, ry a“; (17.81)

U, (ry;ry) =

which is di erent than the e ective potential from part (b) . However in both this case and
in part (b) , we have that the radial coordinates obey the equations of mion

_ @u

for j =1;2. Note that this equation of motion follows directly from H. = 0.

(17.82)
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Figure 17.14: A mass pointm rolls inside a hoop of massM and radius R which rolls
without slipping on a horizontal surface.

[2] A point mass m slides inside a hoop of radiuR and massM , which itself rolls without
slipping on a horizontal surface, as depicted in g. 17.14.

Choose as general coordinatesX( ;r ), where X is the horizontal location of the center of
the hoop, is the angle the masan makes with respect to the vertical ( = 0 at the bottom
of the hoop), andr is the distance of the massm from the center of the hoop. Since the
massm slides inside the hoop, there is a constraint:

GX;;r)=r R=0:

Nota bene: The kinetic energy of the moving hoop, including translational and rotational
components (but not including the massm), is T,,,, = M X2 (i.e. twice the translational
contribution alone).

(@) Find the Lagrangian L(X; ;r; X5 ;-r;t).
[5 points]

The Cartesian coordinates and velocities of the mass are
X = X + rsin X = X.+rsin +r_cos (17.83)
y=R rcos y= rcos +r_sin (17.84)
The Lagrangian is then

z i { z—¥ {

L=(M+ Im)XZ+ Im(r?+r? 2+ mX{(r.sin +r_cos) mg(R rcos ) (17.85)

Note that we are not allowed to substitute r = R and hencer = 0 in the Lagrangian prior
to obtaining the equations of motion. Only after the generalized momenta and forces are
computed are we allowed to do so.

(b) Find all the generalized momentap , the generalized forcesF , and the forces of
constraint Q .
[10 points]
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The generalized momenta are

@L

P = — = mr+ mxX-sin (17.86)
@
@L .
Py = — =(2M + m)X_+ mr_sin + mr _cos (17.87)
@
p = @l r2_+ mrx_cos (17.88)
@
The generalized forces and the forces of constraint are
@L @G
F, = @ 2+ mX__cos + mgcos Q, = o (17.89)
@L @G
F, = —=0 = — =0 17.90
L
F = @ = mXr_cos mX__sin mgr sin Q = QG:O : (17.91)
@ @
The equations of motion are
p=F +Q : (27.92)

At this point, we can legitimately invoke the constraint r = R and setr =0 in all the p
and F .

(c) Derive expressions for all conserved quantities.
[5 points]

There are two conserved quantities, which each derive fromantinuous invariances of the
Lagrangian which respect the constraint The rst is the total momentum p, :

F, =0 =) P p, =constant : (17.93)

The second conserved quantity is the Hamiltonian, which in tis problem turns out to be
the total energy E = T + U. Incidentally, we can use conservation ofP to write the energy
in terms of the variable alone. From

P mR cos

x-= 2M+m 2M+m (17.94)
we obtain
E=12M +mX2+ ImR?2+ mRX-_cos + mgR(1 cos )
= %+ iImR? 1+l%m2 2+ mgR(1 cos ) ; (17.95)
where we've de ned the dimensionless ratio m=2M . It is convenient to de ne the
quantity
> 1t S 50120 cos ) (17.96)

1+
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p

with !, g=R. Clearly 2 is conserved, as it is linearly related to the energyE:
p 2 1np2 2
E= ——+ 5mR : 17.97
m@+ ) 2" (17.97)

(d) Derive a di erential equation of motion involving the coord inate (t) alone. l.e. your
equation should not involve r, X, or the Lagrange multiplier
[5 points]

From conservation of energy,

da¢ ?) 1+ sin? sin cos  , . ., .
= = - - - - - | = .
gt 0 ) T + 1T £+ 15sin 0; (17.98)
again with = m=2M . Incidentally, one can use these results in eqns. 17.96 and’ B8 to
eliminate —and ° in the expression for the constraint force,Q; = = p; F;. One nds
2412
= mR—2°" -CC2JS
1+ sin
)
= MRSy D 4y +(@+ s )cos ¢ (17.99)
(1+ sin? )2 12 2 ' '

This last equation can be used to determine the angle of detdmnent, where vanishes and
the massm falls o the inside of the hoop. This is because the hoop can dg supply a
repulsive normal force to the massm. This was worked out in detail in my lecture notes on
constrained systems.

[3] Two objects of massesm; and m, move under the inuence of a central potential
U=kry r, =

(a) Sketch the e ective potential U, (r) and the phase curves for the radial motion. Identify
for which energies the motion is bounded.
[5 points]
The e ective potential is
"2
U, (r) = T + kr" (17.100)

with n = %1. In sketching the e ective potential, | have rendered it in dimensionless form,
U, (r)= Eq U, (r=ry) ; (17.101)

wherery = (“2=nk )™? *andE,= 1+ 1 ‘2=r 2 which are obtained from the results
of part (b) . One then nds
nx 2+2x"

(17.102)
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Figure 17.15: The e ective U, (r) = Eq U, (r=rg), where ro and Eq are the radius and
energy of the circular orbit.

Although it is not obvious from the detailed sketch in g. 17. 15, the e ective potential does
diverge, albeit slowly, forr ! 1 . Clearly it also diverges forr ! 0. Thus, the relative
coordinate motion is bounded for all energiesthe allowed energies aree  E,,.

(b) What is the radius r of the circular orbit? Is it stable or unstable? Why?
[5 points]

For the general power law potential U(r) = kr", with nk > 0 (attractive force), setting
U2 (r,) = 0 yields

’
N

=t nkr§ 1=0: (17.103)

(@]

Thus,

1
22 n+2 4‘2
k

o>

0= —— (17.104)

The orbit r(t) = r, is stable because the e ective potential has a local minimum atr = r,
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i.e. ero(ro) > 0. This is obvious from inspection of the graph ofU, (r) but can also be
computed explicitly:

~

N

udr,) = +n(n  1)kr]

ﬂ‘oo
[@NN

N2

=(n+2) i (17.105)

Thus, provided n> 2 we haveU%{r) > 0.

(c) For small perturbations about a circular orbit, the radial c oordinate oscillates between
two values. Suppose we compare two systems, wit="=2, but °= and k%= k. What
is the ratio | &! of their frequencies of small radial oscillations?

[5 points]

From the radial coordinate equation ¥ = U? (r), we expandr = ro+ and nd
= UMry) +0(?: (17.106)

The radial oscillation frequency is then
! :(n+2)1=2ﬁ:(n+2)1=2n%k% e (17.107)
0

The * dependence is what is key here. Clearly

n 2

1 0 MU
—= < : (17.108)
In our case, withn = 7, we have! / * 7 and thus
1 0 y
=2 9 (17.109)

(d) Find the equation of the shape of the slightly perturbed ciraular orbit: r( )= ro+ ().
Thatis, nd ( ). Sketch the shape of the orbit.
[5 points]

We have that ( )= ,cos( + ), with

-

2

=_=_-01="n+2; (17.110)
With n= 1, we have = 3. Thus, the radial coordinate makes three oscillations for eery
two rotations. The situation is depicted in g. 17.21.

(e) What value of n would result in a perturbed orbit shaped like that in g. 17.2 2?
[5 points]
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Figure 17.16: Radial oscillations with =

Nlw

Figure 17.17: Closed precession in a central potentidl(r) = kr".

Clearly = P n+2=4,inorderthat ( )= ,cos( + ,)executes fourcomplete periods
over the interval 2 [0;2 ]. This meansn = 14.

[4] Two masses and three springs are arranged as shown in g. 1B1 You may assume
that in equilibrium the springs are all unstretched with length a. The masses and spring
constants are simple multiples of fundamental valuesyiz.

m;=m ; my,=4m ; k;=k ; k,=4k ; k;=28k: (17.111)

Figure 17.18: Coupled masses and springs.

(a) Find the Lagrangian.
[5 points]
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Choosing displacements relative to equilibrium as our genalized coordinates, we have

=im 2+2m 32 (17.112)
and
U= 2k 2+2k( 2 1)*+14k 3: (17.113)
Thus,
L=T U=2ImZ2+2m 3 21k 2 2k(, 1% 14 3: (17.114)

You are not required to nd the equilibrium values of x; and x,. However, suppose all the
unstretched spring lengths area and the total distance between the walls isL. Then, with
X1., being the location of the masses relative to the left wall, wehave

U= 1k (x; @)%+ Sko(x, x; @)+ 3kg(L x, a)?: (17.115)

Di erentiating with respect to  x,., then yields

@u
— =k, (x;, a k,(x, x, a 17.116
@x 1(Xg @) k(X x; @) ( )
@u
— =k, (x X a) k(L x a) : 17.117
@)2 2( 2 1 ) 3( 2 ) ( )
Setting these both to zero, we obtain
(ky+ k) Xy kyxp, = (kg ky)a (17.118)
Koxq+ (Ky+ k)X, = (ky  kg)a+ ksl : (17.119)

Solving these two inhomogeneous coupled linear equationsifx,., then yields the equilib-
rium positions. However, we don't need to do this to solve theproblem.

(b) Find the T and V matrices.

[5 points]
We have T
m O
T o @@0= 0 4m (17.120)
and &
3 Uu 5k ak
V o= @ @ K 3k (17.121)
(c) Find the eigenfrequencied ; and ! ,.
[5 points]
We have
2
| | 2 _ m 5k 4k
)y TV &  4mi2 3%
=k > 4 ; (17.122)
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where =12=12 with | ;= . k=m. Setting detQ(! ) = 0 then yields
2 13 +36=0 : (17.123)
the roots of whichare =4 and , =9. Thus, the eigenfrequencies are
I =21, ;  1,=31,: (17.124)

(d) Find the modal matrix A ; .
[5 points]

To nd the normal modes, we set

()
10 =0: 17.125
4 4 32 () ( )

This yields two linearly dependent equations, from which wecan determine only the ratios

g )= g ). Plugging in for , we nd
| |
() +
4 1
1 - : 1 - :
g y =C 1 ; g) =C, 1 (17.126)

We then normalize by demanding O 0 (jo) =
inspection:

j - We can practically solve this by
20mjc j?°=1 ; 5mijC,j>=1: (17.127)

We may now write the modal matrix,

1
A= po 2 1 (17.128)
5m 35 1
(e) Write down the most general solution for the motion of the sygem.
[5 points]
The most general solution is
!
() _ - 1 N
=B cos(2 ot+"' )+ B, cos(@ gt+ " ,): (17.129)
2(t) 1 1

Note that there are four constants of integration: B and'
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17.7 WO08 Physics 110B Midterm Exam

[1] Two identical semi-in nite lengths of string are joined at a point of mass m which
moves vertically along a thin wire, as depicted in g. 17.21. The mass moves with friction
coe cient , i.e. its equation of motion is

mz+ z=F; (17.130)

where z is the vertical displacement of the mass, andF is the force on the mass due to
the string segments on either side. In this problem, gravityis to be neglected. It may be
convenientto dene K 2=mc?2andQ =mc.

Figure 17.19: A point massm joining two semi-in nite lengths of identical string moves
vertically along a thin wire with friction coe cient

(a) The general solution with an incident wave from the left is written

(
yct) = L(ct X)+ g(ct+ x) (x< 0) |
(et x) (x> 0):

Find two equations relating the functions f ( ), g( ), and h( ).
[20 points]

The rst equation is continuity at x = 0:

f()=9()+ h()

where = ctranges over thereal line[L ;1 ]. The second equation comes from Newton's
2nd law F = ma applied to the mass point:

my@©O;t)+ y(O;t)= y%0*;t) y%0 ;t):

Expressed in terms of the functionsf (), g( ), and h( ), and dividing through by mc?,
this gives

PR+ )+ Qf )+ Qd¥ )= 3KhY)+ 3KFX) FKg%):
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Integrating once, and invoking h = f + g, this second equation becomes

fFO)+Qf ()= o) (K+Qg()

(b) Solve for the re ection amplitude r(k) = %4(k)=f(k) and the transmission amplitude
t(k) = A(k)=f"(k). Recall that
2 dk 2
f()= z—f“(k)e"‘ 0 k)= df()e'® ;
1 1
et ceterafor the Fourier transforms. Also compute the sum of the re edion and transmission

coe cients, r(k) 24 t(k) 2, Show that this sum is always less than or equal to unity, and
interpret this fact.

[20 points]
Usingd=d ! ik, we have
Q+ ikK)F(K)= (K + Q+ik)g(Kk) : (17.131)
Therefore,
= O Qr Ik (17.132)

_fl\(k)_ Q+ K + ik

To nd the transmission amplitude, we invoke h( )= f( )+ g( ), in which case

(k) K
t(k) = k) © QTR (17.133)
The sum of re ection and transmission coe cients is
2 2 QP+ K2+ K

Clearly the RHS of this equation is bounded from above by uniy, since bothQ and K are
nonnegative.

(c) Find an expression in terms of the functionsf , g, and h (and/or their derivatives) for
the rate E-at which energy is lost by the string. Do this by evaluating the energy current
on either side of the point mass. Your expression should be aaverall function of time t.
[10 points]

Recall the formulae for the energy density in a string,

Ext)= 3 y2(xt)+ 3 yF(xt) (17.135)
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and
jetat)= y0xt)yXxt) : (17.136)

The energy continuity equation is @E+ @jg =0. Assuming j(1 ;t) =0, we have

E_* @& ’ &
— = dx—=+ dx—
dt @t @t
1 o+
= Je(l)+ g0+ je(1 ;1) je0 ;1) (17.137)
Thus,
dE _ 2 2 2
5= glct) “+ h9ct) f qct) (17.138)

Incidentally, if we integrate over all time, we obtain the total energy change in the string:

A
E= d )%+ h)? f9)?

A
dk  2QKk? 2
7 QKR (k) (17.139)
Note that the initial energy in the string, at time t= 1 ,is
2
Eo= % k2 (k) ?: (17.140)

1

If the incident wave packet is very broad, say described by a Gussianf ( ) = A exp( x?=2 2)
with K land Q 1, then k2 may be neglected in the denominator of eqn. 17.139,

in which case
20K

= Q+KpE

3Eo (17.141)
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[2] Consider a rectangular cube of density and dimensionsa b ¢, as depicted in g.

17.22.

Figure 17.20: A rectangular cube of dimension@ b c. In part (c) , a massless torsional
ber is attached along the diagonal of one of theb ¢ faces.

(a) Compute the inertia tensor |  along body- xed principle axes, with the origin at the

center of mass.

[15 points]
We rst compute 1,;:
72 P2 P2
1S = dx dy dz x?+y%) = S5M a?+ P ; (17.142)
a=2 b=2 c=2
whereM = abc. Corresponding expressions hold for the other moments of grtia. Thus,
"R+ 0 0o "
M =1IM@ 0 a2+ o0 A (17.143)
0 0 a+I

(b) Shifting the origin to the center of either of the b cfaces, and keeping the axes parallel,
compute the new inertia tensor.

[15 points]
We shift the origin by a distance d = %ak‘ and use the parallel axis theorem,
| (d)=1 (©0)+ M d? dd ; (17.144)
resulting in N .
"R+ 0 o -
=@ 0 432 + 2 0o A (17.145)
0 0 4% + 1P

(c) A massless torsional ber is (masslessly) welded along theidgonal of eitherb ¢ face.
The potential energy in this ber is given by U( ) = %Y 2 whereY is a constant and is
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the angle of rotation of the ber. Neglecting gravity, nd an expression for the oscillation
frequency of the system.

[20 points]

Let be the twisting angle of the ber. The kinetic energy in the b eris

T=31 11
=inl1 n 2, (17.146)
where by 2
c
n=p + p : 17.147
et P a ( )
We then nd 22
-1 2 1 .
lsis NI n =3zMa“+ 6Mm. (17.148)
q
The frequency of oscillation is then = Y=I_.., or
S
6Y 2+ 2

M 222 P+ + P2 (17.149)
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17.8 W08 Physics 110B Final Exam

[1] Consider a string with uniform mass density and tension . At the point x = 0, the
string is connected to a spring of force constanK , as shown in the gure below.

Figure 17.21: A string connected to a spring.

(a) The general solution with an incident wave from the left is written

f(ct x)+ g(ct+ x) (x< 0)

YU = et %) (x> 0):

Find two equations relating the functions f ( ), g( ), and h( ). [10 points]

SOLUTIONThe rst equation is continuity at x = 0:

f()+9()=h()

where = ct ranges over the real line [L ;1 ]. The second equation comes from Newton's
2nd law F = ma applied to the mass point:

yqot;t)  y%0 ;t) Ky(0;t)=0 ;

or

h)+ £3) o%) K f()+g() =0

(b) Solve for the re ection amplitude r(k) = ’g(k):f'\(k) and the transmission amplitude
t(k) = fi(k)="(k). Recall that

de A
f()= z—fl\(k)eik 0 flky= df()e™ ;

1 1
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et cetera for the Fourier transforms. Also compute the sum of the re edion and
transmission coe cients, r(k) 24 t(Kk) 2, [10 points]

SOLUTIONTaking the Fourier transform of the two equations from part (a) , we have

F(k) + (k) = fik)
ﬂm+mm=1%-ﬁm o(k)  fick)

Solving for §(k) and fi(k) in terms of f(k), we nd

ak)=r()fk) 5 Ak) = tk)Fk)

where the re ection coe cient r(k) and the transmission coe cient t(k) are given by

K _ 2i k

"= kv 0 0T ok

Note that

rk) 2+ t(k) =1

which says that the energy ux is conserved.

(c) For the Lagrangian density

Lo1 @° . @y’ eyt
2 @t 2 @X 4 @X !
nd the Euler-Lagrange equations of motion. [7 points]

SOLUTIONFor a Lagrangian density L (y;y;y9, the Euler-Lagrange equations are

a_eae LK oa
@y @t @ ©@x @f

Thus, the wave equation for this system is

y= yo%3 02,0
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(d) For the Lagrangian density

L1 @Y7 1y2 1 ay* @ °
2 @t 2 2 @%

®)
X
Bl

nd the Euler-Lagrange equations of motion. [7 points]

SOLUTIONFor a Lagrangian density L (y;y;y%y%, the Euler-Lagrange equations are
@_©@@ ,e@e@ @ @& .
@y @t@ @x @y @% @f -

The last term arises upon integrating by parts twice in the integrand of the variation of the
action S. Thus, the wave equation for this system is




17.8. WO08 PHYSICS 110B FINAL EXAM 433

[2] Consider single species population dynamics governed by éhdi erential equation
dN _ N2 HN
dt K N+L'

where , K, L, and H are constants.

(a) Show that by rescalingN and t that the above ODE is equivalent to

du_vy o2 DU
ds u+1l -’
Give the de nitions of u, s, r, and h. [5 points]

SOLUTIONFrom the denominator u+ 1 in the last term of the scaled equation, we see that
we need to deneN = Lu. We then write t = s, and substituting into the original ODE
yields

E d_u = Lu L_2 u2 Hu .
ds K u+l’
Multiplying through by =L then gives
du _ L , H wu

s~ Y K" Tu+1-
We set the coe cient of the second term on the RHS equal to 1 to obtain the desired
form. Thus, = K=L and

U= N o= Lt (= K h= KH
L T K L e
(b) Find and solve the equation for all xed points u (r; h). [10 points]

SOLUTIONINn order for u to be a xed point, we need u = 0, which requires

One solution is always|u =0 |. The other roots are governed by the quadratic equation

(u r(u+1l)+ h=0;

with roots at

p__
u=2%2r 1 (r+1)2 4h
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Figure 17.22: Bifurcation curves for the equationu = ru u
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2 hu=(u +1). Red curve:

hey (1) = %(r + 1) 2, corresponding to saddle-node bifurcation. Blue curve:h;(r) = r,
corresponding to transcritical bifurcation.

(c) Sketch the upper right quadrant of the (r; h) plane. Show that there are four distinct

regions:

Region |
Region Il
Region 11
Region IV

3 real xed points (two negative)
3 real xed points (one positive, one negative)

3 real xed points (two positive)
1 real xed point

Find the equations for the boundaries of these regions. Thesboundaries are the
locations of bifurcations. Classify the bifurcations. (Nde that negative values of u
are unphysical in the context of population dynamics, but are legitimate from a purely

mathematical standpoint.)

[10 points]

SOLUTION From the quadratic equation for the non-zero roots, we seehe discriminant
vanishes forh = %(r +1)2. For h> %(r + 1) 2, the discriminant is negative, and there is

one real root atu = 0. Thus, the curve |hg(r) = %(r +1) 2| corresponds to a curve of

saddle-node bifurcations. Clearly the largest value ofu must be a stable node, because

for large u the

u? dominates on the RHS ofu = f (u). In cases where there are three

xed points, the middle one must be unstable, and the smalles stable. There is another
bifurcation, which occurs when the root at u =0 is degenerate. This occurs at

r 1=

p(r+l)2 4h :) h=r:
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Figure 17.23: Examples of phase ows for the equationn = ru  u?2 hu=(u+1). (@) r = 1,
h=0:22 (region 1) ; (b) r =1, h =0:5 (region I) ; (c) r =3, h = 3:8 (region IlI) ; (d)
r =1, h=1:5 (region IV).

This de nes the curve for transcritical bifurcations: |h;(r) = r | Note that h:(r) hgy(r),

since hgy(r) hy(r) = %,r(r 1)> 0. For h <r, one root is positive and one negative,
corresponding to region II.

The (r;h) control parameter space is depicted in g. 17.22, with the regions | through IV
bounded by sections of the bifurcation curves, as shown.

(d) Sketch the phase ow for each of the regions | through IV. [8 points]

SOLUTIONSee g. 17.23.



436 CHAPTER 17. PHYSICS 110A-B EXAMS

[3] Two brief relativity problems:

(@) A mirror lying in the ( x;y) plane moves in the? direction with speed u. A monochro-
matic ray of light making an angle with respect to the 2 axis in the laboratory
frame re ects o the moving mirror. Find (i) the angle of re ection, measured in the
laboratory frame, and (i) the frequency of the re ected light. [17 points]

SOLUTIONThe re ection is simplest to consider in the frame of the mirror, where p; ! P
upon re ection. In the laboratory frame, the 4-momentum of a photon in the beam is
P = E;O0;Esin; E cos ;

where, without loss of generality, we have taken the light rg to lie in the (y;z) plane, and
where we are takingc = 1. Lorentz transforming to the frame of the mirror, we have

P = E(@ wucos);0;Esin; E ( u+cos )

which follows from the general Lorentz boost of a 4-vectorQ ,

Q°= Q% wuQ,
Q.= uQ%+ Q,
Q?:Q?;

where frameK moves with velocity u with respect to frame K .

Upon re ection, we reverse the sign ofP? in the frame of the mirror:
P = E(@ wucos);0;Esin; E (u cos)
Transforming this back to the laboratory frame yields
EC= P®= 2E@ wucos )+ 2Eu(u cos)
= 2E 1 2ucos + u?
P%=0
P®= Esin
PB= 2Eu(@ wucos)+ 2E(u cos)
= 2E 1+udcos

Thus, the angle of re ection is

o. P® (1+u?®cos 2u
cos = — =
p® 1 2ucos + u?
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and the re ected photon frequency is °= E%h, where

1 2ucos + u?
0_
E¥= 1 42 E

(b) Consider the reaction * +n ! K*+ 0. What is the threshold kinetic energy of the
pion to create kaon at an angle of 90 in the rest frame of the neutron? Express your
answer in terms of the massesn , m,, m,, andm . [16 points]

SOLUTIONWe have conservation of 4-momentum, giving

P +P,=Pc+P
Thus,
P2=(E +E, Ey)? (P +P, Py)?
=(E® PH+(EF PI+(ER PQ)
+2E E, 2E E, 2E,Ex 2P P,+2P P, +2P, Py
=E2 P%2=m?:
Now in the laboratory frame the neutron is at rest, so
P, =(m,;0):

Thus, P P,=Pp P, =0. We are also told that the pion and the kaon make an angle
of 90 in the laboratory frame, henceP P, =0. And of course for each particle we have
E2 P2= mZ2. Thus, we have

m?=m?+mi+mi 2mE,+2(m, E\)E ;

or, solving for E ,
2 2 2 2
m m my mg +2miE,

2(m, E)

E =

The threshold pion energy is the minimum value ofE , which must occur whenE takes
its minimum allowed value, E, = m. Thus,

m2 m?2 m2 mZ+2m,my
2(m,  my)
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[4] Sketch what a bletch might look like. [10,000 guatloos extra credit]
[-50 points if it looks like your professor]

Figure 17.24: The putrid bletch, from the (underwater) Jkroo forest, on planet Barney.



